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A problem which has been brought to the fore by Chris- 
tofilos’ proposed thermonuclear machine, “Astron,” is that 
of electrons rotating in a uniform impressed magnetic field in 
such a way as to form a cylinder in space—a disembodied current- 
carrying helix. In the present paper the self-consistent magnetic 
field for such a “helix,” infinitely long and made up of relativistic 
electrons of identical mass, axial velocity and canonical angular 
momentum, has been calculated for the interesting range of the 
two pertinent parameters. The first is the ratio, denoted by go, 
of apogee radius to the radius of gyration in the impressed field. 
The second is the quotient of the number of electrons per classical- 
electron diameter along the axis and the ratio of relativistic to 
rest mass. It is denoted by (2r./y)N and is called the “strength” 
of the layer. 

When g» is less than 2, the trajectories of the electrons, when 
they are few in number, are approximately circles which include 
the axis. As the layer strength is increased, these trajectories stay 


HE proposed thermonuclear machine, Astron,! 
recently reported on at the Second Geneva Inter- 
national Conference on the Peaceful Uses of Atomic 
Energy has, as a vital element, a cylindrical layer of 
relativistic electrons which, circulating in a uniform 
impressed magnetic field, are able to reverse that field 
in the interior. This brings to the fore some basic 
physics questions as to the properties and character- 
istics of such a layer, particularly as one proceeds from 
the simplest idealization to conditions more and more 
closely resembling the physically realizable. 
By reasoning which ignores the details of the electron 
motion Christofilos has arrived at the results for vanish- 
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closer and closer to the locus of apogees. The interior field never 
reverses and approaches 2/g:—1 as the strength reaches 2(g.—1), 
the largest value possible for a given go. 

When g: is greater than 2, the trajectories in a weak layer are 
approximately circles which do not include the axis, but with 
increasing strength the perigees approach, cross, and then recede 
from the axis. As they cross, the interior field decreases discon- 
tinuously even to the point of partial reversal. The approach to 
this discontinuity is attended by an enhancement of the interior 
field. 

When g2 is greater than approximately 4, the layer strength 
peaks at a value in excess of 2(g2.—1) at the axis crossing, and as 
the perigee locus then moves outward, the strength decreases 
toward 2(g.—1). Thus there can be two configurations of the 
layer which have the same strength, one consistent with enhance- 
ment of the interior field, the other consistent with reversal. 


ingly thin layers, but here the analysis will include 
those details, and it will be guided by the experimental 
circumstances. 

The electrons are initially injected tangentially 
around a circle with nearly identical energy, negligible 
radial velocity, and nearly identical axial velocity. Thus 
they all have the same canonical angular momentum. 
The resulting situation is severely complicated by: 


1. The drag of plasma electrons which causes a 
progressive decrease in energy and progressive change 
in canonical angular momentum which is dependent 
upon trajectory. 

2. The angular scattering by plasma ions and elec- 
statistical distribution in 


trons which 


canonical angular momentum and in v perpendicular, 


generates a 


both dependent upon trajectory. 

3. The contribution of the diamagnetism of the 
plasma. 

4. The influence of possible electric fields. 

5. Terminal conditions which confine the action to 
a finite length of axis. 
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Fic. 1. Spatial relations. 
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The only hope of progress lies in solving simple 
problems first and adding complications as knowledge 
and concepts are developed along the way. Therefore, 
as a first step, all the complications were stripped away, 
leaving only a rotating cylinder of single-type electrons 
for which the self-consistent field configuration was to 
be found. This has its difficulties. In highly ionized 
plasmas the magnetic problem, where such self-con- 
sistency enters, has been largely approached by treating 
the radius of gyration of the particles as being ignorably 
small so that magnetohydrodynamic equations can be 
used. 

The author, concerned about this simplification, has 
already reported? the computation of the transition 
between vacuum and fully developed plasma for Car- 
tesian geometry in a few very special cases. The 
analysis, but not the computations, included cylindrical 
geometry. The method of analyzing by trajectories 
appears to be less amenable to generalization than the 
present method. 

Here the analysis concerns particles, in cylindrical 
geometry, all of which have the same charge e, the 
same mass m4, the same speed v4, perpendicular to the 
magnetic field, and the same canonical angular mo- 
mentum 4. Space charge neutralization is assumed, 
and there is no electric field. The impressed magnetic 
field (i.e., field at infinity) is Bz in the direction of the 
z axis and all quantities are independent of z. The 
particle distribution is uniform in @. 

Problems more complicated than this can be solved 
easily at the expense of applicability to physical situ- 
ations. The method used here is based on a suggestion 
by E. G. Harris of the U. S. Naval Research Labora- 
tory, who has pointed out that when the distribution 
of the particles is expressed as a function of the 
constants of the motion only, the Boltzmann equation 
(which contains the magnetic force effects) is auto- 
matically satisfied. The vector potential and electric 
potential are then the solutions of a pair of coupled 
second-order differential equations found from the 
appropriate Maxwell equations. The essential difficulty 
is the setting up of the distribution function to cor- 
respond to a physical situation. There are ways to do 
this, but formidable complications arise. 

The present analysis is concerned with a highly 
artificial situation but it is exact. It is of such simplicity 


2 L. Tonks, Phys. Rev. 113, 400 (1959). 
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that it serves well in orienting ideas, and the apparent 
anomalies are instructive. 

With regard to the distribution function in space and 
velocity, we note that since v4 is identical for all par- 
ticles, as is v, this distribution function can be expressed, 
with its attendant differential element, as fdgrdrdé, 
where ¢ is the angle between trajectory and the radius 
vector to it, as will be clear from Fig. 1. To use Harris’ 
method, 

(1) 


with @ a number related to the strength of the particle 
layer, and 6 denoting the Dirac 6 function. 

We now require two integrals over velocity space, 
one for the particle density, m(r), the other for the 
azimuthal current density, which can be directly 
related to the vector potential, Ao(r) : 


fdgrdrdé=a|5(po— pa) | dprdrdd, 


n(r)= f S46=0 f \0(p—p.) ae, 


dr 
- fos sind |5(pe—pa)|dd. (3) 


Some care is required in the ¢ integration. Commonly 
the argument of a 6 function is dimensionless, but that 
is not so here. If for the 6 function 


f 5(x—x)dx=1, 


irrespective of the dimensions of x, then 


5(g(x)—g(xo))d (x 
f 5(G()— ew) )dx= f = - F 
¢ x)/ax 


1 


dg(x)/dx| ne 


Thus to perform the last integration pp must be 
expressed in terms of velocity and position: 


po=marva sind+ (e/c)rAe(r). (5) 


Taking note of Eqs. (4) and (5), Eq. (2) becomes 


n(r) -af |5(mavar sind+ (e/c)rAe— pa) | do 


(6) 
2a 


MAVar | COSdo | 


: pa eAo(r) 
singdy = ———-—- = 
MAvaAr MACVA 


where 
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and the factor 2 appears because sing transverses singo 
twice in a complete 27 angle. We can now conveniently 
drop the distinction between @ and ¢o. 

We note that 
d(rAg) 


—, (8) 


d(r sing) e 
dr 7 macv, adr 


The same procedure that converted Eq. (2) to Eq. (6) 
then converts Eq. (3) to 


d /d(s sind) sing 
a) 
ds sds [1—sin’¢ }! 


The dimensionless s has been substituted for r: 
(10) 


It is convenient to use 
=— sind, 


so that Eq. (9) becomes 


d (=) R 
s—{ ——] = —, 
ds\ sds (1—R?)} 
From Eq. (6) it is readily found that the number of 
particles per unit length is 


v ds 
a 
2r, (1—R?) 


Here r.=2.80XK10-" cm, the electron 
radius, y is the ratio of relativistic to electron rest mass 
and the integration is carried over the annulus defined 
by the loci of perigrees and apogees. 

Obviously the integral is terminated by |R|=1 at 
both inner limit, s;, and outer limit s2. The constant a, 
which bears some relation to particle cloud strength, 
affects V through its implicit involvement in R(s»). 

We think of a trajectory as starting at its apogee 
where R=1, s=so, and the magnetic field is By. This 
fixes all the necessary constants, but rather than Bz it 
is more convenient to introduce a_ dimensionless 
“magnetic field” 


(12) 


(13) 


classical 


h=d(sR)/sds, (14) 


which is consistent with the vector-potential nature of 
R as seen in Eq. (7). It is easy to show that 


(15) 
(16) 


h=ma4cB/8rae;  hy=m cBo/8rae, 
and 


£2= Seh2= er2B./mavac=ro/a, 


where r2 is the radial coordinate of the apogees and a 
is the radius of gyration of a particle in the field Bo. 
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The quantity g2 has such a simple physical meaning 
that it and s, at R=1 have been consistently used as 
the trajectory-determining constants. 

It quickly became apparent that Eq. (13) was 
unsuitable for machine calculation beginning at s2. The 
substitution 
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S=S2-v, 


converted it to 


Sotv?\ RK’ 4v°R 4v’R 
i i 
So—vF v  (Se—v?)? (se—v”)(1—R?)! 
where primes denote differentiation with respect to ». 
The series expansion near Ss» is 


2v205 
y of sd 


§2—1 
= +. ee 
Se 3[s2(g2—1) }} 


R=1-- (19) 


so that at v=0; 
R' (s2)/v= —2(g2—1)/s2, 
v’R(so)=0, v?/{1—[R(s2) P}4=0, 
R’" (52) = —2(go—1)/s2. 


Thus all terms are finite and the solution by calculating 
machine can be started. The Runge-Kutta-Gill method 
was used to start.’ 

In Eq. (19), (g2—1)/s2 must be positive because R 
can only decrease from unity. Accordingly, in choosing 
the constants, g. must always be greater than unity. 
If go<1 then by Eq. (16) the trajectory would lie 
outside r2 so that this is really the condition for starting 
at the perigee and not the apogee. 

The starting difficulty was overcome by a reformu- 
lation of the differential equation but no similarly 
simple stratagem can cope with the termination at 
R=+1. The derivative d?R/ds?, or d?R/dv", still goes to 
infinity, and the location of s;, about which an expansion 
could be made, is one of the quantities to be determined. 
By using the fact that in the neighborhood of s; 


1—g 2v2u3 
= {:-— w+ tf 
Sy 3[s,(1—g;) }} 


where 


w=s—s, and g)<1l, 


one finds that 


hy~--—| 
s 2v| dv 


1 a 4[2(1—|R|)o?}) 
ont 


———— }+ow, (20) 
s(dR/dv)? 


and all the quantities needed for the coefficients appear 
directly in the numerical calculation based on Eq. (18). 
For the most part, it was felt that the last value of h 


3’ Mr. Thomas Haratani of UCRL was most helpful in coding 
this problem and seeing the machine calculations through. 
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Fic. 2. Plot of Eq. (26). 
given by the machine corresponding to | R) =0.9999 
was good enough for present purposes. 

Some time after the calculations of R, 4 and .V had 
been made as outlined, the analytic solution of Eq. 
(12) in the limit of large sz was achieved, and was used 
to improve the early values of 4; and N, notably in 
those cases where s; lay very Close to 52. 

The solution was found by introducing a new inde- 
pendent variable, ¢: ; 

S=52(1—U/5»), (21) 


and integrating Eq. (14): 


r-[1- f (1-1 sod] / a= So), 


R~ -f (h—1/s2)dt=1—Q(1)/2, 


where the last identity defines Q(/). It is first order. To 
this approximation Eq. (12) then becomes 


510" = —2, (23) 


the solution of which is 


0”%—3L0'(0) PO’ = (48/s2?)t—2[00'(0) #, (2 
with 

0? =[0'(0) P— (8/s2)94, (25) 
the primes denoting differentiation with respect to /. It 
is seen from Eq. (22) using ge, that the range of Q’ 
is from 2(g2—1)/s2 to 2(Aig2/h2—1)/s2, but the plot of 
Eq. (24) in Fig. 2 shows that the range is from Q’(0) 
= 2(go—1)/s2 to —Q’(0). Accordingly 


lige hy—1 go—1 


’ 
So S2 
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whence, for large 5, 
hy ho=2 g2.—1, (26) 
which happens to be the value of s;/s2 as s2— 0. 
Furthermore, the integration of Eq. (13) can now be 
carried out using Eq. (23) and Fig. 2 to give 


e-e1 
(2r./y)N= ~1s.f Q”dt=s20'(0) =2(g2—1). (27) 


0 


The asymptotic values (as s2— ©) of 4/he in Figs. 
4 through 11 and in Fig. 10, and the asymptotic values 
of (2r./y)N in Fig. 9 are given in the following table 
which has been calculated from Eqs. (26) and (27): 
£2 1.587 2.0 2.52 4.0 8.0 


0.260 0 —0.2065 —0.500 —0.750 
1.174 2.00 3.04 6.00 14.00 


hy/he 
(2r./y)N 

Incidentally, the relative thickness of the layer 
follows directly from Fig. 2 as 


So—S, 2 (go—1)3 


So S ss 





(a) (b) 


Fic. 3. Types of trajectory evolution. (a) g2<2; (b) go>2. 


In general the value of s; is different from zero, but 
there is a singular solution for which R=0 at s=0. This 
corresponds to a trajectory passing through the axis 
where its motion must be purely radial. The series 
expansion near the origin is 


k= (ho 2)s+ (ho 6)s°+ aides (28) 


where /to is the dimensionless ‘magnetic field,” Eq. 
(14), on the axis. The paired values of go. and s2 found 
by solving Eq. (12) in this way locate the discon- 
tinuities in the solutions of that equation. 

A qualitative survey of the field and trajectory rela- 
tions serves for preliminary orientation. Consider the 
case that ge<2, and that we proceed from very lightly 
populated to heavily populated electron clouds. When 
the electrons are sparse they have almost circular 
orbits, as indicated in Fig. 3. At radial distances less 
than 7;, the field is slightly less than at rz so that 
hy/ho<1. Increasing the number .V of electrons per 
axial cm reduces the curvature of the orbit for all radial 
distances less than rz, so that 7; increases and the cloud 
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forms a thinner and thinner layer in what can be 
expected to be a smooth sequence of configurations. 

Consider now the case that g.>2, and that we again 
proceed from weak to strong electron clouds. Figure 3 
shows in Curve 1 a typical orbit (schematic) in the 
weak cloud. A reduction in curvature of path by 
strengthening the cloud here causes r; to decrease and 
cross the axis in the progression: orbit 1, orbit 2, orbit 3. 
When the envelope of the perigrees crosses the axis, 
the circulating electric current in this envelope reverses 
its sense of rotation with a consequent sharp decrease 
of magnetic field. Mathematically, it is increasing s2 that 
causes this progression. The details of the relation to 
N for all values of go can only be determined by the 
numerical solution of Eq. (12) and the integration in 
Eq. (13). 

It is noteworthy that although g» has the clear physics 
meaning shown by Eq. (16), s2 must be looked upon as 
being only of mathematical usefulness. It is true that 
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Fic. 4. Magnetic field 
distributions for go2=re/a 
= 1.587. 
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s/S2 is the radial position relative to the apogee but s2 
itself is not interpretable simply. The second important 
physics parameter is .V, or better, (27,/7), and this 
only appears in the mathematics as a result of the 
integration of Eq. (13). But results will be clearer if 
they are shown in terms of the parameter 52. 

Figure 4 with go=2!=1.587 shows a progression of 
field configurations corresponding to Fig. 3 as s2 varies. 
The field strength relative to Be, h/hz, is plotted against 
relative radial distance s/s2. The inner terminus of each 
curve lies at 51/52, 4,/hz. As sz approaches zero, /,//2 
approaches unity (in this and all other cases) and s)/s2 
approaches 0.260, and as sz approaches infinity, /;//»2 
approaches the same value, as we have seen. 

Figure 5 with go.=2.0 is a similar plot for the case 
which just falls short of reversal. The ratio /)/he 
approaches zero with increasing 5». 

Figure 6 with go=2'=2.520 is the first progression 
shown corresponding to Fig. 3. As s2 approaches zero 
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Fic. 5. Magnetic field 
distributions for g2=r2/a 0.2 
= 2.0. 
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5;/s2 approaches 0.2065 [and is negative in the for- 
malism of Eq. (26) ]. As s2 increases toward 0.8076, 
$:/S2 approaches zero and /,//2 increases above unity, 
as will be clearer in Fig. 7. This inequality of internal 
and external magnetic fields is a clear demonstration of 
the inapplicability of the pressure balance equation 


(1/8m) (B:— By’) = p’—p2=0, (29) 


since By and B, are both in vacuum. The failure of this 
equation lies in the tensor nature of the pressure within 
the electron swarm. [In the comparable cartesian case 
there is no inside and outside, and the tensor nature of 
the pressure does not enter the expression for grad B? 


02 O04 06 O08 
S/S» 


Fic. 6. Magnetic field distribution for go=re/ 
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progresses counterclockwise thus furnishing the cir- 
culating current about the axis which enhances the 
field there. 

At s2=0.8076, the orbit passes through the axis and 
the internal field decreases discontinuously to the neigh- 
borhood of zero. It is definitely negative in the range 
S2>1 and /,/h2 approaches 0.2065 for large so. 

Figures 7 and 8 are for g.=4 and 8, respectively, 
and show the same behavior as Fig. 6 except for the 
definite overshoot in the discontinuity of A. 

Figure 9 shows how the layer strength, (2r./y)N, 
varies with s2 in the 5 cases already discussed. This 
should be considered simultaneously with Fig. 10 
showing the relative internal magnetic field 4,/h2 and 
Fig. 11 of the relative perigee distance s,/s2. Here, for 
the sake of continuity in the representation, the values 
of s; associated with a reversal in mechanical angular 


40.0 


S/Se 


Fic. 7. Magnetic field distributions for g2=r2/a=4.0. 


so that Eq. (29) is valid. ] The electron trajectory can 
be visualized as essentially egg-shaped with the small 
end at the perigee and the large end cut and pulled 
slightly apart before joining the next egg shape so that 
the egg, which is described in a clockwise sense, itself 


16 
Se 


Fic. 9. Strength of layer of circulating electrons. 


momentum have been assigned negative values. Points 
associated with the singular solution of Eq. (12) are 
identified, by crosses. 

— The first notable feature of Fig. 9 is the limit to the . 
number of electrons which a set of physics conditions 
will support. This maximum can always be exceeded 
by making ge larger, so that the attempt to crowd in 
too many electrons would cause the cloud to expand 
beyond rz thereby allowing it to find the larger ge for 
itself. 

A second striking feature is the ambiguity associated 
with the layer strength when g, becomes somewhat 
larger than 4. Here two distinct configurations are 

02 O04 06 O08 10 consistent with a single layer strength, one correspond- 
S/Se ing to a reversed field, the other to a nonreversed one. 
Fic. 8. Magnetic field distributions for g2=r2/a=8.0. The_whole situation is highly hypothetical and very 
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Fic. 10. Interior vacuum field relative to exterior vacuum field. 


unrealistic but it is interesting to speculate on how 
with a single-type-electron layer available one could 
achieve field reversal. Apparently by setting experi- 
mental conditions—electron energy, injection radius 
and impressed magnetic field—for g» in the range 2.52 
to 4.0 it is simply a matter of feeding in enough electrons 
to push (2r,/y)N above the crosses on the corresponding 
(2r./y)N-versus-s, curve. For go=2.52 the value is 
1.159. For gs=4.0 it is 5.705, but there is the definite 
danger of overcharging the layer. If it is now desired 
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Fic. 11. Radius of interior uniform-field region relative to exterior 
radius of electron layer. 


to increase the reversal from the 50% (Fig. 10) possible 
at go=4 to the somewhat more than 70% apparently 
possible at gs=8, the programming of NV with ge to 
accomplish this is not clear. 

It is to be emphasized that the present analysis is 
but a first step in a rather complicated program. A 
second step which is now in the process of being carried 
out involves electrons distributed in a range of canonical 
angular momentum. Later further degrees of complexity 
approaching the physical circumstances more closely 
will be attempted. 
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Expressions for the self-energy and interaction probability of charged particles in a degenerate Fermi- 
Dirac electron gas are given, generalizing from the dielectric theory of Lindhard and Hubbard and treating 
interactions between electrons in the gas by first order perturbation theory. Numerical results for the 
interaction probability in a particular case are presented. A more general Feynman diagrammatic analysis 
of interaction in the gas is carried out, yielding results in agreement with the more elementary approach. 


1. INTRODUCTION 
‘ | ‘O treat the complex many-body problem of the 


interaction of charged particles with a degenerate 
electron gas, Lindhard' and Hubbard? have developed 
independently a quantum theory of the dielectric 
constant of such a system. In their treatments, the 
electric field is assumed to be classically prescribed, 
although the electronic motion in the gas is treated by 
quantum perturbation theory. This paper is concerned 
with a generalization of the work of these authors in 
which a prescribed field is unnecessary and the inter- 
action of charged particles with the electron gas is made 
consistent in first order perturbation theory.’ 

The derivation of the expression for the interaction 
probability and the self-energy of the charged particle 
interacting with the plasma proceeds in the following 
way: First the Hamiltonian of the electron system and 
the impinging charged particle will be written and the 
Hartree equation for the ith electron will be found, 
assuming a simple product wave function for the system. 
Then, following Lindhard,' the development of the 
wave function of the ith electron under the influence of 
a self-consistent scalar potential $(r,/) will be calculated 
by first order time-dependent perturbation theory. 
Next, the total charge density arising from the time 
development of the wave functions of the system 
electrons under the influence of the potential ¢(r,/) is 
written as a source of the same field by means of 
Poisson’s equation. In Sec. 2 the quantum dielectric 
constant of the electron gas is defined and derived in 
direct analogy with classical ideas. 

In Sec. 3, expressions for the interaction probability 
and self-energy of an incident charged particle are given, 
neglecting spin effects and the antisymmetry of the 
system. The scattering cross section obtained reduces 
to the standard Born approximation for the scattering 
of charged particles on free electrons in the limit of 
large momentum transfers, but does not contain ex- 
change terms. The cross section reduces to that obtained 


* Operated by Union Carbide Corporation for the U. S. Atomic 
Energy Commission. 

1]. Lindhard, Kgl. Danske Videnskab. Selskab, Mat.-fys. 
Medd. 28, No. 8 (1954). 

2 J. Hubbard, Proc. Phys. Soc. (London) A68, 978 (1955). 

3R. H. Ritchie, Phys. Rev. 106, 874 (1957). See note added 
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by a semiclassical treatment? of the interaction of 
charged particles with plasma when momentum trans- 
fers are small. 

The procedure which will be used in deriving the 
interaction probability and self-energy of the incident 
particle in the electron gas is based on some arguments 
of Feynman in quantum electrodynamics. In the 
Appendix the dielectric constant is obtained by sum- 
ming over certain Feynman diagrams, using the S- 
matrix formulation of Hubbard. 


2. QUANTUM DIELECTRIC CONSTANT 


In the following derivation it will be assumed that all 
particle velocities are small compared with the velocity 
of light so that radiative effects may be neglected. 

The wave equation of the system of electrons and 
incident particle may be written 


h? 1 
2 — 9+ > —— 
2m i>j |f;—T; 
1 0 
—Ze > — W=ih—W, (2.1) 
i |R—r,; ol 


where r;,m and R, M are, respectively, the position 
vectors and mass of the ith plasma electron and the 
incident particle of charge Ze. It is assumed here that 
the total electric charge of the electron gas is just neutral- 
ized by a uniform positive charge background. If one 
takes a product wave function for the system, V=y 
(RO [i ¥.(r:,0) one may write the Hartree equations 
for the one-particle wave functions in the usual way: 


h* Zils 
Vete>d | ar; Sgn 


2m ix j [ts—t;] 


ly |? a 
—2ef aR ec Hy.=ih vs (2.2) 
| R—r;| dl 


which may be written 


h? ri) 
| — —V;?—e¢,(r,/) bys) = ih—y (r,t), (2.3) 
dl 


2m 
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V'oi(t,t)=4me D) |pj|?—40Ze|y |”. 


j#i 


(2.4) 


In these equations, ¢;(r,/) is the self-consistent potential 
acting upon the ith electron and is expressed as that 
solution of Poisson’s equation which arises from the 
charge densities of all particles in the medium excepting 
that of the ith electron itself. This is not a satisfactory 
formulation, since one desires to deal with a single 
potential in which all particles move and to which they 
give rise. One may obtain such a field by including the 
effect of the 7th electron on itself. This approximation 
is justified if one is dealing with a system such as the 
conduction electrons in metals in which the electronic 
density is ~ 10” electrons per cm*. Clearly the addition 
of one electron to such a system should not change 
appreciably the self-consistent potential. Accordingly, 
we will hereafter drop the subscript on @ and let the 
sum in Eq. (2.4) be unrestricted. We define the Fourier 
expansion of an arbitrary function of space and time, 
f(r,t) as 

(2.5a) 


1 
f(r,)= p ay 2 fie wei #9, 
T « @ 


3 


from far f a go heh. 


f(r,t) is assumed to be defined in a large cube of side L 
and in a time interval JT which will be taken large 
compared with any of the electronic periods to be 
considered. Equation (2.4) then becomes, in Fourier 
representation, 


Rob. w= —4mre DP j| cP t40Zel P| x, 2. 


In direct analogy with classical ideas we assume that 
the polarization charge density —e >> ;|W;!|x,.2, is pro- 
portional to the perturbing electric field potential ¢, so 
that one may define a dielectric constant €,,, which is 
the solution of 


where 


(2.5b) 


(2.6) 


€x, ok’ x, w= 40Ze | P| i, a”. (20) 


Then from Eqs. (2.6) and (2.7) 
(€x,o— 1)R'bx, w= 4re A ea 


If one expands the solutions of the Hartree one-particle 
Eqs. (2.3) in terms of box eigenfunctions, €,,, has an 
analytical representation to order e?.4 The result, which 


(2.8) 


4It is interesting to consider cases other than those in which 
one takes momentum eigenfunctions for the perturbation expan- 
sion. One may easily obtain an approximate solution for ex, in 
another case, viz., a randomly-spaced assembly of atoms coupled 
only through the longitudinal electromagnetic field, and far 
enough apart so that overlap of wave functions between different 
atoms may be neglected. The dielectric constant found in this 
way has a wave vector dependence and is capable of describing 
both the collective motion of the assembly and the individual 
motion of electrons in the assembly to the order e’. 
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was first found by Lindhard,' is 


mw »" 1 
€k,o=1- > fi | ‘ 
hk? i w(k;) —w(k;—k) — (w+io) 


1 
+————_ |}: (2.9) 
w(k;) —w(k;+k)+ (w+io) 


where o is a small positive constant, f(£;) is the 
normalized density of states with energy £; in the 
undisturbed electron gas and w,=[4ane?/m]} is the 
“plasma frequency” in a free electron gas of density n. 
The free electron relation between energy and momen- 
tum is assumed, i.e., w(k)=hk?/2m. The sum over 
initial states 7 is unrestricted, since the operation of the 
exclusion principle in final states is automatically 
included; this may be seen by noticing that the term 
in Eq. (2.9) corresponding to a transition like k; — k, 
=k:+k is exactly cancelled by a transition in the 
opposite direction (involving momentum transfer —k) 
if the state k, lies inside the Fermi sphere. 

This dielectric constant has the very interesting 
property that it may be employed for any value of the 
wave vector k and is capable of describing both the 
collective properties of the electron gas and the proper- 
ties of individual electrons in the gas. 

We may write for the analytic representation of €;, . 
for a degenerate Fermi-Dirac gas, employing variables 
similar to Lindhard’s, 


€k, w= 1+ x? f(x,2)/2*, (2.10) 


where 


} 7 2—x/42+1 
f(x,2) =-+—{1— (z—x/4z)?} nf — ) 
2 8 s—x/4s—1 


i 


1 2+x/42+1 
+-—{1— (2-+-/4s)7} nf ), (2.11) 
8 2—x/4ze—1 


and y?=e/mrhvr, z=k/2kp, x=h(wtio)/Epr, and kp, 
ve, and Fy are, respectively, the Fermi momentum, 
velocity and energy in the electron gas. 

The assumption implicit in the perturbation solution 
of the Hartree equations is that the polarization field 
shall be small compared with the external field, i.e., 
that €,.—1«<1. This will be more nearly true the 
smaller is x. Since vp~n', the accuracy of the dielectric 
treatment should increase with electronic density and 
the results will be exact at the limit One 
recognizes that x? is proportional to the well-known 
parameter e*/hv, the smallness of which is a measure of 
the validity of perturbation theory in the treatment of 
electron-electron scatter at relative velocity v. Further, 
one might expect the results to be reasonably accurate 
even at low electronic density, since it is known that 
the Born treatment of Coulomb scattering is exact 
even in the low-velocity limit. 


n> ®, 





ae 


3. PLASMA PROPAGATION FUNCTION 
Let us now consider Eq. (2.7) which we write as 
dx, a™ 4px, o/ Rex, @) (3.1) 


where px, = Ze|W| x,.2 is the k, w Fourier component of 
the charge density of the perturbing particle. To the 
first order of perturbation we have eliminated the 
motion of individual electrons and have codified the 
behavior of the assembly in the single quantity €x, «. 
Thus if one has given the space-time behavior of the 
charge density p(r,/), the variation of the self-consistent 
electric field at any point in space and time may be 
written, from the properties of the Fourier integrals 


o(rs)= far far U(r—r’, t—U’)p(r’,t), (3.2) 


where 
4r 


1 

V(r) =— DL — ett 8, (3.3) 

LT « o hex, 
One sees that [k’ex,. }-' is an operator’ which yields 
the potential at a point in space-time if the charge 
density at other space-time points is known. The reason 
that « must be regarded as an operator resides in the 
fact that polarization in the medium does not follow 
instantaneously the variation of a perturbing charge, 
but requires a certain time to establish itself, e.g., if a 
charge is created suddenly in the free electron gas, 
oscillations are engendered which persist indefinitely in 
the absence of damping. Since the collective motion of 
the plasma system has been codified in the form of the 
function ¢, one may regard equation (3.1) as the basic 
potential variation in the free electron gas which 
replaces Coulomb’s law. 

Then, in direct analogy with field theory methods, 
we may define 0(2,1)=U(r—m, f2—t1), which is the 
potential at the point r2, /, due to an instantaneous 
unit charge appearing at 1), 4:, as the “plasma propa- 
gation function’ which replaces the instantaneous 
Coulomb interaction in the free electron gas. When 
e— 1, 0(2,1) reduces to 6(t.—¢;)/|re—11|. One may 
easily show that 0(2,1)=0 when f<¢, since the zeros 
and branch points of the w integral lie below the real 


w axis. 


4. SELF-ENERGY AND TRANSITION RATE OF 
AN INCIDENT CHARGED PARTICLE IN 
THE FREE ELECTRON GAS 


One may now consider the calculation of the self- 
energy of an incident charged particle due to its inter- 
action with the free electron gas by the methods 
developed by Feynman® in quantum electrodynamics. 
The imaginary part of the self-energy will be propor- 
tional to the real transition rate of the incident particle 

5 U. Fano has discussed the operator properties of « [Phys. 
Rev. 103, 1202 (1956) ]. 

6 R. P, Feynman, Phys. Rev. 76, 749 (1949) ; 76, 769 (1949). 


RITCHIE 


from its original state. It should be noted that one is 
not employing rigorous quantum field theory in this 
case, since one does not quantize the “plasma” field 
itself. However, the use of quantized longitudinal fields 
in plasma problems by Bohm and Pines’ is limited by 
certain of the mathematical techniques employed, since 
separate treatments are necessary for collective inter- 
actions and for individual interactions.* The present 
approach is not limited in this way, since both collective 
and individual effects are contained in the dielectric 
description of plasma. The use of the arguments of 
Feynman in this connection is analogous to the use of 
transition charge densities in the treatment of radiation 
problems.° 

Consider the interaction of the incident electron with 
itself via the plasma. Figure 1 shows a Feynman graph 
of this interaction to order e?. We can consider that the 
incident electron is nonrelativistic and that the zero 
order amplitude K(2,1) for an electron to propagate 
from fy, /; to ro, f2 is given by 


1 hk? 
K(2,1)=- ye exp( if ker —tz]), (to:>0) 
i? & 2m 


(4.1) 


=0, (to: <0) 


where fa=f—", and fa;=f2.—t;. We could, following 
Feynman, define a propagation function which would 
be nonzero for f2;<0 in order to take into account the 
possibility of exchange processes in the free electron 
gas, i.e., 
K, (2,1) 

1 exp(i[K-r22—wl2) }) 


=>=-_ os 2. J (4.2) 
LT « «© w—hk?/2m+ie Sgn(k?— kr’) 





where ¢ is a small positive constant and 
Sgnx=2/|x]. 


The function Sgn(k?— ky?) determines how the contour 
integration in w is to be carried out. This propagator 
has the property that for /2;>0 only states outside the 
Fermi sphere can exist, while for ¢2:<0 only states for 
which |k| <kp are permitted. Again in analogy with 
the case of the positron considered by Feynman, we 
may regard K,°(2,1) for t:<0 as the propagation 
amplitude of holes in the Fermi sea, or, alternatively, 
as the amplitude for the propagation of electrons back- 
ward in time. We will not consider this propagator 
further in this section. Since exchange effects in the 
interaction between electrons in the medium have been 


7D. Bohm and D. Pines, Phys. Rev. 92, 609 (1953); D. Pines, 
Phys. Rev. 92, 626 (1953). 

5 However, see P. Noziéres and D. Pines, Phys. Rev. 113, 1268 
(1959). 

®See, e.g., Schweber, Bethe, and de Hoffmann, Mesons and 
— (Row, Peterson and Company, New York, 1956), Vol. 1, 
p. 76. 
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neglected, exchange between the incident electron and 
the Fermi gas'® will also be neglected. 

The amplitude for the incident electron to propagate 
from (f,t;) to (r2,f2) differs from the free propagation 
amplitude K (2,1) by the first order correction term 


e 
K®(2,1)= —i— f desta 


XK (2,4) K°(4,3)0(4,3)K (3,1). (4.3) 
This correction term describes free particle propagation 
from 1 to 3, emission of a “plasmon’”™ of momentum 
k at 3, propagation to 4 where absorption of the 
“plasmon” occurs and finally free propagation to 2. 
This first order correction to the amplitude is to be 
interpreted in view of the fact that one expects the 
amplitude for arrival at 2 to be altered due to the 
emission and absorption of the virtual ‘“‘plasmon.”’ If 
the energy shift due to this process is AF, then the 
amplitude of the initial state is changed by a factor 
exp(—iAEte,/h), or to first order by the difference 
—i(AET/h) where we take /.—f, to be the large time 
interval T. Then we set 


the* 


AE=— | Wo*(2)K(2,1)o(1)dridtydredtz, (4.4) 
i 


where yo(1) is the time-dependent wave function of the 
incident particle in its initial state. We may also put 


AE= (AE), —1hT'/2, (4.5) 


where I is the transition rate from the initial state and 

(AE), is the real energy shift due to the interaction. 
Employing the expression above for K“(2,1) and 

taking Wo(r,t) = (1/L!) exp{i(ko-r—wol), we find” 


csi sl Im( : 
AL’ k; Rk? €k, 

10 There is an additional Feynman diagram, which is ‘“‘of order 
e’ in the present sense, which contributes to the self-energy. 
This is an unconnected diagram in which the incident electron 
remains in its criginal state while an electron-hole pair is created 
spontaneously together with a plasmon and subsequently annihi- 
lates itself. This corresponds to vacuum fluctuations in electro- 
dynamics. Such processes do not contribute to observable effects 
as far as the incident particle is concerned. 

1 The term plasmon has been applied by Bohm and Pines to 
the quantized oscillations of plasma. It is employed in a different 
sense here to emphasize the similarity with the self-energy 
calculation in quantum electrodynamics. In the present case the 
“plasmon” includes the effect of virtual single-electron excitations 
as well as bound coherent states. 

12 An expression equivalent to Eq. (4.4) for the self-energy was 
obtained by Lindhard [reference 1, p. 55, Eq. (A-12)] using a 
different method. It is felt that the derivation given above, using 
Feynman’s approach, is simpler and more transparent. Lindhard 
did not apply the self-energy expression to the calculation of 
transition probabilities. After the major portion of the present 
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Fic. 1. Feynman graph 
illustrating the interaction 
of a charged particle with 
itself via the plasma field. 


K (2,4) | 





where w= wo—wy, k= ko—ky, w= hk? / 2m, wo= hko?/2m, 
and ky, is the wave vector of the electron in its inter- 
mediate state. The vacuum self-energy of the electron 
has been subtracted in Eq. (4.6).% Note that the 
expression for (AZ), does not account for the contri- 
bution of holes to the self-energy. To include this 
contribution, one must employ the electron propagation 
function (4.2) together with a plasma propagation 
function which is symmetrical with respect to time (see 
the Appendix). One finds in this case that (AZ), must 
be left in the form of an integral over w but that the 
expression for I’ (Eq. 4.7) is unchanged, since it corre- 
sponds to real transitions only. 

From Eq. (4.7) one may obtain the cross section, or 
alternately, 7, the interaction probability per unit path 
length in the free electron gas. Letting the sum in 
(4.7) go to an integral, we obtain 


L\3 2m/L \3 
> 2( ) fo kPdks=— ( ) ftsdado,, (4.8) 


where dQ; is the element of solid angle about the 
direction of the wave vector ky. Dividing by the 
incident flux and by the volume of the medium, we find 


me? ky; Imex, 
dQ jd, 


7 (0,w)dQ dws = 
hx? Rok? | €k,w|~ 


(4.9) 


where @ is the angle between ky and ky. 


work had been completed, it was found that an independent 
formulation of similar ideas using Feynman’s techniques had been 
carried out by Ferrell and co-workers. [J. J. Quinn and R. A. 
Ferrell, Bull. Am. Phys. Soc. Ser. II, 3, 202 (1958), and A. J. 
Glick and R. A. Ferrell, Bull. Am. Phys. Soc. Ser. II, 3, 191 
(1958).] However, it is felt that the differences in approach are 
sufficient to warrant presentation of the present paper. Quinn 
and Ferrell have employed the equivalent of Eq. (4.4), together 
with a theorem by Seitz, to calculate the ground-state energy of 
the free electron gas. Hence we will not consider this question in 
the present paper. 





H. 


Fic. 2. Interaction of an incident 
charged particle with the free electron 
gas. 


One may obtain the expression for 7 by a more 
straightforward approach: The incident particle may 
be assumed to interact with electrons in the Fermi sea 
according to the modified potential 0(2,1) above and 
then the matrix element M for the process indicated in 
the Feynman graph of Fig. 2 may be obtained immedi- 
ately. One finds 


dre 
M= 
thlL’T * © ke, 


5(k,+k—ky)d(k+k,—k,) 


x , (4.10) 
(w+w s—wo— ia) (w—w,+wi tic) 


where o is a convergence term which is allowed to 
approach zero after all integrations are performed. The 
transition probability per unit time is found by dividing 
the M®? by the time 7. The interaction probability per 
unit path length of the incident particle is found to be 


—ko)16(wo—wy—w,+w;), (4.11) 
where we set k=k,—k;, w=w,—w; in the summand. 
Note that if we carry out the sum of k, first, and then 
sum on k;, holding k=ky—k,; constant we obtain just 
the result found by the self-energy method, i.e., Eq. 
(4.9), for the interaction probability of the incident 
particle with the free electron gas. This is easily seen 
by noting that 


4rre? 
> 16 (w—w,+w,)6(k+k;—k,) = Imex. 2, 
hk? L* x, 


(4.12) 


where the sum over k; is restricted to the region 
k:+k! <k,, and we need consider only positive energy 
transfers to the free electron gas. 
To obtain a more detailed expression for 7, the 
probability for creation of a secondary electron of wave 
vector k,, first carry out the sum over ky; and let 


2m fL\3 
>= ( ) [raoae, 
ky h \29r 


where fw, is the energy of the secondary electron and 
dQ, is the element of solid angle about its direction of 


(4.13) 


RITCHIE 


emission. Then 


me'k, 6(wo—we—w, +i) 
7,dwdQ,= dk, — - dQ dw, 


mvyh' ki | €k, w . 


(4.14) 


where k= k,—k;=kyp—ky and w=w,.—«. 
The integration is carried out over the volume of the 
Fermi sphere, and k, must lie outside of this region. 


5. THE INTERACTION PROBABILITY 
IN THE LIMIT n-0 


To aid in understanding the interaction cross section 
of an incident electron with a realistic Fermi gas, it 
will be helpful to consider a fictitious assembly of 
stationary electrons. This corresponds to the limit 
n— 0 in the dielectric constant of Eq. (2.9). One finds 


«> I+u,? / 


and from Eq. (4.8) 


h*k' 
(5.1) 


~(wtio}'}, 


4m? 


me" Rw," 2ow 
T(O,w) = 


}. (5.2) 
m’h® Rok® 


(w’ —w,”— h?k*/4m*)?+ 407%" 


Since we have assumed o — 0, the resonance term in 
the curly brackets has negligible value except when 
w=w,+h*k'/4m?. Thus a first order perturbation 
theory of interparticle action in the electron gas has 
resulted in a prediction of resonance which agrees 
exactly with that of classical theory when momentum 
transfer from the incident particle is negligible. We 
will see immediately that when the momentum transfer 
is large the Born cross section is found. 

To find the connection between energy loss and 
scattering angle (see Fig. 3), one must solve the 
equations 


k=kop—ky;, w=h(k?—k?)/2m=[w,2+k*/4m? }}. 


Fic. 3. Momentum diagram of 
scattering process showing relation 
between initial and final wave vectors 
of incident particle. 
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We shall not deal with these equations directly, but 
rather some limiting cases will be considered. 


(a) wp>hk?/2m 


In this case 
h 
ww p= —(Ko- k— k?/2). 
m 


If we integrate Eq. (5.2) over w, we find 
mew "ks dQ 


r(6)dQ= cle ie, 
Qrh?rok? (w,?+h?k*/4m? }} 


which, in the case considered, reduces to 


CW” dQ 
7(0@)dQ= Serene (5.4) 
2rhvy" 0+ (hw », 2Eo)? 

where vo=hko/m, Ey=mv,"/2. This agrees with the 


result obtained classically.’ 


(b) w,«KhR?/2m 
In this case one finds the simple result 


ker ve —_ ( ky— k; ie 


k;=ky cosé, k=ko sind, 


and from Eq. (5.3) 
2rne' cosédé 

7(0)d0= —, 
Ek? sin’é 
where we have set dQ= 27 sinéd@. This is just the Born 
approximation for the scattering probability of an 
electron on an assembly of electrons with which it 
interacts individually. This scattering formula is ex- 
pressed in the laboratory system of coordinates, which 
is the natural system to which the electron gas is re- 
ferred. 

It is also of interest to integrate over dQ first in order 
to find the distribution of energy losses of the incident 
particle. Then 

ew, dw 
t(w)dw = a 
2hv? w’—w,” 


(5.6) 


if there is at least one root of 


1—[1—hw/ Eo }!—[4h? (w?—w,”)/EP}t'=0, (5.7) 
and 7=0, otherwise. This shows again that for energy 
losses large compared with iw, the cross section behaves 
like the free electron value. The rise in cross section as 
the energy loss decreases toward the plasma resonance 
value hw, is clearly seen. One may show from Eq. (5.7) 
that 7 is always finite. 

The energy loss of the incident electron per unit path 
length, —dw/dx, is given by 


4rne® Rinax 
— dw dx= f hier Oyo)d0do= in ), (5.8) 


mv ae 
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Fic. 4. Regions of the x-z plane in which different 
representations of f2(x,z) must be used. 
where Rmax and Rin are the roots of 
k®— kok? + mw ,?/h?ko=0, 


which lie in the range O<k<ko. When hw «KE, we 
have approximately 


(5.9) 


4rne' 
—dw/dx= : In(mvo?/ hw»). (5.10) 
mv" 
Equation (5.9) shows that when Fo< (27)!hw,/4, the 
interaction probability of the incident electron in the 
zero-density gas vanishes. 
The Debye shielding of electrical charges, an im- 
portant characteristic of the free electron gas, is not 
present in the limit n=0. 


6. THE INTERACTION PROBABILITY, n+0 


In this case one must employ the full expressions for 
both the real and imaginary parts of ex... Following 
Lindhard, we write in the limit o ~ 0 


€x, w= 1A (2/2) f(a) +7 fo(x,z) ], (6.1) 


where again y?= e?/rhvp, z=k/2kp, and x=hw/Ep, and 
1 | 2—x/4ce+1 
fi(x,z) =-+—{1— (s—2x/4s)?} In 


2 8 2—x/42—1 


2t+x/42+1 
(6.2) 


1 
+—{1— (2-+2/4z)?} In 
82 


2+x/4s—1 
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Figure 4 gives a plot of the x-z plane showing the 
boundaries of regions I, II, and III in which different 
analytical representations of f2(x,z) must be employed. 

Region I is bounded by the lines x=0, and x=4z 
(1—z). In this region 
(6.3a) 


fd = wx /8z. 


Region II is bounded by the line «=42(1—2), 
42(1+2), and 42(z—1). In this region 


T 
fo =—{1—(s—2x/42)*}. (6.3b) 
Re 


Oe 


Region III consists of two separate regions in the 
x-z plane; (1) that between the lines z=0 and x=42 
(z+1); (2) that bounded by x=0 and x=42(z—1). In 
this region 


fo" =o¢(x,2). (6.3c) 


Since @ is a small positive constant which is allowed to 
approach zero after all integrations are performed, the 
exact form of g is not important. From Eqs. (4.8) and 
(6.1) we may write for the interaction probability of an 
incident electron 
mex*k; fo(x,2) 

T (0,w) dd = —__—_—— — — —dQdw. (6.4) 
Ar th®k yky ((2+x2 fi) +x fe} 

With the following relation between scattering angle, 
z and x: 


cosé= (2a?—42?—x)/2a(a?—x)!, (6.5) 


where a= ko/krp. 

One may see the major features of the behavior of + 
as a function of x and z by referring to Fig. 4. The 
dashed line represents a schematic plot of the equation 


F(x,2)=2+ 37/f,=0. (6.6) 


The portion of this line lying in region III constitutes 
the resonance line which reduces to w*=w,?+ h*?k*/4m? 
as n— 0), as discussed in Sec. 5. This is clearly seen by 
writing 
og 
Tres “™ . (6.7) 
F?(x,2)+x407¢? 
If one expands Eq. (6.6) for small z, one finds plasma 
resonance occurring at 
12 
vt ort tere esi - 


75 


vee we+-++. (6.8) 


which agrees with the corresponding classical condition 
for resonance except for the quantum correction term 
h?k*/4m*. This relation was first obtained by Bohm and 
Pines from their quantum theory of plasma and has 
been studied by Ferrell.’ The connection between w 
and k found experimentally by Watanabe’ for electrons 


/- D. Bohm and D. Pines, Phys. Rev. 92, 608 (1953). 
4 R. A. Ferrell, Phys. Rev. 107, 450 (1957). 
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interacting in thin foils of Be, Al, Mg, and Ge has been 
interpreted by Pines'® as proof of the plasma-like 
character of energy losses in these substances. 

In region I the response of the electron gas to the 
incident electron is primarily in producing Debye 
shielding of the external charge. In region II the 
response takes, on both screening and oscillatory 
characteristics. For large momentum transfers, i.e., 
for hk?/2m>>w,, the cross section reduces to the Born 
approximation as in Eq. (5.5). 

We shall now examine some limiting cases to illustrate 
the behavior of 7 for different incident charged particles. 


(a) Low-Energy Positron in the Fermi Gas 


The Eqs. (6.2), (6.3), and (6.4) completely deter- 
mine (to the order e”) the interaction cross section for 
intruder positrons in plasma. The explicit relation 
between 6, the angular deflection of the electron, and 
k, its momentum change, is found from the energy- 
momentum relations and is given by Eq. (6.5). 

We shall, however, concern ourselves with the total 
interaction probability and energy loss per unit length 
for a slow positron, 19“vp, in plasma. We note that its 
energy loss may be written 

h? 
hw=—(kokv—k?/2), 
m 


(6.9) 


where y is the cosine of the angle between Kp and k 
(see Fig. 2). 
In terms of the reduced variables x and z, we have 


(6.10) 


x=4{azyv—2’}, 
and since 0<v<1, only the area in the x-z plane 
enclosed between the lines 
(6.11) 
and x=0 is to be included. The curve of Eq. (6.11) is 
plotted in Fig. 4 as a dot-dash line for the special case 
a=ko/kr=3. When a1, we may use the approxi- 
mations 


x=4(az—27), 


fox / /8z, 


fim, 
and setting 


dQ= 81k p*2dz/koks, dw= Epdx/h, 


and integrating under the parabola of Eq. (6.11), we 
find 
Tm Vo? 


T= fr@saais- ae lenin 
30h oF? 


(6.12) 


The energy loss per unit path length, —dw/dx, is found 
to be 


dw 1? 9° 


T ) 
[ior Os) aS 
dx 105 h v-? 


18H. Watanabe, J. Phys. Soc. Japan 11, 112 (1956). 

16D. Pines, Revs. Modern Phys. 28, 184 (1956). See also D. 
Pines, Solid State Physics, edited by F. Seitz and D. Turnbull 
(Academic Press, Inc., New York, 1955), Vol. 1. 


(6.13) 
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This may be compared with the result obtained by 
Lee-Whiting"’ for the slowing down rate of positrons in 
the free electron gas. He assumed a screened Coulomb 
interaction of the form —e’e~*"/r between the positron 
and the individual electrons in the gas and employed 
perturbation theory to treat the scattering process, 
taking explicit account of the fact that a struck plasma 
electron must receive energy sufficient to lift it into 
the unoccupied region in momentum space. If one uses 
his expression for the slowing down rate divided by the 
positron velocity in the same limit (v<<vy) and takes 
q= (3w,?/ve?)!, the Debye wave vector, one finds that 
the resulting formula agrees exactly with Eq. (6.13). 
The dielectric formulation automatically accounts for 
the operation of the exclusion principle and yields the 
Debye shielding result in the low-energy limit. At 
energies comparable with Er, the dielectric formulation 
should be considerably more accurate than that of 
Lee-Whiting, since it takes into account the dynamical 
properties of the plasma. 


(b) Low-Energy Heavy Charged Particle 
in the Fermi Gas 


If the incident particle has charge Ze, velocity v9, 
and mass M>>m, then the energy-momentum condition, 
Eq. (6.11), becomes 


x=4(092/0rp—mz2?/M), (6.14) 


showing immediately that one may neglect altogether 
the particle recoil for quite small velicities of the 
incident particle ; 1>>v0/vr->>m/M, since m/M ~ 1/2000. 
Clearly, one must multiply the expression for 7, Eq. 
(4.9), by Z*. Then using the approximations 


_ 


le 

z 
—|~1-—27/2, 
+1 
“ 


| aa | 
g=nx/82, fr=-+—(1—2’) In 
en Hg 


one finds 


BZ FF . . 
7=— ——[{ (1—X?/2)4/X} tan“{ (1— X?/2)/X?} 
8a 1— X?/2 


— (1—X?/2)/(1+X?/2) ], 
(6.15) 
dw 2 


Z°e'm 9 :, 
=— —{In[(1-+ X?/2)/X?] 
dx 3m h(1—X?/2) 


— (1—X?/2)/(1+X?/2)}, 


where dp is the Bohr radius. 
If X*<1, this formula reduces to 


dw 2 Z*e*mr 
— —=— —— In(rhvp/e’), 
dx 3nr hk 


(6.16) 


which is identical with the formula obtained by Fermi 


=. Lee-Whiting, Phys. Rev. 97, 1557 (1955). 
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and Teller'® for a slow heavy-charged particle in a 
Fermi-Dirac gas, assuming x?1. 


(c) Low-Energy Incident Electron 


In this case we need to take account of the fact that 
the incident electron cannot make transitions to occu- 
pied states in the Fermi sea. As mentioned in Sec. 4, 
exchange scattering of the incident electron with the 
electron gas is not included here, since exchange 
processes between plasma electrons have been neg- 
lected. The energy loss of an incident electron of 
momentum /iky cannot exceed the value 


> 


h? 
him ax en ame (ke — kr’), 
2m 


and in terms of the reduced variables 
XYmax =— R 


The range of x, z values which can be assumed by the 
incident electron lies between the lines 


s=e—1, x=0, 


and under the curve 


x=4(az—2?). 


9 / 


Then if a’—1«1 we may again put fi~1—27/ 
fo=mx/8z, and proceeding as before, neglecting fo i 
the denominator of Eq. (6.4) we obtain 


| 1 


bis Ae 
32am? (1+X2/2 
1 


+———— tan™[(1—X?/2)#/X]}. (6.17) 
X[1—X?/2] 


Also 


dw /mevr \* 1 
Ba as ot 
dx \8rhv 1+X?/2 


1 
-+—————— tan IC(1—x2/2)¥/x)]}. (6.18) 
x[1—x?/2]}! | 
The expression for 7 has a slightly different appearance 
than the corresponding expression obtained by Quinn 
and Ferrell,'® but reduces to the same value for a— 1 
and a1. 


(d) Stopping Power of the Fermi Gas for a 
High-Energy Electron (E,>E,r) 


An approximate formula for the high-energy stopping 
power of the free electron gas may be obtained by 
observing that, as will be shown below, the probability 


18 FE. Fermi and E. Teller, Phys. Rev. 72, 399 (1947), 
19 J. J. Quinn and R. A. Ferrell, Phys. Rev. 112, 812 (1958). 
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Fic. 5. Contours of equal values of T(x,z) in the x-z plane. 


of energy absorption varies as the reciprocal of the 
momentum transfer in two regions of the x-z plane: 
(1) in the neighborhood of the plasma resonance line; 
and (2) in the range of large energy and large momen- 
tum transfers. We designate the energy loss per unit 
path length in the Fermi gas in these two regions by 
—dw,/dz, and —dw-/dx, respectively. 
As before, we write 


—dw dx= f horddi 


where the region of integration lies under the parabola 
x=4s(a—z). In the neighborhood of the plasma 
resonance line we put 


(6.19) 


fowog, xX f\imr—2x,?/2, 


for 21, and integrate over the resonance at «=a 
hw,/Er. The z 


y 

integration will be taken from z 

x,/4a, the intersection of the parabola x=4s(a—z) 

and the plasma resonance line for a>1, and an inter- 
mediate value of 2, designated by z;. We find 


dw ew py das, 
nf (6.20) 

dz uy Se 
For large momentum transfers we may put x=42 
(z+6), where 1— <6<1 and f2=2(1—6*)/8z, and neglect 
fy and f, in comparison with 2 in the denominator of 
Eq. (6.19). The z integration is carried over from the 
to the intersection of the line 


We find the 


intermediate value 2, 
x=4 with the parabola x=42(a—2z). 
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contribution to the stopping power from this region 


to be 
dw. ew,” a 
= nf - ). 
dx Vo" dz 


Lat) “1 


(6.21) 


” » 9 

dw ew," Mo 

—-—=- inj — 
dx v0 hw» 


in which zg; subtracts out in the sum. The resulting 
expression agrees exactly with Eq. (5.10). If the incident 
charged particle had been a heavy particle of charge 
Ze, the result would have been 


dw Lew,” 2mv0" 
—- —=— inf 

dx Vor hw» 
where the difference of a factor of 2 in the argument of 
the logarithm is due to the fact that the upper limit in 
the z integration is taken to be the intersection of the 
parabola x=4s? with the line x=42v0/vp, since the 
recoil of the heavy particle may be neglected. 

We return now to the more general case of an 
incident particle with arbitrary (but nonrelativistic) 
velocity. A numerical evaluation of 7(@,w) has been 
carried out for a plasma density corresponding to 
x’= 0.344. This is appropriate to the conduction band 
in Al, if one assumes that there are three free electrons 
per atom. The quantity T(x,z)= (hv?/e*)r is plotted in 
Fig. 5. The interaction probability per unit path is 
obtained from this plot by setting 


(6.22) 


e 
7 (O0.w)dQdw = T (x,2)dQdw, 


hv? 


and by employing the relation expressed by Eq. (6.5). 

In Fig. 5 contours of equal intensity in 7 are plotted 
on the x-z plane. For a high-energy electron, a>1, 
which undergoes an energy loss small compared with 
its original energy, we may write approximately, 
6~ 2z/a and since w= Erx/h, the intensity plot of Fig. 
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Fic. 6. T(x), interaction probability in a free electron 
gas as a function loss hw. 
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5 represents a prediction of the distribution of energy 
loss and angular deflection experienced by a fast 
electron in a Fermi gas. The ingenious experiment of 
Watanabe" showed an approximately parabolic con- 
nection between energy loss and angle of deflection of 
the sort shown in Fig. 5. 

The plasma resonance line P beginning at x,=hw,/Epr 
has a high intensity and vanishingly small width in 
the limit of zero damping. There is a quasi-resonance 
in regions I and II of lower intensity. 

Figure 6 shows a plot of T(x)=fT(x,z)dQ for 
positrons possessing energy E=4Epr and E=9Ep. 


7. SUMMARY 


The interaction probability of an incident charged 
particle with a free electron gas has been calculated in 
the Born approximation, employing the wave-vector- 
dependent dielectric constant of Lindhard and Hub- 
bard, and Feynman’s treatment of self-energy in the 
medium. The cross section is shown to reduce to the 
Born approximation for the Coulomb scattering of 
charged particles on the electron gas if momentum and 
energy transfers to the gas are large and to the result 
obtained by employing a screened interaction if energy 
transfers are small. It is clear that the methods pre- 
sented in this paper may be applied to the calculation 
of many effects in the free electron theory of metals, 
such as positron slowing down and annihilation, capture 
and loss of electrons by charged particles, plasma effects 
in the K-edge fine structure in x-ray absorption, etc. 
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8. APPENDIX. DERIVATION OF THE DIELECTRIC 
CONSTANT BY MEANS OF A FEYNMAN 
DIAGRAMMATIC ANALYSIS 


The derivation of the self-energy given above is 
somewhat inconsistent in that the dielectric constant 
is derived by an ordinary perturbation solution of the 
approximate Hartree one-particle equations for elec- 
trons making up the Fermi gas, while the interaction 
of an external charged particle with the electron gas 
was found using Feynman’s formulation of perturbation 
theory. 

The following derivation employs methods similar to 
those used by Hubbard.*” The plasma propagation 
function will be obtained from an analysis of Feynman 


*” J. Hubbard, Proc. Roy. Soc. London A240, 539 (1957), and 
Proc. Roy. Soc. London 243, 336 (1948). 
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diagrams in the interaction of an external charged 
particle with the electron gas. By identifying with the 
result obtained above a partial sum in orders of the 
perturbation which occurs in this function a consistent 
definition of the dielectric constant of the free-electron 
gas will emerge. 

The nonrelativistic electron propagator in the free- 
electron gas may be written as in Eq. (4.2). This 
propagator contains only components outside the 
Fermi sphere when f:>¢,; and components inside only 
when f2</;, and it is directly analogous to the relativ- 
istic electron-positron propagator discussed by Feyn- 
man.’ The Coulomb interaction potential may be 
written 


4dr 1 
> — exp{ik-re:—twly}. (8.1) 


V(2,1)= 
LT k,w k’ 
We now proceed to calculate the first order correction 

to the amplitude of a fast electron (1)>>v,r) interacting 

with the plasma, using the prescriptions given by 

Hubbard.” These are essentially identical with the 

prescriptions of the quantum theory of the electro- 

magnetic field,® except that only longitudinal inter- 


Fic. 7. Feynman graphs showing excitation of virtual 
electron-hole pairs in the free electron gas. 


actions are included. Consider first the Feynman graph 
shown in Fig. 7(a). The contribution to the matrix 


element to the order e‘ from this diagram is 

é 

M®) = — 
(2ih)?2! 


fdtrdtrrdtead ny o*(2)K,(2,1) 


«V(2,2’)K (1,2) V(1,19@(1), (8.2) 
where @ stands for the eigenfunction of the initial state, 
and d‘x=drdt. Now the number of diagrams which 
differ from this only in the naming of the interaction 
points is exactly 2?X2!. Hence we may write for the 
total matrix element 


e 0 0 
M®=- feof ats f drs f dle 
th D x 


X do*(2)K4.(2,1)0 (2,1)@o(1), (8.3) 


where 


e 
VO? (2,1)=— fare fav f dee fae 
ih 


XV (1',1)K,(2',2)K4(1',2)V(212’). (8.4) 





654 m. i. 


We find, letting w(ko), w(k,)= (h/2m) (ko?,k/*) be the 
energy of the initial and intermediate states, respec- 
tively, 


4dr a 
0 (2,1) = ——- » — exp{ik-1ro:—iwles}, (8.5) 
L’T kw k? 


where 


4rre? ove 1 
. — 
AL? xolw(ko) —w(ko—k) —w+io 


1 
-acatmal 
w(ko) —w(ko+k)+w+ie 


Now consider the contribution to M™ from processes 
of the sort indicated in the graph of Fig. 7(b). Then 


e 
M®=— — fate, f ars 
th 


X do*(2)K4.(2,1)0 (2,1) bo(1), (8.6) 
where 
dor a 
v(2,1)= > — exp{ik-re;—iwl}. 
L’T kw k* 


In an immediate generalization of the above, we may 
write 
4 a” 
0 (21) = > — exp{ik-re;—iwle:}, (8.7) 
L'T k.w k? 
where the diagram consists of m loops as in Fig. 7(c). 
If we now sum over all these processes, i.e., 


ea e ° 
M= > M”=— fen d'x» 
n=0 ih 


X bo" (2) Ky (2,1)0(2,1)$0(1), (8.8) 
in which 
4a 1 
)= i exp{ik-ro;— iwles}, 
L?T kw ke, 4 


1 


> oar , (8.9) 
w(ko) —w(k;+k)+o+i0 


where it is understood that ky must lie outside the 
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Fermi sphere. The function ¢;,,. differs from the Lind- 
hard dielectric constant considered before only in the 
signs of the imaginary part of the denominators. Recall 
that the plasma propagation function, Eq. (3.3), 
involving the Lindhard dielectric constant had the 
property that 

0(2,1)=0 


In the present case (2,1) is symmetrical in 4; and fy 
and hence has only positive energy components. It is 
thus a proper propagation function for a ‘“‘field theory” 
of plasma. 

Note that the sum over Feynman graphs which we 
have performed is not at all exhaustive: It is a very 
special sum which includes only the simplest processes. 
For example, in the 0“ (2,1) term there is a process of 
the kind depicted in Fig. 8 which has been ignored. 


rail 

Let us consider again Eq. (8.8). This is the change 
in the amplitude of the incident electron of momentum 
hky due to a “first-order” interaction with the plasma. 
This amplitude change may clearly be written as 
{exp(—iTAE/h)—1}, where T is the normalization 
time and AE is the energy shift of the incident electron 
due to its interaction with plasma. Then one may write 
for the “self-energy” of the electron 


(t21 <0). 


Fic. 8. Feynman graph showing a basic 
exchange process in the free electron gas. 
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e 


AE=- far: $o*(2)K, (2,1)0 (2,1) o( 1), (8.10) 
T 


which agrees with Eq. (4.4) which was derived from 
more intuitive considerations. 

The propagation of disturbances in plasma has thus 
been resolved in terms of processes in which an electron- 
hole pair interacts with the incident electron after the 
excitation and subsequent de-excitation of none, one, 
two, etc., pairs previously. The excitation is passed on 
from one pair to another in turn. The summation over 
primitive Feynman graphs gives the result obtained 
by more elementary methods in Sec. 2. The summation 
involved in finding €x,. is equivalent to the solution of 
an integral equation formulation for interactions in the 
electron gas which has been given by Hubbard,” but 
seems rather closer to the physical processes which occur. 
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Measurements of surface properties of ZnO crystals were 
made at 300°K, both in dry O2 and in high vacuum. The dark 
conductivity was changed by illumination with ultraviolet. Sur- 
face potentials of crystals with diameters down to 0.002 cm were 
measured by the Kelvin method with a sensitivity of 0.002 v. 
Comparison of the measured and calculated dependence of dark 
conductivity on dark surface potential showed that the latter 
could be changed from about 0.1 v below to 0.5 v above the 
neutral point. Application of a transverse electric field produces a 
fast change in conductivity in less than 50 usec and a slow change 
in which part of the fast change decays with a time constant 
ranging from minutes to hours depending on ambient and surface 
potential. The field effect mobility increases with increasing sur- 


INTRODUCTION 


T has been shown by Mollwo and co-workers! and 
Miller and co-workers? that the dark conductivity 

of ZnO is increased after illumination with ultraviolet 
(uv). The increase decays slowly in the dark with a 
rate depending on the partial pressure of the surround- 
ing gases. The holes created by the uv are assumed to 
diffuse to the surface where they can be trapped. These 
authors assumed the traps to consist of adsorbed oxygen 
ions which thus are neutralized causing an increased 
density of conduction electrons in the space charge 
layer. As the change in dark conductivity of single 
crystals is too large to be explained by photo-desorption 
of oxygen from a surface which is neutral without ad- 
sorbed oxygen ions, Heiland* has suggested that the 
clean surface is positively charged either because of 
surface states or a higher density of donors in the skin 
than in the bulk of the crystal. Another mechanism 
which allows the surface to become positive after ex- 
posure to uv is that the holes are trapped by surface 
oxygen lattice ions as well as adsorbed oxygen ions as 
has been mentioned by Heiland* and discussed in more 
detail by Collins and Thomas.*:> Mollwo! has reported a 
second process attributed to changes in the bulk whereby 
the conductivity changes much faster after a change in 
light intensity. As this effect was at least negligibly 
small in our experiments, we shall use henceforth “‘con- 
ductivity” instead of ‘“‘dark conductivity.” The results 
to be presented here® show that the surface potential 
can be changed over a large range, which includes the 


1E. Mollwo, Proceedings of the Conference on Photoconductivity, 
Atlantic City, November 4-6, 1954, edited by R. G. Breckenridge 
et al. (John Wiley & Sons, Inc., New York, 1956), p. 509. 

2 P.H. Miller, Proceedings of the Conference on Photoconductivity, 
Atlantic City, November 4-6, 1954, edited by R. G. Breckenridge 
et al. (John Wiley & Sons, Inc., New York, 1956), p. 287. 

3G. Heiland, Z. Physik 142, 415 (1955). 

*R. J. Collins and D. G. Thomas, Bull. Am. Phys. Soc. Ser. II, 
2, 27 (1957). 

5R. J. Collins and D. G. Thomas, Phys. Rev. 112, 388 (1958). 

6H. J. Krusemeyer, Bull. Am. Phys. Soc. Ser. IT, 3, 218 (1958). 


face potential from a value which is sometimes smaller than one 
to a plateau value between 70 and 145 cm*v~ sec”! and decreases 
again for the largest value of surface potential. Evidence is given 
that the low mobility values are caused by surface states. Com- 
bined measurements of surface potential, field-effect mobility, and 
surface conductivity together with quantum efficiency measure- 
ments of the surface conductivity by Collins and Thomas yield 
the quantum efficiency of the hole-trapping process at the surface 
which is approximately 1 for a neutral surface. A quantitative 
treatment of the hole-trapping process is in good agreement with 
the experimental results and shows that the bulk diffusion length 
for holes is >1000 A and that the ratio of hole surface trapping 
velocity and diffusion constant equals 1.7105 cm™, 


neutral point, by illumination with uv and this we have 
used as a means for studying the dependence of surface 
conductivity and field effect mobility on surface po- 
tential. This dependence was the same in oxygen and 
in vacuum whether the crystal is illuminated or not. In 
turn some of these results give additional information 
about the hole trapping process at the surface. 


EXPERIMENTAL ARRANGEMENT 


The needle-shaped hexagonal ZnO crystals (wurtzite 
structure) were grown by Thomas according to the 
Scharowsky’ method and kindly made available to us. 
Figure 1 shows such a crystal of a few mils diameter 
mounted in the coaxial holes filled with Ga, in the 
end of two Pt rods 6. The Kelvin method was used for 
measuring changes in the surface potential of the crys- 
tal. The j-in. long reed d consisted alternatively of 
0.025 cm Pt+10% Rh and 0.005 cm W wire which was 
spotwelded to a lever which in turn was attached to a 
spring f. The spring is excited by an electromagnet 
mounted outside the vacuum system, which causes the 
reed wire to pass back and forth in a plane parallel to 
the crystal and at a distance of about 0.002 cm from it. 
The crystal could be illuminated from the side of the 
reed with virtually parallel light during the intervals 
that the reed was not passing between light source and 
crystal. Consequently, the surface of the reed facing the 
crystal is not directly exposed to uv and thus the po- 
tential of this reed surface is not changed by illuminat- 
ing the crystal. This way the uncertainty about the 
stability of the reed surface potential which exists when 
a change in ambient is used to change the crystal sur- 
face potential, is avoided. The change in the dc potential 
between reed and crystal required to keep the ac po- 
tential zero is the quantity actually measured. As the 
mounting rods holding the crystal had a tendency to 
vibrate with very small amplitude because of the re- 


7E. Scharowsky, Z. Physik 135, 318 (1953). 
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Fic. 1. Apparatus for measuring conductivity, surface potential, 
and field effect mobility. (a) crystal, (b) support wires, (c) ceramic 
blocks, (d) reed, (e) lever, (f) leaf spring, (g) field effect electrode. 


action forces of the vibrating parts on the apparatus 
and as the input impedance of the tuned ac amplifier 
used had to be high (10' ohms), the electrostatic 
charges located on the inside of the glass tubing of the 
vacuum system and on the insulators holding the 
mounting rods introduced a relatively large error signal. 
This was eliminated by covering these parts with 
platinum foil, not shown in Fig. 1, except for a small 
opening passing the light. A criterion for proper opera- 
tion of the apparatus is that the results are independent 
of the amplitude of the vibrating reed. For a 1-mil 
diameter crystal a change of 2 mv in surface potential 
could be detected. 

To measure the field-effect mobility, the reed and 
associated shielding were removed and the metal cyl- 
inder g with 1 cm inside diameter and consisting of two 
parts, was placed around the crystal without disturbing 
its contacts. Two slots in the cylinder wall 0.25 cm 
wide were provided for illuminating the crystal from 
opposite sides. Because of the small diameter of the 
crystals, no dielectric was required between crystal and 
field effect electrode. For a crystal with a diameter as 
large as 10-° cm, a field-effect voltage of 1000 volts 
gives a field at the crystal surface equal to that caused 
by 10~* monolayer of charge. That the transverse 
electric field at the edges of the crystal is higher than in 
the middle of a face does not introduce any errors pro- 
vided the transverse field is in the range where field 
effect mobility does not depend on the magnitude of the 
transverse field. As the crystals were not long enough 
to accommodate four probes for measuring conductivity 
during contact potential measurements, the current con- 
tacts and homogeneity of the crystal were first checked 
for different values of the conductivity with the four 
probe technique. During the actual measurements, the 
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conductivity was obtained by measuring the voltage 
across the whole crystal and the current through it. 
Only crystals which were homogeneous over the entire 
range of conductivity and which did not show a voltage 
drop across the current contacts were used. 


RESULTS 


A constant transverse electric field of either polarity 
could be applied or removed between the field cylinder 
g and the crystal within a few microseconds but the 
resulting change in the conductivity of the crystal 
could be measured only 50 usec after that. Within this 
time the maximum change in conductivity took place. 
Part of this change decays again with a time constant 
ranging from minutes to hours depending, as the magni- 
tude of the decay did, on the surface potential of the 
crystal and the pressure of the surrounding gas. We 
shall discuss this in more detail in the last section. 

In Fig. 2 is shown the field-effect mobility as a func- 
tion of the conductivity o of a crystal obtained by 
illumination with different quantities of uv. The field- 
effect mobility by, as has generally been accepted, is 
the average mobility of the charges on the crystal sur- 
face and in the space-charge layer which screen the 
applied transverse electric field from the interior of 
the crystal. It refers below always to the initial change 
in conductivity which persists for at least seconds after 
a change in transverse field. 

To obtain the point with the lowest mobility in Fig. 2, 
the crystal was first exposed to dry oxygen in the dark 
until a steady state was reached. Subsequently it was 
kept in a vacuum of 10-* mm Hg until a new steady 
state was reached which for the conductivity happened 
to be close to the one in dry oxygen. For successive 
points, the field-effect mobility and conductivity were 
measured after exposing the crystal to increasing quan- 
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Fic, 2. Field effect mobility as a function of conductivity. 





SURFACE 


tities of uv in a vacuum of 10-§ mm Hg. For the same 
value of conductivity us was the same, whether the 
crystal was still exposed to uv or not. The results were 
not changed either by measuring the point with the 
highest conductivity first and successive points while 
the conductivity was slowly decaying. In one atmos- 
phere of oxygen the maximum obtainable value for the 
conductivity is appreciably lower than in vacuum, the 
minimum value only slightly lower. In the overlapping 
conductivity range the mobility results are identical. 
The smallest mobility value in oxygen is about 25% 
lower than the smallest value in vacuum which occurs 
for a slightly higher conductivity. In order to see if the 
mobility would increase again for larger negative sur- 
face potentials, it has been attempted to increase the 
range of the data using large negative field-effect volt- 
ages while the crystal had its lowest conductivity. The 
results were, however, irreproducible as the large volt- 
ages seemed to change the crystal surface, possibly by 
ion bombardment. The main features of the curve in 
Fig. 2 are an initial rapid rise in mobility until a plateau 
is reached and a much slower drop for the largest values 
of the conductivity. Very recently Heiland* published 
field-effect data on ZnO crystals taken at 90°K which 
showed only the rapid increase without the plateau and 
slow drop following it. The highest field-effect mobility 
value obtained by Heiland was 30 cm*v—'sect. 

For different crystals we found the shape of the 
curves to be very similar though the plateau value of 
the mobility ranged from 75 to 145 cm*v~'sec"!. The 
mobilities for the lowest value of the conductivity 
ranged from about 0.1 to 50 cm*v~'sec™! with in general 
the lower mobility for crystals with the lower bulk 
conductivity. Values below 5 were only found for 
crystals for which the bulk conductivity was decreased 
by doping® with lithium. Some evidence will be pre- 
sented in a later section that the main cause for the 
low mobility values for small values of the conductivity 
are surface rather than bulk levels. The surface poten- 
tial in the plateau region changes over many k7/e as 
will be shown later. Because of this it will be assumed 
from here on that no screening of the transverse field 
by surface states takes place in the plateau region and 
that the micromobility of the electrons equals the 
plateau value of the field-effect mobility. This is 120 
cm’v—'sec"! for the crystal of Fig. 2 and is rather close 
to the value of 150 cm?v~'sec™! obtained from Hutson’s® 
Hall data using the factor 3x. It may be pointed out 
that surface roughness on a scale larger than the 
thickness of the space charge layer and in the path 
of the electrons moving in the direction of the c 
axis would give a lower value for the field-effect 
mobility without changing the shape of the curve. If 
this is what takes place it is for what follows as well to 
equate the plateau value of the field-effect mobility 


8G. Heiland, J. Phys. Chem. Solids 6, 155 (1958). 
A. R. Hutson, Phys. Rev. 108, 222 (1957). 
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Fic. 3. The dependence of surface charge density on 
surface potential. 


to the micromobility as to correct the length of the 
crystal. It was noted that the plateau value of the 
mobility could be changed by etching the crystal. 

The points in Fig. 3 give the measured dependence 
between the change in conductivity and surface poten- 
tial for the non-Li doped crystal of Fig. 2. The circles were 
obtained using the 0.025-cm diameter Pt+10% Rh reed 
and the triangles using the 0.005 cm W reed, both after 
correction for nonuniform illumination of the crystal as 
discussed in Appendix I. The correction was the same 
for both reeds. 

The solid curve in Fig. 3 represents the calculated 
relation” 


kTen, |} 
v= | (-1-e6e- ¢a)/RT 


2re” oe 
+exp[Le(go— ¢x)/RT ]}', (1) 
in cgs units, between the density of surface charges .V 


0 H. J. Krusemeyer and D. G. Thomas, J. Phys. Chem. Solids 
4, 78 (1958). 
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Fic. 4. The dependence of surface charge density on 
surface potential. 


and the barrier height go— ¢, of the space charge layer 
assuming that all the donors are ionized in the field- 
free interior and that a negligible density of acceptors 
exists in the bulk. ”,~ is the density of conduction elec- 
trons in the field free interior of the crystal. The di- 
electric constant «= 8.5 as was found by Hutson’ using 
single crystals. The density of surface charges in Fig. 3 
is related to the change in the conductivity of the 
crystal by the assumed micromobility of 120 cm*v~'sec™ 
for electrons. The measured points were made to fall 
on the calculated curve by translation only and in this 
way the neutral point of the crystal surface was deter- 
mined both for surface potential and surface charge 
density. As (1) is dependent on n,.-, which in turn can 
only be determined when the neutral point is known, 
one may proceed as follows. As a first approximation 
n,. is derived from the conductivity of the crystal after 
it has been in the dark and in oxygen for a long time, 
assuming a homogeneous density of carriers right up to 
the surface. The error is small as the surface is now 
negative without an inversion layer (3.2-ev band gap"). 
For this value of n,~ the dependence between .V and 


4 FE. Mollwo, Z. angew. Phys. 6, 257 (1954). 
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¢0— %. using (1) is compared with the data and the 
neutral point obtained. The conductivity of the crystal 
at this point yields a new value for ”,~ for which (1) is 
replotted, etc. The second value of n,.~ is in most cases 
already accurate enough as a change of n,.~ in (1) by 
a factor of two changes by less than 2% the value of 
n, obtained by fitting the experimental data to the 
calculated curve. The corresponding shift in neutral 
point is about k7/e volt. This makes the evaluation of 
the neutral point rather accurate and only slightly de- 
pendent on the assumed micromobility of 120 cm*v~ 
sec!. For the crystal of Fig. 3 n.~ = 2.27 10" cm-, 

We notice in Fig. 3 that the surface does not become 
more than about 120 mv negative and carries less than 
10-* monolayer of negative charge including that in 
surface states. Figure 4 gives a continuation of these 
results for higher densities of positive surface charge. 
The solid curve gives again the calculated dependence 
between density of surface charge and barrier height 
of the space charge layer which below go=0O is given 
by (1). For go=0 the Fermi level crosses the conduc- 
tion band edge at the surface and part of the electron 
gas in the space-charge layer becomes degenerate giving 
rise to the curvature on the top of the graph. In this 
region the following relations instead of (1) give the 
dependence of the density of surface charge on barrier 
height.” For ego <0, 


} 
(—1)"n-3 expns] = 
4 n=l 


(—1)"n-3 


n=l 


Vv (nBo) 
x {esp¢ _ nso) f expy"dy 
0 


% 4 
—exp(nss) f exp(- yl | ) 
Vv (nBo) 


where Bo=ego/kT. go is the electrostatic potential at 
the surface if the Fermi level has zero potential. \, is 
the effective density of states in the conduction band. 
K = (2¢/e*h®) (2m*)!(kT)!. Hutson’s® value of } for the 
ratio of the effective to the free electron mass m*/m 
has been used. These expressions have been derived 
assuming spherical energy surfaces at the bottom of the 
conduction band and using Fermi statistics. 

The circles in Fig. 4 were obtained using the 0.025 
cm diameter Pt+10% Rh reed and the triangles using 
the 0.005 cm W reed. For large surface charge density, 
the barrier height seems to decrease again. This is 
caused by a change in the surface potential of the reed 
because of scattered light. Thus, when a reflecting sur- 
face was placed behind the crystal, causing a much 
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larger fraction of the uv to fall on the surface of the 
vibrating reed facing the crystal, the rather sharp kink 
was replaced by a much more gradual bend which sets 
in at about a 200 mv lower value for go— ¢., as is ex- 
pected from the following argument. To raise the value 
of V from 6X10" cm~ to 8X10" cm~ requires about 
a ten times longer exposure to uv than to change V 
from 0 to 6X10" cm, as at a coverage of about 10" 
the trapped hole production rate at the surface by the 
uv equals the loss rate. Thus, if the amount of scattered 
light is large as with the mirror, a detectable error in 
contact potential starts at a lower crystal surface po- 
tential, and increases much more slowly with increasing 
surface potential than when the amount of scattered 
light is small, the case shown in Fig. 4. It will be noted 
in Fig. 4 that, to change their surface potential, more 
light is required for the tungsten than for the platinum 
reed. 

In deriving the dependence between N and go— ¢., 
the surface charges were assumed to be located exactly 
at the vacuum crystal interface. If the positive charge 
consists however of adsorbed ions, their average dis- 
tance from the surface will have a finite value and will 
give rise to an increased barrier height. These adions 
may be the zinc ions discussed by Collins and Thomas, 
which are left behind when oxygen lattice ions trapping 
a hole are desorbed. If the positive surface charge is 
located at an average distance of 0.94A from the 
surface, which corresponds with a dipole moment of 
1.5X10-*? coulomb cm per adion, the broken line in 
Fig. 4 is obtained which fits the data surprisingly well 
considering the many complications to be expected for 
very large densities of surface charge. 

The measured dependence between the field effect 
mobility and conductivity as shown in Fig. 2 and the 
dependence between surface potential and conductivity 
as shown in Figs. 3 and 4 can be combined to give the 
mobility as a function of surface potential as shown by 
the dots in Fig. 5. This is easily done as the electrical 
contacts on the crystal are not disturbed when the 
apparatus is modified between surface potential and 
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field effect measurements. One notices that the largest 
value for the mobility is obtained for go>0. This is 
when the electron gas near the surface has already be- 
come degenerate. There is no appreciable reduction in 
the mobility caused by increased scattering when the 
conduction electrons become confined to a narrow 
channel,” though the slight decrease in mobility shown 
in Fig. 2 for larger values of conductivity may possibly 
be attributed to this. This region of decreasing mobility 
is not shown in Fig. 5 as, because of reed surface po- 
tential changes by the light, no reliable contact poten- 
tial data are available in this range. 


DISCUSSION OF RESULTS 


The field-effect mobility is given by 


e(y— $a) 
-|expf ———~ 1 fae / 
kT 
Xd(LMit+VNet+F), (2) 
where um is the micromobility of the electrons, and ¢ is 
the electrostatic potential at a distance x from the 
surface 


Vio 


Neves 
1+exp[—e(¥t+ go— ¢.)/kT ] 





(3) 


is the density of electrons in donor-type surface states 
with a density No and an electron energy —e/+ above 
the Fermi level when the surface is neutral. 


Nw 
1+exp[—e(¥—~+ ¢go— ¢x)/kT ] 





No = (4) 


is the density of electrons in acceptor surface states 
with a density V2 and an energy —ey~ above the Fermi 
level when the surface is neutral. }> Ni and >> N» repre- 
sents the total contribution of different levels. The 
total space charge per cm? of surface area expressed in 
units of the electronic charge” is given by 
F=+[kTe/2ne*]! 
X[n.7(—1+A) +E Nailn(a:— 1+A~) — Ina; J 
+> Naif In(6:— 1+A)—Inp;} }). (5) 
The plus sign is used for positive surface potentials only. 
\=exp[e(go— ¢x)/kT], Nai is the bulk donor density 
of which a fraction 1/a; is ionized in the field-free in- 
terior, and N,,; and 1/8; are these quantities for ac- 
ceptors. Neutrality in the field-free interior requires, of 
course, that n,~ +). (Nai/B:) => (Nai/a;). If we choose 
g rather than x as the variable in the integral of (2), 
this expression can be simplified to 


Mmén« {expLe( go— ¢x)/kT ]—1} 
4re(d/d¢go) (>-Ni+3-N2+F) 
12 J. R. Schrieffer, Phys. Rev. 97, 641 (1955). 
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It is an easy matter to combine (6) with (3), (4), and 
(5) to obtain wy as a function of barrier height go— ¢.. 
Using this expression it can be shown that the mobility 
in Fig. 5 does not change rapidly enough with barrier 
height to be explained by just one or two surface levels 
while neglecting immobile screening charge in the 
space-charge layer. The use of (6) requires that the 
total density of filled and empty surface states with a 
particular energy be independent of the illumination. 
It is, however, quite possible that this density is changed 
by irradiation with uv. 

The evaluation of the neutral point in Fig. 3 and 
therefore the zero of the potential in Fig. 5 (however 
not the shape of the curve) were based on the assump- 
tion that all the donors were ionized in the field free 
interior and that acceptors could be neglected. It can 
be asked if the low mobility for small values of the con- 
ductivity in Fig. 2 is not caused partly or wholly by 
screening of the transverse field by immobile charges 
in the space charge layer rather than by surface states. 
For this reason, a set of bulk levels was constructed 
with the help of (5) and (6) which gave roughly the 
mobility dependence of Fig. 5. For these bulk proper- 
ties, the density of surface charges as a function of 
barrier height was calculated using (5), and from this 
the dependence of the change in conductivity Ag in 
Fig. 3 on barrier height. In this last step, the calculated 
dependence of field-effect mobility on barrier height for 
the assumed bulk properties was used rather than the 
experimental results of Fig. 5. The same calculations 
were done for another non-Li doped crystal. The results 
of both coincide for higher values of surface potential 
(field-effect mobility~micromobility) with the solid 
line in Fig. 4, as in this region the immobile charge in 
the space-charge layer does not contribute significantly 
to the space charge. For lower surface potentials, par- 
ticularly when there is a depletion layer, the new de- 
pendence stayed well above the solid line in Fig. 3 as 
is easily visualized. If the immobile screening charges 
are right at the surface the electric field terminating on 
them and originating from charge put on the surface 
does not contribute to the barrier height of the space- 
charge layer. If, however, these charges are in the 
space-charge layer the opposite is true. It was not 
possible to match the surface potential data to the new 
dependence even by translation. Thus, it appears that 
at least the major cause for the low field-effect mobilities 
for the non-Li doped crystals are surface states. 


SURFACE TRAPPING OF HOLES 


In this section the quantum efficiency will be calcu- 
lated of the hole-trapping process for a_ positively 
charged or neutral surface, without assuming that the 
bulk diffusion length for holes is large with respect to 
the thickness of the space charge layer. The results will 
be compared with experiment by combining the quan- 
tum efficiency data of Collins and Thomas’ with the 
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field-effect mobility and surface potential measurements 
described here. Collins and Thomas measured the 
number of incident photons per cm? of surface area, 
required to increase the lowest value of conductivity 
to a specific value. Assuming a micromobility value of 
100 cm?v~'sec~!, they presented the results as the in- 
crease of the number of conduction electrons in the 
space charge layer per unit of surface area as a function 
of the required number of photons. In Fig. 6, p+ is the 
increase in the density of holes trapped at the surface 
over the density already present when the surface was 
neutral and g is the total number of photons per cm? 
required to give rise to p+. The points in this figure were 
obtained from the data in Fig. 6 of the paper by Collins 
and Thomas, by multiplying their number of electrons 
in the space charge layer with u;/100 and correcting 
for the neutral point which we obtained on the same 
crystal. The Collins and Thomas experiment was done 
for three different light intensities. Different points for 
the same intensity were obtained by varying the ex- 
posure time. In order to calculate p* as a function of q, 
we will imagine that the illumination of the crystal 
takes place by exposing it successively to short flashes 
of light. The intensity of a flash is so small that the 
resulting concentration of holes outside surface traps 
does not influence significantly the potential distribu- 
tion in the space charge layer which is thus only deter- 
mined by the bulk properties of the crystal and the 
charge density at the very surface. The flashes are 
short enough for the trapped holes produced at the sur- 
face by one flash not to change the surface charge sig- 
nificantly. Thus it is only necessary to describe the 
transport of holes during and after one flash while the 
density of surface charge is constant, but as a function 
of this density. In each point of the crystal the elec- 
trons in the conduction band are assumed to be in 
thermal equilibrium among themselves and so are the 
electrons in the valence band. There is, however, not 
necessarily equilibrium between these two groups of 
electrons and the electrons in the trap and recombina- 
tion levels. The following assumptions will be made 
about the bulk recombination centers. The density has 
to be large enough and the lifetime of a captured hole 
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Fic. 6. Relation between total number of incident photons and 
increase in the density of trapped holes. 
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small enough to allow the density of centers without 
a hole to be constant throughout the crystal inde- 
pendent of the local electrostatic potential and for all 
time. We will assume too a large enough energy dif- 
ference between the recombination centers and the top 
of the valence band and intense enough flashes of uv for 
the Fermi energy of the recombination centers to be at 
least a few kT above the Fermi energy for the valence 
band as long as the density of free holes cannot be 
neglected. These assumptions will make, according to 
the Shockley-Reed model,'® the hole lifetime 7 because 
of bulk recombination, constant in space and time. The 
continuity equation at a distance x from the surface 
may be written as 
Op Op ALpdag/dx}] p 
te etn, 


(7) 


ol Ox? Ox T 


where p, D, and yu are respectively the concentration, 
diffusion constant, and mobility of holes. ¢ is the 
electrostatic potential. As the trapped holes at the 
surface decay very slowly in a vacuum or even in one 
atmosphere of dry oxygen one may conclude that the 
transfer of holes from surface traps to the valence band 
can be neglected during a flash. Thus the boundary 
condition for the solutions of (7) can be written as 


ap ae 
i= —D/ ) — up ) =—K po, (8) 
OxF OxT 


where 7 is the hole flux. The subscript zero indicates 
x=0 and K;, is the surface trapping velocity. K, is 
proportional to the density of empty surface traps and 
thus depends on the surface charge density. However 
K, may be regarded as constant for one flash if its 
duration is short enough. For the boundary condition 
at a large distance x; from the surface will be taken 


pn=0. (9) 
As (7), (8), and (9) are linear in the hole density p, we 
may assume that the holes of one flash are produced in- 
stantaneously, which gives for the free hole density at 
t=0 
P(O) = po(O) exp(—ax), 
a is the absorption constant of the uv. 
By solving Poisson’s equation under the assumption 
that the space-charge density equals the density of con- 
duction electrons, and by expressing the surface field 
in the surface charge density, one finds for the de- 
pendence of d¢/dx on x and the density of surface 
charges V 


(10) 


dg 2kT/e 


Ox ky N+x 


(11) 


with k}=kT€/2me’ and in cgs units. Equation (11) holds 
provided that e(g—¢.)/kT >2 and that the crystals 


13 W. Shockley and W. T. Reed, Phys. Rev. 87, 835 (1952). 
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are not highly compensated. That the last point applies 
to the crystals used in this study was shown in the 
previous section. To simplify the calculation it is as- 
sumed that (11) is a good approximation for the electric 
field throughout the crystal. However, it is only im- 
portant that it holds in a region from which holes can 
reach the surface as we are only interested in the hole 
concentration at the surface. From the solution of (7), 
(8), (9), (10), and (11) po is found in Appendix II as a 
function of ¢, po(0) and a. From this the quantum effi- 
ciency is derived for the surface charge-producing 
process as a function of barrier height, and finally the 
following relation between p* and g of Fig. 6 is obtained: 


c Dia+I-)[(K1/D) +L +y(atL)] 
¢= eee ; aamem 
0 K ay exp(y) J,” exp(—2)dz/z 


with (16) 


te, 
y=(a+L ye f dp*, 
0 Mm 


Mm is the electron micromobility and L is the hole bulk 
diffusion length. K, is not constant if the number of 
available trapping sites is decreasing materially with 
increasing values of p+. According to measurements 
done by Mollwo! on films of ZnO, the absorption con- 
stant a= 2.5 10° cm~ for \=3650 A, the wavelength 
used by Collins and Thomas. Consequently this value 
has been used for plotting the solid lines in Fig. 6 which 
represent (16) for different values of the diffusion length 
and a constant value of K,. One notices especially for 
the smaller diffusion length that p*/g is constant for 
small values of pt. In this region of low barrier height 
of the space-charge layer, the quantum efficiency is 
determined by the diffusion length rather than by the 
barrier height. The smaller L is, the larger is the barrier 
height for which this behavior persists. For large barrier 
height the quantum efficiency becomes practically in- 
dependent of diffusion length as indicated by the 
converging of the curves. Comparison with the experi- 
mental points indicates that the bulk diffusion length 
of holes for this crystal is not smaller than 10~* cm and 
that K,/D=1.7X10° cm~. As the diffusion constant 
for holes is not likely to be larger than for conduction 
electrons, K,;<5X10° cm sec™!. One notices that for 
higher values of p+ the experimental points seem to 
level off more than the calculated curves. This is ex- 
pected to happen for the following reasons. It was 
assumed in integrating (16) that the concentration of 
trapped holes at the surface does not decay during the 
experiment. However, in order to obtain the largest p* 
values, the exposure time in the Collins-Thomas ex- 
periment became long enough for some decay to take 
place. 
SLOW FIELD EFFECT 


As the time constant of the decay of the change in 
conductivity caused by a transverse electric field is 





662 H. 


rather long and the amplitude rather small, the effect 
can only be observed when the crystal is either in the 
steady state in the dark or in the steady state during 
constant illumination. In the second case, the rate of 
arrival of holes which are trapped at the surface equals 
the loss rate of holes already trapped. If a transverse 
field is now applied, the sign of the change in the rate 
of arrival of holes is always opposite to the change in 
the number of electrons in the space-charge layer. 
Consequently, the density of trapped holes will try to 
maintain the surface potential which was present before 
the field was applied. This explanation can, however, 
not be advanced when the crystal is in the steady state 
in the dark. In this case the total density of adsorbed 
oxygen ions and atoms is possibly a function of surface 
potential,-" with the adsorption or desorption process 
being responsible for the long time constant. 


CONCLUSIONS 


Illumination of a ZnO crystal with uv results in an 
increased surface potential as well as in increased con- 
ductivity. Thedependence between surface potential and 
conductivity is as expected for a surface space-charge 
layer. Small field-effect mobilities for negative and 
small positive surface potentials are caused by a dis- 
tribution of surface states rather than by levels in the 
space charge layer. Quantitative agreement exists be- 
tween the quantum efficiency measurements of Collins 
and Thomas and the model that some of the holes 
produced by the uv are able to reach the surface where 
they have a chance of being trapped. 
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APPENDIX I 


The hexagonal crystal was mounted with one of its 
faces parallel to the plane of vibration of the reed and 
perpendicular to the beam of uv. The two faces border- 
ing on and making 60° angles with this face absorb dur- 
ing illumination less than half the amount of light per 
unit surface area which results in a different surface 
potential and surface conductivity. The other faces of 
the crystal receive only scattered light. We shall assume 
that the reed measures the average of the surface po- 
tential of the front face and the potential of the two 
bordering faces. One can easily convince oneself, with 
the aid of Fig. 3, that this average potential is approxi- 
mately equal to the surface potential corresponding 

4P. Aigrin and C. Dugas, Z. Elektrochem. 56, 363 (1952); 
K. Haufie and H. J. Engell, Z. Elektrochem. 56, 366 (1952); 


H. J. Engell and K. Hauffe, Z. Elektrochem. 57, 762 (1953); 
K. Hauffe, Angew. Chem. 67, 189 (1955). 
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with the average of the surface conductivity of these 
three faces. This seems to be supported too, by the 
fact that the experimental results were the same using 
a 0.025-cm and a 0.005-cm reed. Thus if there were no 
scattered uv falling on the three back faces of the 
crystal, one could just correct by multiplying the 
measured change in conductivity by a factor of two. 
As, however, the quantum efficiency of the hole- 
trapping process at the surface goes down rapidly with 
increasing surface charge,® the scattered light on the 
back faces can have a negligible influence on con- 
ductivity for low values of the crystal conductivity but 
may contribute nearly as much as the direct light for 
large values of conductivity. In order to determine the 
contribution of the back faces to a conductivity change, 
the reed in Fig. 1 was replaced by a much longer wire 
which at rest cut out all but the scattered light falling 
on the crystal. For each of different amounts of light, 
the crystal was illuminated both with and without the 
shadow wire vibrating and the resulting change in 
conductivity was measured. Before each illumination 
the conductivity was allowed to decay to its lowest 
value. We shall assume that the same amount of 
scattered light is absorbed at every point of the crystal 
surface, thereby giving rise to a total conductivity 
change 6a when the shadow wire is at rest. The con- 
ductivity change with the wire vibrating is Ao, and the 
contribution of the three front surfaces to it Aoe. Thus, 
Ao, = Ao2+ 360 and a= 2—60/ Ac, where a is a Correction 
factor with which Ao, has to be multiplied to obtain 
the change in conductivity for a crystal illuminated 
both from the front and the back and corresponding 
with the measured change in contact potential. In 
Fig. 7 results are plotted for the crystal of Figs. 3 and 4. 
The zero of the ordinate Ao,;=0 corresponds with the 
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Fic. 7. The correction factor a for inhomogeneous illumination of 
the crystal versus the measured change in conductivity. 
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steady state of the crystal in the dark. We notice that 
the correction factor is constant for the whole range of 
Fig. 3. 

It was assumed in the preceding that holes produced 
on one side of the crystal would not diffuse across or 
along the surface to the other side. This was confirmed 
in the following way. Directly after the crystal was 
strongly illuminated from one side only, it was exposed 
to the same amount of light which in one experiment 
came from the same, in a second experiment from the 
opposite direction. 

In the first case the increase in conductivity because 
of the second illumination was much smaller than in 
the second case. This is in conformity with the fact that 
the quantum efficiency of the surface trapping process 
decreases rapidly with increasing surface charge density. 


APPENDIX II 


The solution of (7), (8), (9), (10), and (11) is ob- 
tained by using the transform p=v(x+h,/N), where v 
is a new variable in x and /, and subsequent separation 
of variables. The solution can be written as 


p= 2b /v-+2)5 || cos sin-—| / 
i=l x1 “1 Pa 
pre (pre 
[-t2e+ (“+ cos’ | 
, nt 


v1 
pi 
XB exp| - [+ [0 , 
x° 


with 
|F px. pix) po(0) exp(—ax) 
p= f — cos—-+sin— 
xy Xy J ki/N+x 


dx 
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0 

K, Nr 
aeey 

Dk, 


L is the hole bulk diffusion length. The eigenvalues 
pi, 1=1, 2, «++ are the positive roots of 


(13) 


The total number of holes trapped per cm? of surface 
area per flash of uv is 


apt=Ki f podt 
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According to (13), (i—})r<piiw and p; can be 
approximated well by im if i<x,/10tr. As one may 
still dispose of x, it can be made large without limit 
and the relative error of r/2 in pié/x, of (14) becomes 
small without limit. As the integrand of B becomes 
negligibly small for ax>10, where @ is a constant, we 
can make the values of «/x, for which the integrand 
contributes to the integral small without limit, and 
accordingly a negligible error is introduced in the sine 
and cosine expressions in B by the possible error of 4/2 
introduced into p; if we let p;=ir. Furthermore the 
term with cos*p; in the denominator of (14) can be 
neglected with respect to 1+(p,7§/x,*), and conse- 
quently substitution of p;=im in (14) is a good ap- 
proximation for all values of 7. Accordingly, 


‘ 2&po(0) Kiki 
DNr 


«© {infir imx imx 
X lim +> }—| —§ cos—+sin— 
717% fet ll yh xy x1 xy 


1294 ht Se 
bare Ge) 
xy x? 
“1 exp(—ax)dx /r 
LEO 
0 ki/N+<x x1 


(0)Kiki 
pn ie, 
DN 


iV@w 


” exp(—ax)dx 7” z sinzxdz 
I; -f f mE eer 
0 ki/N+a Yo (2?+L-*)(1+27¢) 


“ exp(—ax)dx c4 2? coszxdz 
a ae) Au 
This leads after evaluation of 7; and J; and by using 
(12) to 
Apt Kary expy 
Aq Dat L-)[(Ky/D) +L +y7(a+L-)] 


* exp(—z) 
x f —dsz, 
z 


¥ 





(15) 


(a+ L)ky - po(0) 
y=————— and _ Ag= f po(0) exp(—ax)dx= —— 
N 0 a 


is the total number of holes created by one flash of 
light per unit of surface area. Apt/Ag is the quantum 
efficiency of the surface charge producing process. 
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Numerical integration of (15) yields 


‘* Dat LY[(Ki/D)+14+y(at 17) 
er Mien. 


Equation (15) is of course valid only if the sample is 
large enough with respect to the diffusion length of 
holes to prevent these from diffusing across the crystal 
to the other side which appears to be the case as shown 
in Appendix I. The fact that holes do not diffuse across 
the crystal was used in deriving (15) when x,— ~. 
Furthermore (11) should hold in the region near the 
surface from which holes can reach the surface. There 
is some doubt that this is so for small positive surface 
potentials. However (11) holds again exactly for a 
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Um is the electron micromobility and p*, g, and wy have 
been defined before. 
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neutral surface. 
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Optical Properties of Tellurium and Selenium* 
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The optical properties of tellurium and of trigonal and amorphous selenium have been investigated at 
wavelengths extending from the intrinsic absorption edge to about 152 microns using polarized radiation. 
The refractive indices of tellurium and trigonal selenium have been determined from 4 to 14 microns and 
from 9 to 23 microns, respectively. For amorphous selenium, the refractive index estimated from measured 
reflectivity shows no appreciable variation from 30 to 152 microns. The temperature shift and the pressure 
shift of the intrinsic absorption edge in amorphous selenium are found to be —1.45X10™% ev/°K and 
—2.0X10~* ev/atmos, respectively. Lattice absorption bands have been observed in tellurium and selenium; 
they are attributed to the excitation of combination modes. In tellurium, a strong absorption band has been 
observed at 11 microns, which is present only for £\\c radiation. The band indicates that there are overlapping 
branches in the valence band which are separated by about 0.11 ev. The effective mass in the lower branch 
is estimated to be about four times smaller than that in the upper branch. It is possible that the structure 
of the valence band is responsible for the high-temperature reversal of the Hall effect in tellurium. The usual 
carrier absorption increasing smoothly with wavelength has been studied for tellurium using polarized 
radiations. The effective mass of holes in tellurium has been determined from reflectivity measurements: 
my~my=0.45 m at 300°K, my=0.30 m and m,=0.45 m at 100°K. 


I. INTRODUCTION is 3.46 A. Thus the binding between atoms in a chain 


HE investigation of the optical properties of 
semiconductors has been very fruitful for the 
understanding of the materials. Tellurium and selenium 
are two elemental semiconductors, the optical properties 
of which have not yet been studied as extensively as in 
some other cases. The fact that these crystals are not 
cubic in structure and are birefringent makes the optical 
properties more interesting. 

The crystal structure of tellurium consists of parallel 
spiral chains arranged at the corners and the center of 
a hexagon. The direction of the chains is the ¢ axis of 
the crystal. Every third atom in a chain completes one 
revolution of the spiral, so that the projection of the 
atoms on a plane perpendicular to the chain axes 
consists of equilateral triangles. The distance from an 
atom to the two nearest neighbors, which are in the 
same chain, is 2.86 A, while the distance to the four 
second nearest neighbors, which are in adjacent chains, 


* Work supported by a Signal Corps Contract. 
+ Now at Boeing Airplane Company, Seattle, Washington. 


is stronger than the binding between the chains with 
the result that the material cleaves readily parallel to 
the c axis. The crystal has D; point group symmetry 
and belongs to the trigonal system. The primitive unit 
cell contains three atoms. 

Selenium can exist in various allotropic forms. The 
trigonal crystalline form is the most stable and has the 
same structure as described above for tellurium but 
with smaller lattice constants, the nearest and second 
nearest neighbor distances being 2.32 A and 3.46 A, 
respectively. The two other crystalline forms which 
are monoclinic will not be dealt with in this work. 
Amorphous selenium, which is fairly stable below 50°C 
but converts to the trigonal form at higher tempera- 
tures, is of interest since it is characterized by the chain 
structure; x-ray measurements showed that the chain 
structure persists in the liquid phase of selenium and 
tellurium.! 


1R. C. Buschert, Ph.D. thesis, Purdue University, 1956 


(unpublished). 
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In the present work, optical studies were made on 
the refractive index, intrinsic absorption edge, and 
absorption associated with lattice vibrations for 
tellurium and for crystalline and amorphous selenium. 
Tellurium crystals doped with different impurity con- 
centrations were investigated with regard to the effect 
of free carriers. Polarized radiations were used in 
measuring the crystalline materials in order to study 
the anisotropy of the optical properties. 


II. EXPERIMENTAL TECHNIQUE 
Sample Preparation 


Three methods were used to prepare single crystals 
of tellurium. The first method, used by Bottom,? 
consisted of slowly cooling a tellurium melt from the 
top downward. A slow cooling rate was maintained by 
suspending the pyrex tube containing the melt in a 
molten bath of KNO;. The second was the Bridgman 
method and consisted of slowly lowering a vertical tube 
with molten tellurium through a temperature gradient. 
With both methods, the maximum diameter of the tube 
was about 6 mm if single crystals were to be obtained. 
Often only a portion of an ingot near the center was a 
single crystal. The direction of the c axis of the crystal 
was usually constant in any given ingot but the angle 
it made with the ingot axis varied from 0° to 70° in 
different ingots. This situation and the limited diameter 
of the ingot made it difficult to obtain samples of 
sufficient areas and thicknesses for accurate absorption 
measurements. The third method used was_ the 
Czochralski method which was successfully applied to 
tellurium by Weidel’ and Waldorf.‘ Single crystals 
were obtained which were 1.5 cm in diameter and 4 or 
5 cm long with the ¢ axis along the direction of growth. 
The purest crystal grown had an extrinsic hole concen- 
tration of about 5X10" cm~*, and samples of 710" 
cm~ were obtained by doping with antimony. 

Single crystals of selenium were prepared by con- 
densation from the vapor phase. A glass tube containing 
a helium atmosphere and amorphous selenium at the 
bottom was heated to about 250°C, allowing the vapor 
to condense higher up on the inside wall of the tube in 
a period of several days. Single crystals in the form of 
flat needles were obtained with the length along the 
c axis. Polycrystalline samples were obtained by 
heating amorphous material at 205°C for about 24 
hours and cooling slowly to room temperature. Optical 
samples of amorphous selenium were prepared by 


melting selenium placed between parallel glass plates 


and quenching to room temperature within a few 


seconds. 


2V. F. Bottom, Ph.D. thesis, Purdue University, 1949 (un- 
published) ; Science 115, 570 (1952). 

3 J. Weidel, Z. Naturforsch. 9a, 697 (1954). 

‘D. L. Waldorf, M.S. thesis, Purdue University, 
published). 
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Measurement Technique 


Prism monochromators were used for wavelengths 
up to 40 microns. Measurements at longer wavelengths 
were made by using a residual ray apparatus. A grating 
monochromator which became available during the 
latter stage of the work was used for a few of the long 
wavelength measurements. 

Polarized radiation was obtained by two different 
methods: (1) at wavelengths below 25 microns a nine- 
plate AgCl transmission polarizer was used, while 
(2) at longer wavelengths a single reflection from a 
polished selenium surface mounted at the polarizing 
angle was employed. Measurements indicated that both 
of these methods produced a beam having a proportion 
of polarization of about 989% exclusive of the effect of 
the monochromator itself. Generally, the polarizers 
were placed so as to favor the additional polarization 
introduced by the monochromators. 


III. ELECTRICAL PROPERTIES OF TELLURIUM 


The effect of charge carriers on the optical behavior 
of tellurium are to be correlated with the electrical 
properties of the material. It is well known that it has 
been possible only to prepare tellurium which is p-type 
in the extrinsic range. Depending on the concentration 
of effective acceptors, the Hall coefficient changes its 
sign to negative at sufficiently high temperatures as the 
sample becomes intrinsic, due to the higher mobility of 
electrons as compared to the mobility of holes. With 
increasing temperature, the Hall coefficient becomes 
positive again above ~500°K. The second reversal of 
sign taking place within the intrinsic region is of par- 
ticular interest for the understanding of the material. 

The samples used had effective acceptor concen- 
trations ranging from 10! to 10 cm-*. It was found 
that the measured resistivity and Hall coefficient were 
strongly dependent upon the surface conditions of the 
sample. For a pure single crystal with a cross section 
of about 3X1 mm, the measured apparent resistivity 
at liquid nitrogen temperature varied from 0.17 to 6.0 
ohm-cm. The lowest value was obtained with sand- 
blasted surfaces while the highest value was obtained 
with optically polished surfaces. With surfaces ground 
with carborundum powder, the highest value obtained 
was 0.5 ohm-cm. Etching in aqua regia gave a value of 
4.9 ohm-cm and electroetching gave 3.8 ohm-cm. 
Another sample which was cleaved from the adjacent 
region of the same ingot measured 5.0 ohm-cm. The 
Hall coefficient was also strongly affected by the 
surface condition, varying from 286 cm*/coulomb with 
roughly ground surfaces to 9910 cm*/coulomb with 
etched surfaces. These data showed that a high-con- 
ductance layer is created by mechanically disturbing 
the surface. An estimate of the thickness of this layer 
was obtained by measuring the resistance of the sample 
as the layer was etched away in steps. Thus it was found 
that the conducting layer could be about 10 microns 
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Fic. 1. Hole mobility at 77°K vs hole concentration in tellurium. 


thick. The disturbing effect of the surface layer de- 
creases with increasing bulk conductivity and becomes 
negligible at liquid nitrogen temperature for samples 
with 5X10'® holes/em~. Since optically polished 
surfaces gave the highest apparent resistivity, about 
the same as etched or cleaved surfaces, we assume that 
the optical measurement was not disturbed by surface 
layers. 

The Hall mobility, R6, of holes measured in samples 
of comparable concentrations of effective impurities 
varied over a wide range, with current parallel to the 
c axis as well as with current perpendicular to the c 
axis. The same situation is found in the data reported 
by other workers?:® for polycrystalline samples. Figure 
1 illustrates this fact. A similar situation exists in the 
data for extrinsic samples at room temperature. It has 
also been observed that repeated measurements made 
on the same sample at long intervals tended to give 
higher and higher values of resistivity. Changes up to 
20% have been observed without appreciable changes 
of the Hall coefficient. The cause of these anomalies is 
not definitely known. One possible explanation is that 
tellurium crystals may yield readily to stresses. Me- 
chanical handling such as polishing and grinding may 
affect the sample and internal stress generated during 


5 Fukuroi, Tanuma, and Tobisawa, Science Repts. Research 
Insts. Toéhoku Univ. A4, 283 (1952). 
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the growth may be important for the quality of the 
crystal. Bottom? found that tellurium crystals show 
large asterism in the back reflection spots of x-ray 
diffraction, indicating the imperfection of the crystals. 
We have noticed occasionally that, when samples with 
parallel surfaces were ground down to smaller thick- 
nesses, the surface opposite to that being ground 
became curved. Also, specimens have been seen to curl 
noticeably when one face was sandblasted lightly. 

A property of particular interest is the ratio of re- 
sistivities, p.1/pi1, perpendicular and parallel to the c 
axis. For samples intrinsic at room temperature, the 
same value, pi/pi=1.9, was obtained as found by 
Bottom.? Two methods were used for the measurements. 
A square sample was used in one of the methods, and 
the sample was probed along the two perpendicular 
directions. In the other method, samples with length 
parallel and perpendicular to the c axis were cut from 
a small region of the ingot and then measured sepa- 
rately. The homogeneity of the material is important 
for the accuracy of the result and the uniformity of 
the current contacts is also important when a square 
sample is used. Several samples were measured. The 
acceptor concentrations of the samples varied from 
10'® cm to 7.5X10'8 cm. The values of p/p, at 
77°K ranged from 0.8 to 1.45 with no apparent corre- 
lation with the impurity concentration. At room tem- 
perature, the values obtained for the extrinsic samples 
with hole concentrations above 10"? cm~ varied from 
1.4 to 1.8. The average values were p,/p,;,;=1.1 at 77°K 
and pi/p;,=1.5 at room temperature. 


IV. REFRACTIVE INDEX 


The refractive index of tellurium at room temperature 
has been determined in the wavelength range from 4 
to 14 microns by measuring the angle of deviation of a 
collimated beam of radiation upon passing through an 
8°16’ tellurium prism. The prism was prepared from 
tellurium obtained from the Anaconda Company. It 
was not a single crystal but consisted of several crystal- 
lites with boundaries parallel to the c axis. In the prism 
used, the c axis of the crystal was perpendicular to both 
the refracting edge and the base of the prism. The faces 
of the prism measured 10X11 mm. The prism angle 
was measured with an error of less than one minute of 
arc by using a spectrometer table and the standard 
autocollimation procedure. The angle of minimum 
deviation could be determined with an error less than 
two minutes of arc. The overall error in the refractive 
index determined from the measurements was estimated 
to be less than +0.015. Table I gives the results for 
radiation polarized parallel and perpendicular to the 
c axis. The data are in fair agreement with the earlier 
results of Hartig and Loferski® who obtained values of 
nm, in the 3.9- to 8.0-micron region and values of m,, in 
the 3.6- to 8.0-micron region. Their values of m, are 


6 Pp. A. Hartig and J. J. Loferski, J. Opt. Soc. Am. 44, 17 (1954). 
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about 0.03 higher and their values of ,, are about 0.06 
lower than those of the present work. They used the 
same method with a 5° prism of smaller dimensions 
than used here. The discrepancy between the two sets 
of data is slightly larger than the expected errors. We 
note that if there is a slight variation of the direction 
of the c axis in the prism the effect would be to cause 
the lower index, m,, to be too high and the higher index, 
ni, to be too low. 

The refractive index of trigonal selenium was deter- 
mined by Kyropoulus’ to be m,=2.3 and m,=2.8 at 
0.62 micron. By using a reflection method and single 
crystal needles, Skinner® obtained 2,=3.0 and ,,=4.0 
in the wavelength region 0.4 to 0.65 micron. No results 
in the infrared region have been reported. In the present 
work, the refractive index of trigonal selenium was 
determined by analyzing the transmission interference 
fringes given by a 50-micron thick needle which had 
smooth parallel faces. The thickness was measured with 
an interferometer to within 0.3 micron and this meas- 
urement gave the major error in the determination of 
the refractive index. The transmission measurements 
were made by using a converging beam of 12° half- 
angle. The error caused by this procedure was estimated 
to be only about 0.1%. The measurements made in the 
9-23 micron region gave m,=2.78+0.02 and m,,=3.58 
+0.02 with no appreciable variation. 

The refractive index of amorphous selenium at a 
wavelength of 2.5 microns has been reported to be 2.46 
or 2.44 by different authors.’ Values of 2.42 to 2.38 
have been reported" for the wavelength region from 5 
to 15 microns. Using a residual ray spectrometer, we 
measured the reflectivity of amorphous selenium at 
wavelengths from 30 to 152 microns. The reflectivity 
was found to be constant with a value of 0.175+0.010, 
which corresponds to a refractive index of 2.44+0.07. 


V. INTRINSIC ABSORPTION 


Intrinsic absorption is associated with optical ex- 
citation of electrons from the valence band to the 
conduction band. Loferski” observed that the long- 


TABLE I. Refractive index of tellurium. 


Wavelength (microns) Elc 





4.929 
4.864 
4.838 
4.821 
4.809 
4.796 
4.789 
4.785 


7S. Kyropoulos, Z. Physik 40, 618 (1926). 
8 C. H. Skinner, Phys. Rev. 9, 148 (1917). 
9J. J. Dowd, Proc. Phys. Soc. (London) B64, 783 (1951). 


10 E. W. Saker, Proc. Phys. Soc. (London) B65, 785 (1952). 
1L, Henry, Compt. rend. 237, 148 (1953). 
2 J, J. Loferski, Phys. Rev. 87, 905 (1952). 
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Fic. 2. Transmission curves of liquid and solid amorphous 
selenium in the region of intrinsic absorption edge. 


wavelength edge of the intrinsic absorption in tellurium 
depends on the direction of polarization of the radiation 
relative to the c axis of the crystal, being at longer 
wavelengths for Ec than for E)\c, e.g., a certain level 
of transmission corresponds to 3.82 microns for ELc 
and 3.29 microns for E|\c. The observed behavior indi- 
cates that there are overlapping branches in either one 
or both of the conduction and valence bands. The fact 
that the two absorption edges are well separated may 
be taken to indicate that the absorption corresponds to 
direct transitions. Our transmission measurements on 
trigonal selenium did not show any appreciable differ- 
ence in the absorption edge for radiations polarized 
parallel and perpendicular to the ¢ axis. For the de- 
tection of any small difference more careful measure- 
ments have to be made; in particular, the reflectivity 
of the sample surface must be checked for both direc- 
tions of polarization. 

The transmission curves in Fig. 2 show the variation 
of absorption edge with temperature for solid amor- 
phous and liquid selenium. The curves for the solid 
material approach 70% transmission at long wave- 
lengths. This transmission is the maximum possible as 
limited by reflections corresponding to the refractive 
index of the material and indicates that absorption loss 
in the sample was negligible beyond the intrinsic edge. 
In the case of liquid selenium, the sample was contained 
in a cell with glass walls. The transmission with the 
sample in the cell relative to the transmission through 
the empty cell is plotted. The high level, 95%, reached 
at long wavelengths again indicates that the absorption 
in the sample was negligible beyond the intrinsic edge. 
With the thicknesses of the samples used, the highest 
absorption coefficient which could be measured ac- 
curately was about 16 cm. In Fig. 3, the photon 
energy corresponding to this absorption coefficient is 
plotted against the temperature. The points fall on a 
continuous straight line for the entire temperature 
range covering the solid and liquid phases. The result 
gives (0F/0T)p=—1.45X10- ev/°K. This value 
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Fic. 3. Intrinsic absorption edge of amorphous selenium 
as a function of temperature. 


agrees with that found by Saker" in the range from 
300°K to 670°K. The thermal shift observed by 
Hilsum™ and Dowd?’ in the range between 86°K and 
300°K is about 40% lower than our result. However, 
these measurements were made on evaporated films 
and at much higher absorption levels. 

The effect of pressure on the intrinsic absorption 
edge of amorphous selenium is shown in Fig. 4. Pressure 
was applied to the sample by using nitrogen as the 
compressing fluid. Correction was made for the effect 
on the transmission of an increase in the refractive 
index of nitrogen. The edge shifted to longer wave- 
lengths under pressure which is a behavior similar to 


that observed in tellurium. A shift of (AE/AP)r 
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Fic. 4. Intrinsic absorption edges of amorphous selenium 
at two different pressures. 
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= (—2.0+0.5)10-> ev/atmos was obtained for se- 
lenium at a level of absorption coefficient of about 16 
cm7. 

The temperature and pressure coefficients are listed 
in Table II for amorphous selenium and tellurium. The 
data for tellurium were obtained by Loferski™ and 
Neuringer.'® The effect of temperature variation may 
be expressed in the following way, 


(= (= B/O0E 

= = 1 
where 8 is the volume coefficient of thermal expansion 
and x is the compressibility. The second term on the 
right-hand side gives the effect of lattice dilatation. 
Table II shows that this effect gives a temperature 
dependence opposite in sign to that observed. A theory 
for (@E/dT)y has been given by Fan'® and by Muto 
and Oyama," attributing the effect to electron-lattice 
interaction. Using this theory, Fukuroi'® calculated a 
value of —0.5810- ev/°K for tellurium. The ex- 
perimentally deduced value of (0//0T)y is several 
times larger in magnitude. However, the energy gap 
in tellurium and selenium seems to be determined 


(1) 


TABLE IT. Energy gap data for tellurium and 
amorphous selenium. 


(0E/dT) Pp 


(dE/dP)r B/x —(B/x)(@E/dP)r (@E/dT)y 
ev /°K °K 


ev/(kg/cm*) kg/cm? ev/°K ev/°K 
Se — 14X10" -—2 X10° 
Te —0.3K10"* —1.9X10-5 


—16.5X10™ 
— 2.2X10 


12.4 
10.1 


25 Kio 
1.921074 


primarily by the chain structure as evidenced by the 
following facts: (1) the absorption edge in amorphous 
selenium varies continuously from the solid to the 
liquid phase, (2) the absorption edge observed in 
trigonal selenium at room temperature is very close to 
the absorption edge in amorphous selenium at the same 
temperature, and (3) electrical measurement shows that 
tellurium maintains its energy gap after melting. Thus, 
it seems that the thermal expansion term should be 
calculated using the linear coefficient of thermal 
expansion and compressibility along the c axis rather 
than the volume coefficients. For tellurium crystal, 
both the linear expansion coefficient and the linear 
compressibility are negative along the c axis, the ratio 
being 4.1 atmos/°K instead of 10 atmos/°K for the 
volume coefficients. The value of (0/dT)y deduced 
in this way is reduced to —1.1X10~ ev/°K, which is 
much closer to the theoretical estimate. 


4 J. J. Loferski, Phys. Rev. 93, 707 (1954). 

18. J. Neuringer, Phys. Rev. 98, 1193 (1955). 

16H. Y. Fan, Phys. Rev. 78, 808 (1950). 

17T, Muto and S. Oyama, Progr. Theoret. Phys. (Kyoto) 5, 
833 (1950). 

'8T. Fukuroi, Science Repts. Research Insts. Téhoku Univ. 
A3, 175 (1951). 
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VI. LATTICE ABSORPTION 


Transmission measurements were made on tellurium, 
trigonal selenium and amorphous selenium in the wave- 
length regions from the intrinsic absorption edges to 
about 150 microns. In each case, several absorption 
bands were observed which were apparently associated 
with the excitation of lattice vibrations. Various samples 
of each material showed the same bands. In the case of 
tellurium, which may show carrier absorption, it was 
ascertained by the use of different samples that the 
absorption bands in question were independent of the 
carrier concentration. Figure 5 shows the absorption 
bands of tellurium and crystalline selenium. These 
bands, numbered in the sequence of decreasing wave- 
length, are listed in Table III. 

Attempts were made to determine any difference 
between the absorption bands for radiation polarized 
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Fic. 5. Transmission curves of tellurium and trigonal selenium, 
showing lattice absorption bands. Shown are the room tempera- 
ture data for selenium and 100°K data for tellurium except for 
one specified case. 


with E1c and for radiation with /)\c. For tellurium, it 
was found that the four short-wavelength bands, 5 to 
8, were present with about the same strengths for both 
directions of polarization. Careful measurements of the 
bands 3 and 4 showed that these bands were appreciably 
stronger for the Ec case than for the ELe case al- 
though their positions were independent of the polari- 
zation. Using a sample with ¢ axis perpendicular to the 
polished surfaces, measurements were made of the long 
wavelength bands 1 and 2, showing that these bands 
were present for radiation with E_1 c. It was not possible 
to make accurate measurements with polarized radi- 
ation to study the E)\c case, due to the weak intensity 
obtainable at such wavelengths. However, the indi- 
cation was that the bands 1 and 2 were also present for 
the El\c case. 

For selenium, measurements made on single crystals 
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TABLE III. Wavelengths (in microns) of the peaks of the lattice 
absorption bands in tellurium and selenium. 


Te Se trigonal Se amorphous 


112 84 
95 39.5 
55 : 27.2 
47 : 20.4 
36 ; 16.1 
31 : 13.5 
27.8 
24.3 


COND US WN 


with polarized radiations showed that band 4 is present 
only in the E_Lc case. Measurements on single crystals 
with polarized radiation were not possible at wave- 
lengths greater than about 23 microns because of in- 
tensity losses due to polarization of the beam and the 
small area of the crystals obtainable. 

Since tellurium and trigonal selenium have _iso- 
morphic structures it might be expected that their 
lattice absorption spectra were similar. In fact, a 
similarity can be seen in Fig. 5 where the frequency 
scale for selenium has been compressed with respect to 
the tellurium scale by a factor of 1.33. The bands 1, 2, 
3, and 5 in selenium appear to correspond to the bands 
(1,2), 4, 5, and 7 in tellurium. The frequency ratio of 
1.33 is somewhat larger than the square root of the 
ratio of the atomic masses which has the value of 1.27. 

In amorphous selenium, six absorption bands were 
observed as shown in Fig. 6 and listed in Table III. 
The bands 3 to 6 were also observed at a low tempera- 
ture (100°K) and in liquid selenium (493°K). The 
bands shifted slightly toward lower frequencies as the 
temperature was raised. In comparing Fig. 6 with the 
absorption spectrum of polycrystalline selenium in 
Fig. 5, it might be suggested that the bands 1, 2, 3, 
and 6 of the two materials mutually correspond while 
band 4 of the amorphous material corresponds to the 
double band 4 and 5 of the crystalline phase. However, 
Table III shows that the frequencies are not sufficiently 
close for the suggestion to be taken seriously. The 
effect of the arrangement of neighboring chains is 
important for the atomic vibrations. 

The lattice absorption of a crystal can be explained 
in terms of the excitation of normal modes or com- 
binations of normal modes of the lattice. The selection 
rule of excitation requires that the wave number of the 
mode, or the sum of the wave numbers of the combi- 
nation of modes, should be equal to the wave number of 
the radiation, which can be taken as zero since the 
wavelength of optical or infrared radiation is much 
longer than the interatomic distance. For the excitation 
of individual modes, only the fundamental optical 
modes with zero wave numbers and finite frequencies 
need be considered. These modes can be obtained by 
considering a system of points having the point group 
of the crystal, with the number of points in this system 
equal to the number of atoms per primitive cell of the 
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crystal." The structure of tellurium and selenium has 
the point group D; and three atoms per primitive cell. 
The system of points to be considered is three points 
at the corners of an equilateral triangle, but the system 
is to be regarded as having only the symmetry of the 
D; group. A Ds; group has three types of vibrations: 
A;, A», and E. The system of three points has one 
vibration of type Aj, two of type As, and three of type 
E. Of these, the vibrations of type A2 and two of the 
vibrations of type £ are translations or rotations of the 
whole system. However, since the system of points 
represents a crystal, only the translations are non- 
genuine vibrations. It follows that there are four 
genuine vibrations: One each of A; and A, and two of 


Fic. 7. Normal 
modes of tellurium 
lattice. The c-axis is 
normal to the plane. 


%C. J. Brester, dissertation, Utrecht, 1923 (unpublished) ; Z. 
Physik 24, 324 (1924). 


the type E. The four normal modes of vibration are 
shown in Fig. 7. Both of the E modes are doubly 
degenerate. The A; mode should be inactive in the 
infrared. The Az mode can be infrared active only for 
E\\c whereas the E modes can be active only for E_Le. 
As mentioned above, none of the absorption bands 
observed in tellurium showed up only for one direction 
of polarization. It follows that these absorption bands 
correspond to combinations of modes instead of 
individual fundamental modes. 


VII. FREE CARRIER ABSORPTION 


The absorption due to free carriers was investigated 
with polarized light. The absorption can be studied up 
to about 35 microns, beyond which strong lattice bands 
interfere with the determination. Measurements were 
made on five single crystal samples having extrinsic 
carrier concentrations in the range 7X10" to 7.6X10'8 
cm~*. The results for one of the samples are shown in 
Fig. 8. For radiation with E]|c, there is a pronounced 
peak near 11 microns. Aside from this peak which is 
barely noticeable for Ec, there is an absorption which 
increases smoothly with wavelength. The absorption 
peak is an indication of the existence of overlapping 
branches in the valence band and corresponds to inter- 
band excitations. The smoothly increasing absorption 
is the usual free-carrier effect or intraband excitation. 


Interband Absorption of Holes 


The absorption band with peak at 11 microns is due 
to the presence of holes in the valence band since it is 
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present in the extrinsic temperature region where 
tellurium is p-type as well as in the intrinsic region. 
Besides interband transitions of holes between over- 
lapping branches in the valence band, it might be 
suggested that the absorption arises from the excitation 
of valence electrons to localized levels in the energy 
gap. If the concentration of the localized states is in 
some way related to the concentration of effective 
acceptors, such absorption would appear to be tied in 
with the hole concentration. In order to test this 
explanation, a sample was measured at a temperature 
of 200°K in the extrinsic range and at a higher tempera- 
ture, 373°K, well inside the intrinsic range. If electron 
transitions to localized levels were the cause, the 
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Fic. 8. Absorption coefficient of a tellurium sample at various 
temperatures, for polarized radiations. The sample is extrinsic 
with a hole concentration of 1.2510! cm™, 


absorption should be lower at the higher temperature 
since the levels would be more nearly filled with elec- 
trons. The opposite result was observed; the integrated 
absorption of the 11-micron band was larger by a factor 
of about seven at the higher temperature. The con- 
centration of free holes deduced from the electrical 
measurements was also larger at the higher temperature 
by about the same factor. The observation leaves the 
interband transition of free holes as the cause of the 
11-micron absorption band. The data plotted in Fig. 9 
show the proportionality between the integrated ab- 
sorption of the 11-micron band and the hole concen- 
tration in various samples. 

The oscillator strength for the transitions involved 
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Fic. 9. Integrated absorption of the 11-micron band in tellurium 
at 100°K vs hole concentration. The straight line corresponds to 
linear relationship. 


can be estimated from 


n,,cm A 
f= very (2) 
re’ p 


where ,,=6.25 is the refractive index for radiation 
with E|\|c, p is the hole concentration, and 


A = f car (3) 


is the integrated absorption of the 11-micron band. The 
data obtained at 100°K gave values of f varying from 
0.8 to 1.0. The high value of oscillator strength indicates 
that the absorption corresponds to allowed transitions. 
We are led to a structure of the valence band shown in 
Fig. 10. Two overlapping bands have their maximum 
energies at the same point, ko, in the wave vector space. 
The lower band has a larger curvature corresponding to 
a lower effective mass as compared to the upper band. 
The low-frequency threshold of the absorption is deter- 
mined by the energy separation, AZ, of the energy 
bands at Ko, and the fall-off of the absorption toward 
higher frequencies reflects the distribution of holes in 
the upper band. In the case that the two energy bands 
have spherical constant energy surfaces with effective 
masses m, and me, the absorption due to interband 
transition can be expressed by 


(4) 
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Fic. 10. Energy band diagram for tellurium showing the valence 
band structure indicated by the 11-micron absorption band. 


Figure 11 shows that the experimental data can be 
fitted reasonably by using this expression with a value 
of m,/mo—4. 

Reitz” calculated the energy bands of tellurium and 
selenium using a tight-binding approximation and 
considering only nearest neighbors. Figure 12 shows 
the energy band structure obtained from the calcu- 
lation. The minimum of the conduction band and the 
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Fic. 11. The 11-micron absorption band, shown normalized, for 
two tellurium samples of hole concentrations 7X10" cm™ and 
1.2510" cm’, respectively. The curves are calculated for inter- 
band absorption with two different effective-mass ratios. 


*” J. R. Reitz, Phys. Rev. 105, 1233 (1957). 
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maximum of the valence band occur at k,=2/c. There 
are three p-bands in the valence band as well as in the 
conduction band. Optical transitions p-— p~ and 
p:— p. are forbidden for ElLc, and p.— p~ and 
p+ — p- are forbidden for E\\c. Transitions between the 
upper two p levels of the valence band and the lower 
p~ level of the conduction band give the absorption 
edge for the case El1c. Transitions between the p- 
levels of the two bands gives the absorption edge for 
E}\c which is at higher frequency as was found experi- 
mentally. It was not certain from the calculation 
whether the d band might not be lowest in the con- 
duction band. With regard to the two absorption edges, 
this latter case also yields the right answer. In so far 
as there is a lower branch in the valence band, the 
calculated band structure is consistent with the de- 
duction based on the observed 11-micron absorption 
band. However, the 11-micron absorption which would 
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Fic. 12, Energy-band diagram for tellurium according 
to the calculations of Reitz.” 


correspond to p-— p, or p- — p* transitions should 
be observable with Ec and forbidden for E\|c, in 
contradiction with the experimental observation. 

It has been mentioned above that the Hall coefficient 
of intrinsic tellurium is negative below ~500°K and 
positive above that temperature. The most likely 
explanation of this effect is that the electron mobility 
is higher than the hole mobility at low temperatures 
and becomes lower than the hole mobility above 500°K. 
Fukuroi* and Callen” postulated that this situation is 
brought about by a decrease of the average electron 
mobility as a result of an increasing concentration of 
electrons in a higher conduction band in which the 
mobility is much smaller than in the lowest conduction 
band. We note that the valence band structure deduced 


21 T. Fukuroi and S. Tanuma, Science Repts. Research Insts. 
Tohoku Univ. A4, 353 (1952). 
2H. B. Callen, J. Chem. Phys. 22, 518 (1954). 
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TABLE IV. Carrier absorption in various samples of tellurium. 


Absorption cross section (107!7 cm?) 


E Le (at 20y) 
300°K 100°K 


Zz 
6.6 3:2 
7.0 4.0 
6.4 


Hole concentration 
(10'6 cm~’) 


from the 11-micron absorption band may be responsible 
for the sign reversal of Hall coefficient. At the reversal 
temperature, the Hall coefficient is equal to zero, which 
requires 

Nu? — piur— po’=0, (5) 


where wu is carrier mobility and subscripts 1 and 2 refer 
to the two types of holes. With n= pi+ po, we get 


COE 


The ratio of the two types of holes is given by 


pi/po= (mi/mz)! exp(AE/kT). (7) 


The ratio, u-/“1, has been estimated by various authors 
to be about 1.55.7!.%.*4 From the study of the 11-micron 
absorption band, we get AE=0.11 ev and m,/m.=4. 
These values yield 


Me/ M1 = 12~ (my my»)! m (8) 


If the two types of holes are scattered each within its 
own energy band, we would expect w«m~?. On the 
other hand, it is assumed for germanium that the mo- 
bility ratio of the two types of holes is inversely pro- 
portional to their mass ratio. However, in the latter 
case the energy bands containing the two types of 
holes have a common maximum energy. In the present 
case, the two energy bands under consideration are 
separated by AF. The mobility ratio obtained seems 
not unreasonable. Thus it is possible that the structure 
of the valence band is responsible for the sign reversal 
of the Hall coefficient. According to Loferski, the two 
intrinsic absorption edges, for Ec and Ec, are shifted 
relative to each other by about 0.05 ev. If the absorption 
edges correspond to transitions from the two valence 
bands to a conduction band, the shift should be equal 
to AE=0.11 ev. 


Intraband Absorption of Holes 


The intraband absorption of holes was measured on 
several samples of different carrier concentrations. 
Strong lattice bands limited the study to wavelengths 
less than 35 microns. For /c radiation, the strong 
interband absorption around 11 microns put a lower 


3 Aigrain, Dugas, Legrand des Cloizeaux, and Jancovici, 
Compt. rend. 235, 145 (1952). 

**V_ A. Johnson, Purdue University Quarterly Report, October 
1—December 31, 1952 (unpublished). 


Eljc (at 25) 
300°K 100°K 


Absorption ratio a /aj; (at 254) 
300°K 200°K 100°K 


0.63 
0.94 
0.85 


1.2 
16.8 Sn 
12.0 4.1 
12.8 


limit for the wavelength at about 15 microns. The 
wavelength dependence of the absorption may be 
approximately expressed by a power, S, of the wave- 
length. For samples of hole concentrations in the range 
10!” to 10'§ cm, the value of S varied from 2.0 to 2.5 
for E 1c and from 1.8 to 2.8 for E\\c, as the temperature 
was lowered from 300°K to 100°K. The theory of 
absorption by free carriers”® shows that the absorption 
varies as A!’ when the carriers are scattered by lattice 
vibrations and varies approximately as \*-> when the 
carriers are scattered by ionized impurities. The results 
for tellurium are qualitatively consistent with this 
theory. The effect of ionized impurities should be more 
dominant at lower temperatures, giving stronger wave- 
length dependence. 

The absorption coefficient reduced to unit hole 
concentration, a/p, gives the absorption cross section 
of holes. The values obtained for various samples are 
listed in Table IV. The values for 300°K are in general 
higher than those for 100°K and do not show any 
correlation with the concentration of holes or acceptor 
impurities. The increase of absorption cross section 
with temperature shows the effect of lattice scattering 
which should be independent of the hole concentration. 
At the low temperature, 100°K, the absorption cross 
section is higher for larger hole concentration, showing 
the effect of scattering by ionized impurities which is 
related to the hole concentration. The ratio of absorp- 
tions, a,/ay, is also given in the table. It should be 
noted that the 300°K values of a/b and a,/a,, are 
not very reliable since the 11-micron band absorption 
at this temperature does not drop very sharply on the 
long wavelength side, as can be seen in Fig. 8. There 
may be appreciable contribution from the interband 
absorption even at 25 microns. The values of ay 
calculated from the measured absorption may therefore 
be too high. 


Intraband Absorption in the Intrinsic Range 


In the intrinsic temperature range, both electron and 
hole carriers contribute to absorption. The absorption 
increases with temperature as shown in Fig. 13. For 
the temperature range under consideration, the effect 
of lattice scattering should be dominant. In this case, 
the intraband absorption is proportional to the carrier 
concentration and the temperature, according to the 


25 Fan, Spitzer and Collins, Phys. Rev. 101, 566 (1956); H. Y. 
Fan, Repts. Progr. in Phys. 19, 107 (1956). 
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Fic. 13. Absorption coefficient of tellurium at various tempera- 
tures in the intrinsic range, for polarized radiations. 


theory.”> By expressing the energy gap in the form 
Ea= EcotaT, (9) 


Eeo being an appropriate constant for the temperature 
region, we get 


ax Tn,;« T! exp(Eao/2kT), (10) 


Figure 14 gives the semilogarithmic plot of a7—! against 
1/T for a sample in the intrinsic temperature range. 
The points obtained with E_Lc radiation can be fitted 
with a straight line, the slope of which corresponds to 
Ee o=0.42 ev. The data for E!\c seem to scatter around 
a straight line of the same slope; the scatter is due to 
the fact that the 11-micron absorption made it difficult 
to determine the intraband absorption accurately. The 
values of Eeo estimated by different workers from 
various types of measurements are considerably lower, 
being around 0.33 ev. Thus the observed growth of 
carrier absorption with temperature is faster than 
expected. We have at present no satisfactory ex- 
planation for this phenomenon. It might be suggested 
that the absorption per carrier increases faster than 
linearly with temperature, which could be the case if 
scattering by optical modes of vibration were becoming 
important. 


VIII. REFLECTIVITY AND CARRIER EFFECTIVE 
MASS OF TELLURIUM 


The effect of free carriers on the infrared reflectivity 
of semiconductors was used by Fan and Becker*® to 


26H. Y. Fan and M. Becker, Conference on Semiconducting 
Materials (Butterworths Publishing Company, London, 1951). 
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estimate the effective mass of carriers. More recently, 
the method was given careful consideration by Spitzer 
and Fan*’ and was applied to a number of semicon- 
ductors. The method utilizes the carrier contribution 
to the electric susceptibility, which is given by 


pe* 1 
Tg er. (11) 
m w+(1/7)? 


where # is the carrier concentration, w is the angular 
frequency of radiation and 7 is an appropriate collision 
time. An approximate estimate of + can be obtained 
from the mobility. The tellurium samples used had 
mobilities of about 400 cm?/volt-sec or more at room 
temperature with considerably higher values at lower 
temperatures. For m=0.5 as determined from these 
experiments, we get 


(12) 


The wavelengths used in the measurements were less 
than 35 microns, for which w>1/r. Thus the effective 
mass can be calculated from x, without the necessity 
of knowing the value of 1/7. The susceptibility is related 
to the optical constants, refractive index, m, and 
extinction coefficient, k, by the relation. 


eot4ry = 0°— Rk’, 


1/re/mp<1.2X 10" sect. 


(13) 


where € 9 is the dielectric constant of the material ex- 
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1000/T for tellurium in the intrinsic temperature range. 


a W. G. Spitzer and H. Y. Fan, Bull. Am. Phys. Soc. Ser. IT, 
1, 331 (1956). 
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clusive of the free carrier effect. The optical constants 
can be determined by measuring the reflection and 
transmission of the radiation. 

Figure 15 shows the reflectivity curve for two of the 
samples measured. For these measurements the samples 
used were sufficiently thick to give negligible trans- 
mission. The reflectivity is related to the optical 
constants by the expression 


(n—1)?+-k? 
R=- —, 
(n+1)?+-R? 


(14) 


The variation of reflectivity on the short-wavelength 
side of the pronounced minimum is determined mainly 
by the refractive index, the value of k* being negligible. 
This is normally the case. The validity of the assump- 
tion was also verified by transmission measurements 
made on one of the samples which was polished down 
to a suitable thickness. 

By neglecting k, values of x. were calculated from 
the measured reflectivity according to (13) and (14). 
The values varied approximately as the square of the 
wavelength in agreement with (11). The results for 
radiations polarized parallel and perpendicular to the 
c axis gave the following effective mass parameters: 


at 300°K: my~m,~0.45 m; 


at 100°K: m,~0.30 mm, m,~0.45 m. 


The accuracy of these results was estimated to be about 
10%. The low-temperature measurements were made 
only on one of the samples with a hole concentration 
of 9X 10'8 cm=!. 

The ratios of dc conductivities, intraband carrier 
absorptions, refractive indices, and effective masses, 
for electric fields parallel and perpendicular to the c 
axis, are related. According to the theory of carrier 
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Fic. 15. Reflectivity vs wavelength for polarized radiations. 

Curves are shown for two antimony-doped tellurium samples, 

with hole concentrations 9X10'8 cm™ and 1.6X10" cm", 
respectively. 


absorption,”® 
(15) 
where gp is the dc conductivity. With oo= 7/m, we get 


(16) 


a=4ra/cn< o9/n7?, 


ax [nom +, 


my (~ an pi\? 

mi My Oy - 
At 100°K, the average value of p/p, is 1.1 and the 
average value of a,/a;,; in Table IV is about 2.2. With 
n,/n4=1.3, the right-hand side of the equation has 
the value of ~ 0.8. This value is in reasonable agreement 
with the effective mass parameters obtained. The data 
of a;,/a, for room temperature are subject to error, as 
mentioned previously, and a reliable check of this 
equation cannot be made. 


Hence 


(17) 
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Heat Capacity of Aluminum between 0.1°K and 4.0°K* 


NorMAN E. PHILLIPS 
Department of Chemistry and Radiation Laboratory, University of California, Berkeley, California 
(Received December 1, 1958) 


Measurements of the heat capacity of aluminum have been made between 0.11 and 4.0°K in the normal 
state and between 0.17 and 4.0°K in the superconducting state. Within the experimental error the normal 
state heat capacity, C,, can be represented by C,=y7+8T* with y=1.35X10™ Joules/mole deg? and a 
value of 8 corresponding to a Debye temperature of 427.7° in agreement with calculations based on elastic 
constants. For reduced temperatures between 0.5 and 0.25 the electronic heat capacity in the superconduct- 
ing state, C.,, is approximated by C,,/yT7-=7.1 exp(—1.34 T./T), in which T, is the transition temperature, 
1.163°K. At reduced temperatures less than about 0.25, C,, is greater than an extrapolation of the exponen- 
tial, the difference amounting to a factor of 4 at the lowest temperature. The departure of C., from an ex- 
ponential temperature dependence, which is believed to be outside the experimental error, is not consistent 
with the existence of a constant energy gap at low reduced temperatures. The calculated critical field is 
103.0 gauss at 0°K and shows a maximum negative deviation of 4% from the parabolic law. The results are 
compared with other measurements and with theory. 


I. INTRODUCTION perature, 6 is the Debye characteristic temperature of 
the lattice vibrations and y is a constant which is pro- 
portional to the density of states at the Fermi surface 
and which may depend on electron correlations‘ and the 
electron-phonon interaction.° 

The electronic heat capacity of superconductors can 
be expected to yield information on the nature of the 
superconducting state; in particular, its temperature 
dependence should be related to the energy gap which 
is a feature of current theories.6 The treatment of 
Bardeen, Cooper, and Schrieffer’ gives an electronic 
superconducting state heat capacity, Cs, which is, for 
temperatures well below the critical temperature 7., an 
exponential function of temperature, 


HE relatively small heat capacity associated with 
the lattice vibrations of solids at temperatures 
near and below 1°K makes this region interesting in 
connection with an evaluation of the contribution of 
the conduction electrons to the heat capacity of metals. 
There have been many heat capacity measurements on 
both normal and superconducting metals in the tem- 
perature range 1° to 4°K, which is accessible with liquid 
helium techniques, but until recently no measurements 
in the adiabatic demagnetization range had been made. 
Heat capacity measurements on superconducting alu- 
minum at temperatures below 1°K were undertaken 
because they would make available data covering an 
unusually wide range of reduced temperatures. Normal 
state measurements were also made and the measure- 
ments were extended through the liquid helium range 
to permit a more careful study of the transition region 
near 1.2°K and to obtain a more accurate evaluation of 
the normal state parameters than was possible from the 
measurements below 1°K. Preliminary results of this 
investigation have already been presented! and similar 
measurements on the superconducting state have been 
reported by Goodman.” 

At sufficiently low temperatures the normal state heat 
capacity C, is generally considered to be the sum of an 
electronic and a lattice heat capacity, which are pro- 
portional to the first and third powers of the tempera- 
ture, respectively.® 


C,p=yT+ (12/5)e*R(T/6)*. (1) 


Ca/yvi mer *", 

in which the constants a and dare the same for all super- 
conductors. Measurements at temperatures below 1°K 
are of particular interest as a test of this relation because 
those metals which show the properties associated with 
the ideal superconducting state, the soft superconduc- 
tors, and which have transition temperatures appreci- 
ably greater than 1°K, also have relatively large lattice 
heat capacities. For example, for tin, indium, thallium, 
and lead, with transitions at 3.7, 3.4, 2.4, and 7.2°K, 
the lattice heat capacities in the superconducting state 
at the transition temperature amount to 45%, 77%, 
83% and 94% of the respective total heat capacities. 
On the other hand, some of the soft superconductors 
with lower transition temperatures have relatively 
small lattice heat capacities: the corresponding ratios 
for aluminum, zinc, and cadmium, with transition tem- 
peratures 1.2, 0.8 and 0.5°K, are 1%, 3%, and 3%, 
respectively. 


In this expression R is the gas constant, 7 is the tem- 


* This work was performed under the auspices of the U. S. 
Atomic Energy Commission. 


1N. E. Phillips, Proceedings of The Fifth International Conference 
on Low-Temperature Physics and Chemistry, Madison, Wisconsin, 
1957, edited by J. R. Dillinger (The University of Wisconsin Press, 
Madison, 1958). 

2B. B. Goodman, Compt. rend. 244, 2899 (1957). 

3A. H. Wilson, Theory of Metals (Cambridge University Press, 
Cambridge, 1953), second edition, pp. 141-144. 


4D. Pines, Solid State Physics, edited by F. Seitz and 
D. Turnbull (Academic Press, Inc., New York, 1955), Vol. 1, 
p. 367. 

5M. J. Buckingham and M. R. Schafroth, Proc. Phys. Soc. 
(London) A67, 828 (1954). 

5 N. Bernardes, Phys. Rev. 107, 354 (1957). 

7 Bardeen, Cooper, and Schrieffer, Phys. Rev. 108, 1175 (1957). 
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II. APPARATUS AND PROCEDURE 
General Description 


Figure 1 shows the apparatus as used for measure- 
ments in the adiabatic demagnetization range. Tem- 
peratures between 1.1°K and 0.1°K were obtained by 
the adiabatic demagnetization of copper potassium sul- 
fate. Thermal contact to the salt pill was made by 
molding the powdered salt under pressure onto a system 
of thin copper vanes attached to a copper wire. The 
aluminum sample was supported by threads inside a 
copper shield which was thermally connected to the salt 
pill. All electrical leads were placed in thermal contact 
with the shield before being led to the sample and in- 
cluded lengths of 0.0015-in. manganin wire tinned with 
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Fic. 1. The apparatus. 


BETWEEN 0. 


1°K AND 4.0°K 677 
soft solder to provide a high thermal resistance without 
increasing the electrical resistance. Thermal contact 
between the aluminum sample and the salt pill was con- 
trolled by a superconducting thermal switch of either 
tin or lead, one side of which was soldered to a strip of 
copper foil which was in turn attached to the sample 
with General Electric 7031 varnish.* Thermal contact 
between the salt pill and the bulb of a vapor pressure 
thermometer was made and broken by closing and 
opening a mechanical heat switch. 

The temperature of the sample was measured with a 
carbon resistance thermometer consisting of a thin layer 
of Aquadag painted onto a Formex insulated copper 
wire and connected to the sample by the same method 
used for the attachment of the superconducting switch. 
The thermometer voltage was compared with a voltage 
taken from a potentiometer and the difference was 
amplified and recorded on a recording potentiometer. 

Heat was supplied to the sample by a manganin re- 
sistance heater wound directly on the surface and held 
in place with varnish. The duration of a heating period 
was read from a clock which was turned on and off by 
a relay that also controlled the heater power and gen- 
erated a signal to mark the beginning and end of the 
heating period on the recording potentiometer chart. 
The clock was driven by a tuning-fork-controlled oscil- 
lator and was capable of measuring the time interval 
during which the heater circuit was energized with an 
accuracy of one millisecond. 

During an experiment the vacuum jacket containing 
the salt pill and sample was completely closed to elimi- 
nate heat input from radiation or hot gas molecules 
entering through the pumping tube. The electrical leads 
were introduced through glass-Kovar seals, the wire for 
the operation of the mechanical heat switch was sealed 
to the jacket with a flexible metal bellows, and the 
pumping tube itself was closed at its lower end by the 
action of a metal plunger. 

At the beginning of an experiment the system was 
cooled from room temperature to 4.2°K without using 
helium exchange gas at any time. The susceptibility of 
the salt was calibrated against the vapor pressure of 
liquid helium at about twelve temperatures between 
4.2°K and 1.1°K with the mechanical switch closed. The 
salt was magnetized at 1.1°K and, after allowing about 
thirty minutes for the heat of magnetization of the 
200-g salt pill to be conducted away, the mechanical 
switch was opened and the salt demagnetized. With the 
superconducting switch closed the carbon resistance 
thermometer was calibrated against the susceptibility 
of the salt at about thirty points between 0.1°K and 
1.2°K. Between successive calibration points the tem- 
perature of the salt pill was raised by supplying power 
to a heater attached to it. About two minutes were re- 
quired to obtain thermal equilibrium between the salt 
pill and the thermometer following each heat input at 


8 Wheatley, Griffing, and Estle, Rev. Sci. Instr. 27, 1070 (1956), 
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the lowest temperatures. The total heat leak to the 
system while the calibration points were being taken 
was about 100 erg/min. The temperature T and the 
resistance R were represented to within 1% by 
T'=A+B log *R+C log R+D log*R, in which A, B, 
C, and D are constants. A calibration curve giving the 
ratio of the actual temperature to that calculated from 
the equation was constructed from the calibration 
points and used in computing the temperature from the 
resistance. 

Following a second demagnetization, the supercon- 
ducting switch was opened to leave the aluminum 
sample thermally isolated from the salt pill and heat 
capacity measurements were made in the usual way. 
Before the salt pill warmed up appreciably, it was pos- 
sible to make several series of measurements covering a 
range of a few tenths of a degree. The aluminum sample 
was returned to its original temperature at the end of 
each series by closing the superconducting switch, and 
when measurements in that temperature range were 
complete the temperature of the salt pill was increased 
and the process repeated. 

Measurements at liquid helium temperatures were 
made with the mechanical switch providing thermal 
contact between the sample and the vapor pressure 
bulb. The resistance thermometer was calibrated di- 
rectly against the vapor pressure of liquid helium at 
twenty-five points between 1.1°K and 4.2°K. 

Typical heating curves are shown in Fig. 2. The tem- 
perature increments were calculated by extrapolating 
the initial and final temperature drifts to the middle of 
the heating period. 


Mechanical Heat Switch 


The mechanical heat switch consisted of two copper 
jaws which were connected to the vapor pressure bulb 
by flexible copper wires and which could be closed on a 
central copper wire. The jaws were held normally open 
by a spring and were closed by a system of levers actu- 
ated by applying tension to a steel wire that passed 
through the pumping tube to an adjusting screw at the 
top of the cryostat. Webb and Wilks’ have used a similar 
mechanical contact but the operating characteristics of 
the two are different. 

When a force of approximately 10 pounds had been 
applied to the jaws before the system was cooled down, 
the total thermal resistance between the salt pill and 
the vapor pressure bulb at 4.2°K and 1.3°K was 500 
and 2500 deg/watt, respectively. It was estimated that 
most of the thermal resistance was at the mechanical 
contact itself. The first time the jaws were opened and 
closed at helium temperatures the resistance increased 
by a factor of about three and remained constant there- 
after. No direct measurements of the thermal resistance 
at higher temperatures were made but it was possible 


°F. J, Webb and J. Wilks, Proc. Roy. Soc. (London) A230, 549 
(1955). 
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to cool the 8-mole sample of aluminum from room tem- 
perature to 4.2°K in the time ordinarily used to cool 
down the rest of the apparatus and about } hour was 
required to cool the sample from 20°K to 4.2°K. 

When the switch was opened, small increases in the 
sample temperature were observed which corresponded 
to heat inputs between a minimum of 20 ergs and as 
much as several hundred ergs. Undoubtedly part of the 
heat input is generated by friction between the jaws 
and the central wire but, since the heat input continued 
as the jaws were opened beyond the point at which con- 
tact with the central wire was broken, it appears that 
some of the heat was generated by vibrations in the 
sample suspension induced by operation of the adjusting 
screw. As might be expected, the heat inputs were a 
minimum for light samples which were rigidly supported. 

The mechanical heat switch has a number of ad- 
vantages over the helium exchange gas, which it re- 
places, particularly for adiabatic demagnetization ex- 
periments. It removes a major source of heat leak, gas 
conduction, which would be especially serious for the 
small heat capacity in the superconducting state at low 
temperatures and it eliminates errors associated with 
the desorption of adsorbed helium during a heating 
period. In addition, the mechanical switch makes it 
possible to extend the measurements to 1°K or above, 
through the temperature range in which outgassing of 
the adsorbed helium from the salt pill would otherwise 
spoil the insulating vacuum. 


Temperature Measurements 


Temperatures in the liquid helium region were based 
on the measurement of helium vapor pressures. Above 
2°K the pressure was measured in a vapor pressure bulb 
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Fic. 2. Typical heating curves. (a) Heat capacity point in the 
liquid helium region. The outer abrupt changes in slope occur at 
the beginning and end of the heating period; the others are pro- 
duced by changing the amplifier gain or potentiometer voltage. 
(b) Heat capacity point in the adiabatic demagnetization region. 
(c) Heating curve through the superconducting transition at con- 
stant power. 
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with a vacuum-jacketed, thin-walled, stainless steel 
tube. A radiation trap consisting of four metal disks 
with offset holes was inserted at the lower end of the 
tube. Below 2°K the pressure over the helium bath was 
measured at a point just below the top of the vacuum 
jacket of the helium Dewar. The use of two different 
methods was dictated by the uncertainty of corrections 
for hydrostatic head at temperatures above the A-point 
and thermomolecular pressure gradients at low 
temperatures. 

Temperatures in the adiabatic demagnetization 
region were based on an extrapolation of the suscepti- 
bility of copper potassium sulfate according to a Curie- 
Weiss law. It can be inferred both from direct measure- 
ments of the properties of this salt’? and from indirect 
evidence"! that the temperature derived in this way is a 
good approximation to the thermodynamic tempera- 
ture. In practice the mutual inductance, M, of a set of 
coils surrounding the salt pill was measured with a 23- 
cycle/sec mutual inductance bridge” and M was related 
directly to the temperature by the expression 


M=A+B/(T—A) (3) 


The constants A, B, and A were determined by plotting 
M vs (T—A)™ for the calibration points between 1.1°K 
and 4.2°K. The value of A used in the extrapolation was 
that for which the best straight-line fit was obtained, 
0.033°K. 

The primary of the mutual inductance coils was de- 
signed to give a uniform field over the salt pill but a 
small field outside the coils. The secondary was in two 
parts, one coil at the center of the salt pill and a bucking 
coil below, each of which was about one-sixth of the 
length of the salt pill. The coil geometry together with 
the small susceptibility of copper potassium sulfate 
reduced to a negligible amount the effect of the non- 
ellipsoidal shape of the salt pill on susceptibility meas- 
urements and also minimized the nonlinearity associ- 
ated with the presence of metal near the coils. 

Apart from the validity of the assumptions inherent 
in Eq. (3), the calibration of the resistance thermometer 
at temperatures below 1°K is dependent on the absence 
of temperature gradients between the salt pill and the 
vapor pressure thermometer and between the aluminum 
sample and the salt pill during the respective calibra- 
tions. When the salt pill was at the same temperature 
as the helium bath and the mechanical switch open, the 
total heat input to the salt pill and sample was about 
10 ergs/min, presumably from vibrations. This figure 
can be combined with the thermal resistance between 
the vapor pressure thermometer and the salt pill to 
yield a maximum temperature difference of less than 
10~* deg, which is consistent with the observation that 


1 C, G. B. Garrett, Ceremonies Langevin-Perrin (College de 
France, Paris, 1948). 

1N, E. Phillips, Phys. Rev. 100, 1719 (1955). 

2 Erickson, Roberts, and Dabbs, Rev. Sci. Instr. 25, 1178 
(1954). 
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calibration points taken with helium exchange gas after 
the completion of an experiment agreed with those based 
on the mechanical heat switch to within the experi- 
mental error of 10~* deg. An upper limit to the tempera- 
ture difference between the aluminum sample and salt 
pill during the calibration of the resistance thermometer 
can be otained by multiplying the total heat input to 
the salt pill and sample, 100 ergs/min, by the thermal 
resistance between them, obtained by observing the 
change in resistance of the thermometer produced by 
supplying a measured power to the heater on the sample. 
The upper limit obtained in this way is 0.003° at 0.15°K 
and 0.001° at 0.3°K. 

The absence of significant temperature differences 
between the resistance and vapor pressure thermometers 
during the calibration for measurements in the liquid 
helium region was established in the manner outlined 
above for the mutual inductance—temperature 
calibration. 


Aluminum Sample 


The aluminum had a purity of 99.9989; the only 
impurity detectable by spectrographic methods was 
0.002% of copper. The sample, a 212.64 g polycrystal 
with a grain size of 3-5 mm, was cast in vacuum in a 
high-purity graphite mold, machined to shape, and 
vacuum-annealed at 450°C for 48 hours. This was not 
the sample on which the earlier measurements! were 
reported but it was prepared from the same batch of 
aluminum. 

The superconducting transition in zero magnetic 
field was largely complete within a temperature interval 
of 0.001° at 1.163°K, as demonstrated by recording 
changes in sample temperature at a constant heater 
power. Figure 1 shows the result of such a measurement : 
within 0.001° at 1.163°K there is a change of slope by a 
factor of 2.3. An additional indication of the sharpness 
of the transition is furnished by two series of heat capa- 
city measurements covering the transition region with 
temperature increments of 0.002°K and 0.005°K. These 
are shown in Fig. 5. 


Heat Capacity of Addenda 


The heat capacity measurements gave the sum of the 
heat capacities of sample, thermometer, heater, copper 
foil for connection to superconducting or mechanical 
switch, and varnish used for thermal contact. The cor- 
rection for the addenda was based on an experimental 
determination of their heat capacity between 1.2°K and 
4.2°K and an extrapolation to lower temperatures on 
the assumption that the heat capacity could be repre- 
sented by the sum of two terms, one linear in tempera- 
ture and the other cubic, which was found to fit the 
measured values from 1.2°K to 3.0°K. The experimental 
points and the line used for the extrapolation are shown 
in Fig, 3. 

In practice, the amount of General Electric 7031 
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Fic. 3. Heat capacity of the addenda. 


varnish used was not exactly the same in different ex- 
periments and to allow for this the heat capacity of the 
addenda was measured twice, once with the amount of 
varnish normally used, and a second time with about 
200 mg additional. In all cases the varnish was diluted 
with an equal volume of toluene and dried at room 
temperature.* The heat capacity of the varnish is given 
in Table I. 

The magnitude of the correction for the heat capacity 
of the addenda was as follows: in the normal state, from 
1.6% at 4.2°K to 0.6% at all temperatures below 1°K; 
in the superconducting state, 159% at 0.17°K, 3% at 
0.3°K, and 0.2°% at 1.1°K. 


Ill. EXPERIMENTAL ERROR 


For the purpose of estimating experimental errors 
each heat capacity point in the liquid helium region 
can be considered as derived from the relation 
C=(Q/AR)dR/dT, in which Q is the heat input, AR is 
the change in resistance of the thermometer, and dR/dT 
is the temperature coefficient of the thermometer. 

The value of Q involves measurement of the length 
of the heating period and the heater power, each of 
which was determined with sufficient accuracy that the 
error in Q/AR is just the error in AR. With temperature 
increments of 1/20 to 1/10 of the absolute temperature 
the extrapolation of the temperature drifts into the 
heating period amounted to only about 3% of the total 
temperature rise and the accuracy of the measurement 
of AR was fixed by the thermometer sensitivity at about 
0.1%. This figure also represents the over-all precision 
of the measurements. 

It is known that slight differences in the experimental 
method employed in vapor pressure measurements can 
lead to differences of several millidegrees in the apparent 
temperature but these effects are so imperfectly under- 
stood that no correction can be applied and systematic 
errors of this amount must be expected. An indication 


of the probable size of the errors introduced into heat 
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capacity measurements can be obtained by comparing 
the two temperature scales in current use." The 7552 
and 755, scales differ by as much as 0.003°, the maxi- 
mum percentage difference of 0.25 occurring between 
1°K and 1.5°K. Furthermore, the difference between 
the two scales changes by 0.006° in the interval between 
2°K and 4°K with the consequence that values of dR/dT 
calculated on the two scales will differ from each other 
by an average of 0.3% in that interval. This suggests 
that systematic errors of a few tenths of a percent will 
occur both in the mean temperature and in the heat 
capacity. 

For the measurements in the adiabatic demagnetiza- 
tion range the temperature drifts are greater, partly 
because the heat capacity is smaller, and partly because 
the superconducting switch has a less favorable ‘‘on-off 
ratio” than the mechanical switch. The precision of the 
measurement of O/AR is about 2% for the normal state 
and for the superconducting state above 0.4°K but the 
small value of the superconducting state heat capacity 
at the lowest temperatures, less than 100 ergs/mole deg, 
makes the temperature drifts particularly great and 
reduces the precision. In the worst cases the extrapola- 
tion is 50% of the total temperature rise and the pre- 
cision is about 20%. 

Temperature measurements below 1°K are based on 
the magnetic temperature scale for copper potassium 
sulfate and in this case the heat capacity is given by 
C= (Q/AR)(dR/dM) (dM /dT), where M is the mutual- 
inductance bridge reading. The estimated upper limit 
to the temperature difference between the salt pill and 
the aluminum sample during the thermometer calibra- 
tion would produce an error of about 2° in dR/dM and 
in the temperature at 0.15°K, but only a negligible 
error at temperatures greater than 0.3°K. If it is 
assumed that the salt follows a Curie-Weiss law, the 
accuracy of dM /dT depends on the accuracy with which 
the constants in Eq. (3) are measured. If A were known 
exactly, A and B would be determined by the calibra- 
tion points with an accuracy such that the fractional 
error in the extrapolated temperatures would be com- 
parable to that in the calibration points, about 0.1%. 
Actually, A must also be determined by the calibration 
points and the linearity of the M vs (T— A) plot is not 
sensitive to small changes in A; furthermore, there is 


TABLE I. Heat capacity of general electric 7031 varnish. 
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des Basses Températures, Paris, 1955 (Centre National de la 
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the possibility that an erroneous value of A is chosen to 
compensate for systematic errors in relating vapor 
pressure to temperature. An error of several millidegrees 
in A is therefore quite possible and this can have an 
appreciable effect on the calculated heat capacities and 
temperatures. For example, if A is taken as 0,028° 
instead of 0.033° and the constants A and B are changed 
so as to preserve the fit of the calibration points to 
Eq. (3) at 1.5°K and 4.2°K, the calculated heat capa- 
cities would be decreased by 0.6%, 3.4% and 14.5% at 
1.0°K, 0.3°K, and 0.1°K, respectively, and the corre- 
sponding values of the temperature would be decreased 
by 0.1%, 1.0%, and 4.7%. With the new set of values 
for A, B, and A, Eq. (3) would not represent the cali- 
bration points as well but in no case would the difference 
be more than 0,003°. 


IV. EXPERIMENTAL RESULTS AND DISCUSSION 


The heat capacity measurements are in three series: 
0.1°K to 0.4°K, using a tin superconducting switch; 
0.3°K to 1.2°K, using a lead switch; and 1.1°K to 4.0°K, 
using only the mechanical heat switch. The adiabatic 
demagnetization region was covered in two separate 
experiments because the change in magnetic field nec- 
essary to operate the lead switch introduced enough 
energy to warm the aluminum sample to 0.3°K at the 
start of each heat capacity run and, although the lower 
critical field of tin made it possible to reach lower tem- 


peratures, the tin switch did not perform satisfactorily 


near 1°K. All superconducting-state measurements were 
made with the earth’s field compensated. With the ex- 
ception of three runs through the transition region, for 
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Fic. 4. Heat capacity of aluminum from 0.1 to 2.0°K. The two 
experiments in the adiabatic demagnetization range are designated 
by squares for the normal state and circles for the superconducting 
state. The triangles represent points taken at liquid helium 
temperatures. 
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TABLE IT. Normal-state heat capacity C, and superconducting- 
state head capacity C,. Values in millijoules mole! deg". 


Measurements in liquid helium region. Temperature calculated 
on Leiden 1955 scale. 


T Cn 7 Cn - Cn 


1.2182 4.0097 3.4773 5.711 
1.3017 1.1879 3.8296 6.538 
1.4064 1.2565 2.7818 4.290 
1.5300 1.3532 3.0774 4.689 
1.6774 1.4668 3.3951 5.535 
1.8286 1.6012 3.7374 6.319 
1.9832 1.7632 
2.1669 1.9313 
2.3866 2.1047 
2.6017 2.3121 
2.8060 2.5138 
3.0409 2.7040 
3.3163 2.9229 
3.6431 3.1783 


1.685 
1.808 
1.964 
ZASZ 
2.380 
2.620 
2.872 
3.180 
3.559 
3.947 
4.333 
4.795 
5.362 
6.094 


6.992 
1.644 
1.745 
1.889 
2.057 
2.263 
2.515 
2.787 
3.072 
3.428 
3.789 
4.142 
4.563 
5.075 
Measurements in adiabatic demagnetization region. Temperatures are 
based on extrapolation of the susceptibility of copper potassium sulfate. 

T Cn T Cn T Cn 


0.1185 
0.1346 
0.1535 
0.1760 
0.1976 
0.2171 
0.2418 
0.2688 
0.2945 
0.3222 
0.3562 
0.3875 
0.1118 
0.1307 
0.1704 
0.1863 
0.2002 
0.2130 
0.2326 
0.2576 


0.386 
0.422 
0.452 
0.508 


0.174 
0.196 
0.226 
0.248 
0.281 
0.308 
0.338 
0.374 
0.405 
0.442 
0.488 
0.530 
0.158 
0.194 
0.246 
0.267 
0.288 
0.301 
0.327 
0.356 


0.2794 
0.3040 
0.3320 
0.3689 


0.9582 
1.0499 
0.3082 
0.3599 
0.4045 
0.4565 
0.5139 
0.5529 
0.5946 
0.6357 
0.6945 
0.7567 
0.8303 
0.8697 
0.9319 
1.0159 
1.1018 
1.1924 


1.331 

1.469 
0.426 
0.498 
0.554 
0.622 
0.708 
0.759 
0.824 
0.872 
0.953 
1.044 
1.152 
1.211 
1.297 
1.418 
1.540 
1.653 


0.3640 
0.4080 
0.4643 
0.5334 
0.5908 
0.6524 
0.3413 
0.4164 
0.4755 
0.5422 
0.6046 
0.6668 
0.7240 
0.7925 
0.8712 


0.500 
0.557 
0.628 
0.725 
0.804 
0.889 
0.471 
0.574 
0.650 
0.741 
0.827 
0.923 
0.994 
1.091 
1.204 


Measurements in adiabatic demagnetization region. Temperatures are 
based on extrapolation of the susceptibility of copper potassium sulfate. 


* CC 7 C. 7 C 


0.3272 
0.2402 
0.2095 
0.2953 
0.3182 
0.3503 
0.3889 


0.2058 
0.2323 
0.2314 
0.2055 
0.2264 
0.2017 
0.1887 
0.2239 
0.2423 
0.2600 
0.1718 
0.2103 
0.2302 
0.2386 
0.2284 
0.2514 
0.2693 
0.2891 
0.3054 
0.3126 


0.0109 
0.0203 
0.0175 
0.0110 
0.0162 
0.0122 
0.0066 
0.0178 
0.0230 
0.0313 
0.0087 
0.0133 
0.0167 
0.0201 
0.0181 
0.0281 
0.0399 
0.0547 
0.0748 
0.0815 


0.0991 
0.0229 
0.0402 
0.0588 
0.0916 
0.137 

0.210 


0.9049 
0.9736 
1.0381 

1.1124 
0.3852 
0.4432 
0.5210 
0.5803 
0.6382 
0.6934 
0.7462 
1.0333 
1.1078 
0.3191 

0.3840 


2.269 
2.660 
3.002 
3.444 
0.201 
0.336 
0.568 
0.772 
0.993 
1.230 
1.478 
2.987 
3.430 
0.0906 
0.198 


0.273 
0.407 
0.592 
0.819 
1.055 
1.305 
1.609 
1.973 
2.297 
2.768 
3.219 
1.868 


0.4210 
0.4731 
0.5329 
0.5932 
0.6530 
0.7099 
0.7732 
0.8471 
0.9096 
0.9961 
1.0745 
0.8296 


which smaller temperature rises were used, the incre- 
ments were between 1/20 and 1/10 of the mean tem- 
perature. The results are collected in Table II and the 
points below 2°K are plotted in Fig. 4. 

The runs in which small temperature increments were 
employed covered an interval of 0.09°K at the transition 
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O Zero Magnetic Field, AT=0.002° 
A Zero Magnetic Field, AT = 0.005° 
CJ 150 Oersteds, AT=0.02° 
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Fic. 5. The transition region. The different symbols distinguish 
three separate runs through the transition temperature, 1.163°K. 
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temperature and are shown in Fig. 5. The transition in 
zero magnetic field was complete within a single heating 
period covering either 0.005° or 0.002°. 


Normal-State Measurements in the 
Liquid Helium Region 


The results of normal-state measurements at liquid 
helium temperatures are shown in Fig. 6 as fractional 
deviations from Eq. (1) with y=1.350X10~ joules/ 
mole deg? and 6=427.7°. In addition to the 75, scale, 
which is a vapor pressure-temperature relation calcu- 
lated from other thermodynamic data and which was 
used in Table II, the results are shown as calculated on 
two other scales: the T55¢ scale which is an empirical 
vapor pressure-temperature relation based on a variety 
of direct and indirect measurements; and a modified 
thermodynamic scale calculated by van Dijk and 
Durieux'® using the results of a recent heat capacity 
determination on liquid helium by Hill and Lounasma.'* 
With the exception of three points between 1.2 and 
1.5°K, the experimental values are all within 0.1% of a 
smooth curve and two-thirds are within 0.05%. 

Depending on the choice of temperature scale the 
results either fit Eq. (1) or deviate from it by as much 
as one-half percent ; thus it is of interest to consider the 
degree to which the equation can be expected to approxi- 
mate the heat capacity. Calculations based on a lattice 


14 Clement, Logan, and Gaffney, Phys. Rev. 100, 743 (1955). 

16H. van Dijk and M. Durieux, Physica 24, 1 (1958). The scale 
used in the calculations is the one employing the value Ly)=59.50 
joules/mole for the latent heat of vaporization at 0°K and is the 
same as T4551 below 2.7°K. 

16 R. W. Hill and O. V. Lounasma, Phil. Mag. 2, 143 (1957). 
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model'’!8 indicate that departure of the lattice heat 
capacity from the 7* law would not be important in this 
case but it has been suggested by Buckingham" that 
the modification of the density of states near the Fermi 
level, brought about by the electron-phonon interaction, 
would lead to an anomaly in the electronic heat capacity 
of normal metals. The theory has been developed only 
for the case of nonsuperconductors, for which the pre- 
dictions cannot be tested by existing experimental data, 
but the possibility that the electronic heat capacity in 
the present case might depart from proportionality to 
the temperature by a few tenths of a percent seems not 
to be ruled out. 

The three temperature scales involved differ by no 
more than 0.003°K, which is comparable to the apparent 
difference in temperature that can be produced by 
slightly different conditions in the vapor pressure bulb 
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Fic. 6. Normal-state measurements at liquid helium tempera- 
tures. The results are calculated on three different temperature 
scales: (a) Tssz; (b) Tssz; (c) a scale similar to 755, but based on 
Hill and Lounasma’s values for the heat capacityof liquid helium." 
y=1.350 millijoules/mole deg?; 8 = (12/5)x*R(427.7)-%. The dif- 
ferent symbols represent three different heat capacity runs. 


and tube.”” Consequently, even if it is assumed that 
Eq. (1) does represent the correct temperature depend- 
ence to within 0.1%, the results cannot be considered 
as evidence favoring one scale over the others except for 
this particular apparatus. On the other hand, the results 
of measurements in this apparatus are reproducible; the 
features of Fig. 6 were duplicated by a completely sepa- 
rate set of measurements, not reported here, on the 
same aluminum sample but with a different heater, 
thermometer, etc. On this basis it may prove possible 
to reach some conclusions about the above points by 


17 R. B. Leighton, Revs. Modern Phys. 20, 165 (1948). 
18 J. de Launay, Solid State Physics, edited by F. Seitz and 
D. Turnbull (Academic Press, Inc., New York, 1956), Vol. 2 


’ 


‘M. J. Buckingham, Nature 168, 281 (1951). 
* See, for example, E. Ambler and R. P. Hudson, J. Research 
Natl. Bur. Standards 56, 99 (1956). 
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comparing measurements on different metals made 
under identical conditions. At present it can only be 
deduced that the heat capacity is represented by Eq (1), 
within limits of error set by the temperature measure- 
ments, with y= (1.350+0.01)X10~ joule/mole deg? 
and @=427.7+1.0°. These figures are compared with 
other values in Table ITI. 

Values of the low-temperature elastic constants are 
available” and can be compared with the lattice heat 
capacity. The vibrational spectrum of the face- 
centered cubic lattice has been calculated by Leighton!” 
using a central-force model including nearest and next- 
nearest neighbor interactions. Fuchs” has attributed 
the failure of the Cauchy relation for cubic metals to the 
necessity of modifying the central force model to include 
the contribution of the electron gas to the elastic con- 
stants, and de Launay” has estimated the consequent 
change in the frequency spectrum for two extreme cases : 


TABLE III. Comparison of normal-state parameters 
with other determinations. 


BP 
(millijoules 
mole deg~?) 


6 
(deg) 
Calorimetric 

This work 

Kok and Kessom* 


427.7 
419 
A 408! 
Howling, Mendoza, and Zimmerman? : 375 
Critical field data 
Goodman and Mendoza* 
Daunt and Heer 
Theoretical 
de Launay® 


426.6 





«J. A. Kok and W. H. Keesom, Physica 4, 835 (1937). 

b Howling, Mendoza, and Zimmerman, Proc. Roy. Soc. (London) A229, 
85 (1955). 

¢ B. B. Goodman and E. Mendoza, Phil. Mag. 42, 594 (1950). 

4J. G. Daunt and C. V. Heer, Phys. Rev. 76, 1324 (1949). 

e See reference 18. 

{These values were obtained by recalculation on the 1949 scale by 
Howling, Mendoza, and Zimmerman (see footnote b). The plot of C/T vs 
was not linear so the assignment of values was to a certain extent arbitrary. 


Case 1, in which the electrons take no part in the thermal 
vibrations, and Case 2, in which they follow them. For 
aluminum, the calculated values of 00, the Debye char- 
acteristic temperature at the absolute zero, are 421.0° 
and 426.6°, respectively.!8 The observed value, 427.7 
+1.0°, is in agreement with de Launay’s Case 2 as 
might be expected for the low-frequency modes which 
are excited at these temperatures. The measurements 
do not extend to sufficiently high temperatures to test 
the predicted temperature dependence of 6, which corre- 
sponds to only 0.15% of the total heat capacity at 
4.0°K.}8 


Normal-State Measurements in the Adiabatic 
Demagnetization Region 


In Fig. 7 the values of C/T for the normal state in the 
adiabatic demagnetization region are plotted against 7? 
"2 P. M. Sutton, Phys. Rev. 91, 816 (1953). 

2K. Fuchs, Proc. Roy. Soc. (London) A153, 622 (1935). 

% J. de Launay, J. Chem. Phys, 2], 1975 (1953). 
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Fic. 7. Normal-state measurements in the adiabatic demag- 
netization region. The straight line is an extrapolation from meas- 
urements at liquid helium temperatures. The results of two com- 
pletely separate experiments are distinguished by the different 
symbols. 


and compared with an extrapolation of Eq. (1) from the 
liquid helium region. A smooth curve through the experi- 
mental points would be above the extrapolation by 
about 10% at 0.1°K, 2% at 0.3°K, and 1% for tempera- 
tures greater than 0.4°K. As discussed in Sec. III, this 
is just the behavior that would be expected if the value 
of the Weiss constant for copper potassium sulfate used 
in establishing the temperature scale was too high by 
0.005°, an amount which cannot be considered unreason- 
able in view of the possible errors in vapor pressure 
measurements and in the helium vapor pressure- 
temperature relation. Within the experimental error 
then, Eq. (1), with the values of y and 6 determined 
above 1°K, represents the normal-state heat capacity 
to 0.1°K. 
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Fic. 8. Electronic heat capacity in the superconducting state, 
Ces. The different symbols distinguish the results of two completely 
separate experiments. 
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Fic. 9. Electronic heat capacity in the superconducting state, 
Ces, compared with the 7* law and with an exponential tempera 
ture dependence. The different symbols distinguish the results of 
two completely separate experiments. 


Superconducting State 


The electronic heat capacity in the superconducting 
state, C,,, was calculated on the basis of the usual 
assumption that the lattice heat capacity is the same 
in the two states. The correction for the lattice heat 
capacity amounted to between 1 and 3°. In Fig. 8 the 
results are plotted as log(C../y7T.) vs T./T to facilitate 
comparison with the exponential dependence on tem- 
perature that has been observed in other supercon- 
ductors and which is a feature of the Bardeen, Cooper, 
and Schrieffer? (BCS) theory. The points do not ap- 
proach a straight line at low temperatures ; consequently, 
the assignment of values to the constants a and 6 of 
Eq. (2) is not unique, but depends on the reduced tem- 
perature range in which the fit is made. This is shown 
more clearly in Fig. 9. The BCS theory gives values for 
a and 6 of 8.5 and 1.44, respectively, for reduced tem- 
peratures in the range of about 0.3 to 0.5.7 It is evident 
from Fig. 8 that these values would fit the experimental 
points only for reduced temperatures 0.5 to 0.7 and that 
at lower temperatures the discrepancy increases with 
decreasing temperature. Furthermore, the theoretical 
value of 6 approaches 1.75 in the low-temperature limit 
making the difference between the theoretical and experi- 
mental slopes greater than that shown. For other super- 
conductors, at reduced temperatures between 0.3 and 
0.5, values of a and b have been reported as follows: tin, 
9.17 and 1.5%; vanadium, 9.17 and 1.5*°; zinc, 5.8 and 

*W.S. Corak and C. P. Satterthwaite, Phys. Rev. 102, 662 
(1956). 

25 Corak, Goodman, Satterthwaite, and Wexler, Phys. Rev. 102, 
656 (1956). 
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1.22.76 In this same range of reduced temperatures the 
values of a and 6 for aluminum are 7.1 and 1.34, respec- 
tively. It is clear that the electronic heat capacities of 
different superconductors do not satisfy a law of corre- 
sponding states of the form C.,/y7.= f(T/T.) where f 
is the same function for all superconductors. 

Other quantities that can be compared with predic- 
tions of the BCS theory are the discontinuity in the 
electronic heat capacity in zero magnetic field, 
Ces(T-)/yT., and yT2/H¢, in which Ho is the critical 
magnetic field at 0°K. These quantities are related to 
the form of the energy gap at T. and at 0°K, respec- 
tively and, according to the theory, should be the same 
for all superconductors. For C..(T.)/y7T. the observed 
and theoretical values are respectively 2.43 and 2.52; 
for yT2/H¢, 1.71 and 1.70. The experimental values 
vary from one superconductor to another and a correla- 
tion between y7T2/H,? and T./@ has recently been 
pointed out.” 

The large deviation of C., from a simple exponential 
temperature dependence at reduced temperatures below 
0.2 occurs in the region in which the temperature meas- 
urements are least accurate and other sources of error 
greatest but it does seem to be outside the experimental 
error. It cannot be explained in the same way as the 
deviation of the normal state data from Eq. (1). The 
use of an incorrect value of A in establishing the mag- 
netic temperature scale, or any other source of error in 
the thermometer calibration, would produce the same 
fractional error in each case but, at the temperature of 
the lowest superconducting state point, 0.17°K, the 
measured C,, is greater than 7.1 exp(—1.34 T./T) by 
a factor of 4 although the measured C, apparently 
exceeds that calculated from Eq. (1) by only 7%. For 
the observed behavior to be entirely a consequence of 
temperature scale inaccuracies would require an error 
in the thermometer calibration at 0.2°K of about 0.035° 
which is well outside the estimated experimental error 
and which seems unlikely in view of the normal state 
results. The possibility that the high value of C., and 
C,, at the lowest temperatures might be due toanadditive 
heat capacity contribution which is present in both 
states but not included in Eqs. (1) or (2) can be ruled 
out by the observation that the additional term in C, 
would have to be twice the total superconducting state 
heat capacity at 0.17°K. Further support for these argu- 
ments comes from the results of measurements on zinc, 
made in the same apparatus under identical conditions. 
At all temperatures C,, shows the same percentage devi- 
ation from Eq. (1) as it does for aluminum but at 0.17°K 
C.. is greater than the extrapolated exponential by a 
factor of 2 compared to the factor of 4 for aluminum. 

A possible source of error peculiar to the supercon- 
ducting state measurements is the presence of “‘frozen- 
in” normal state inclusions produced as a result of the 


N. E. Phillips, Phys. Rev. Letters 1, 363 (1958). 
B. B. Goodman, Compt. rend. 246, 3031 (1958). 
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sample becoming superconducting in a low field from the 
magnet or the superconducting switch solenoid instead 
of in zero field. To account for the observed value of 
C., in the neighborhood of 0.2°K about 3.5% of the 
sample would have to be in the normal state. This seems 
unlikely in view of the ideal behavior of the sample in 
other respects but the possibility was checked by allow- 
ing the sample to become superconducting in zero mag- 
netic field, making use of the nonzero conductivity of 
the superconducting switch in the open position, and 
taking several heat capacity points just below T.. The 
presence of 3.5% of normal material would reduce the 
heat capacity by 2% at T, but, within the scatter in 
the points of 0.3%, the results were the same as those 
obtained when the sample became superconducting at 
0.17°K in a magnetic field and was subsequently heated 
to T.. 

The failure of an exponential function to express the 
temperature dependence of C,, at low reduced tempera- 
tures would argue against the existence of a constant 
energy gap at those temperatures. A recent and com- 
prehensive review of the experimental evidence related 
to the existence and temperature dependence of an 
energy gap” shows that there is general support for a 
gap of the form proposed by BCS but that this support 
is based largely on measurements at higher reduced 
temperatures. In addition, the interpretation of some 
of the Knight-shift measurements” seems incompatible 
with a vanishing density of states at the Fermi level. 

Most calorimetric data in the liquid helium region do 
not extend to low enough reduced temperatures to com- 
pare with the lowest temperature measurements in the 
present case. The work on vanadium” and tin™ extend- 
ing to T./T of 3.4 and 4.2, respectively, is within the 
range over which the data of Figs. 8 and 9 might be 
approximated by a straight line and the data for tin 
actually show about the same amount of curvature as 
do the aluminum results over their common reduced 
temperature range. Measurements on niobium to 
T./T=7 have recently been reported® which show de- 
viations from an exponential temperature dependence 
qualitatively similar to those in Fig. 8. 

In the adiabatic demagnetization region measure- 

28 Biondi, Forrester, Garfunkel, and 
Modern Phys. 30, 1109 (1958). 

* F. Reif, Phys. Rev. 106, 208 (1957). 

3% Chou, White, and Johnston, Phys. Rev. 109, 688 (1958). 


Satterthwaite, Revs. 


BETWEEN 


AND 4.0°K 





[ 1=(T/T)H,/ Ho | 








° O5 : 
(T/T?) 





Fic. 10. The critical field /7, shown as the deviation from the 
parabolic law, H.= Hol 1— (T/T)? ]. Ho= 103.0 gauss. 


ments made on zinc in the same apparatus show a de- 
viation from the exponential similar to that for alumi- 
num.”® Goodman’s data for aluminum? at temperatures 
below T/T = 2.5 show a less pronounced curvature on 
a plot of log C,, vs T./T than do the present results and 
could be approximated by an exponential with a smaller 
value of 6 but this would not represent the best fit in 
the region in which the parameters a and 6 have usually 
been evaluated. His data for vanadium give a low tem- 
perature increase in the value of b over the 1.5 observed 
for T./T between 2 and 4.7 


Critical Field 


The critical field, H,., has been calculated from the 
heat capacity data and is shown in Fig. 10 as the frac- 
tional deviation from the parabolic law, H.=Ho 
<(1-—(7/T.)? ]. The maximum deviation of 4% is com- 
parable to that found in other superconductors except 
mercury and lead** and to that predicted by the BCS 
theory. The calculated value of Ho is 103.0 gauss com- 
pared with the value 106 gauss obtained by the extra- 
polation of magnetic measurements according to the 
parabolic law.” 
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Diffusion of Ruthenium in Single Crystals of Silver* 


C. B. Prercet anp D. Lazarus 
Department of Physics, University of Illinois, Urbana, Illinois 
(Received December 5, 1958) 


The diffusion coefficient of ruthenium in monocrystalline silver has been measured over the temperature 
range 793°C to 945°C, using Ru’ and Ru! tracers, and a sectioning technique. The results may be ex- 
pressed by an Arrhenius relation as D= (180470) exp[— (65 800+ 1000)/RT] cm*/sec. The present result 
is consistent with earlier theoretical models, unlike the results obtained by Mackliet for Fe in Cu. 


HE rate of diffusion of Ru' and Ru into single 

crystals of pure silver has been determined over 
a temperature range 793°C to 945°C, using precision 
sectioning techniques. 

Large single crystals were prepared from Handy and 
Harmon 99.99% pure silver in a vacuum furnace. 
Cylindrical diffusion samples were prepared from these 
by methods described previously.! An extremely thin 
layer of ruthenium isotope, obtained from the Oak 
Ridge National Laboratory, was electroplated onto the 
specimens. Electroplated specimens were then sealed 
off in evacuated vycor capsules and placed in electron- 
ically controlled diffusion furnaces for times ranging 
from two days at the highest temperature to seven 
months at the lowest. An attempt was made to measure 
the diffusion coefficient at 725°C after an anneal of one 
year. However, the results were inconclusive and ap- 
parently much lower than could be expected on the 
basis of the other data. During the diffusion anneals, 
the temperatures were continuously recorded. Due to 
the long times involved, total temperature variations 
amounted to several degrees, but it was possible to 
determine the average temperature to within +1°C. 

After diffusion, the samples were sectioned in a pre- 
cision lathe and the activity in each slice determined by 
standard beta-counting techniques. In the two cases 
where Ru! was used as a tracer, each slice was dissolved 
in dilute nitric acid and counted with an immersion 
beta counter. Where Ru'® was used as a tracer, the 
cuttings were counted directly, using a thin end-window 
Geiger tube. 

Data analysis was complicated by the fact that all 
the plots of log(specific concentration) vs (penetration 
depth)? showed a sharp drop near the surface before 
leveling out into the straight line from which the dif- 
fusion coefficient is determined. This surface effect is 
presumably caused by the buildup of impermeable in- 
termetallic phases or by an extremely low solubility 
limit for ruthenium in silver. The effect was consider- 
ably reduced, although not completely eliminated, by 
using extremely small amounts of tracer, of the order 
of a few percent of one atomic layer in some cases. 


* Supported in part by the U. S. Atomic Energy Commission. 

t Convair predoctoral fellow. 

1Slifkin, Lazarus, and Tomizuka, J. 
(1952). 
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Because of this extremely limited amount of tracer 
which could be used and the small values of the diffu- 
sion coefficient, the relative precision of this experiment 
is considerably below that obtained previously with 
more soluble impurity tracers. 

The experimental results, together with estimated 
limits of error, are given in Table I. The temperature 
variation of the diffusion coefficient is shown in Fig. 1. 
Within the limits of error, the diffusivity is seen to 
vary exponentially with temperature according to the 
usual Arrhenius relation, D= Dy exp(—Q/RT), with an 
activation energy, Q=65.8+1 kcal/mole, and a fre- 
quency factor Do=180+70 cm?/sec. 

It is of interest to compare the present result with 
theoretical predictions based on consideration of the 
screening of an impurity atom in a metal,’ and with the 
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Fic. 1. Diffusion of ruthenium into silver. 
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experimental results of Mackliet® who studied tracer 
diffusion in the analogous system, iron in copper. 
Mackliet found that while iron diffused in copper with 
a somewhat higher activation energy than that meas- 
ured for self-diffusion, the quantitative agreement with 
theory was extremely poor, and, in fact, the activation 
energy for iron diffusion was lower than that for the 
less electropositive impurities, cobalt and nickel. In the 
present case, the result is in excellent qualitative and 
quantitative agreement with the screening model, par- 
ticularly as amplified by the more recent calculations 
of Blatt‘ and Alfred and March.® 

The present result is also qualitatively consistent 
with the well known rate-theoretic analysis of Wert and 
Zener,®’ although the quantitative agreement is poor. 
Substituting values of 8B=0.45 and \=0.55 (which give 
good results for diffusion of electronegative impurities 
in silver) into their equation Do=a?v exp(ABQ/RT,,), 

3C. A. Mackliet, Phys. Rev. 109, 1964 (1958). 

‘F, J. Blatt, Phys. Rev. 99, 600 (1955). 

5L.C. R. Alfred and N. H. March, Phys. Rev. 103, 877 (1956); 
Phil. Mag. 2, 985 (1957). 

®C, Wert and C. Zener, Phys. Rev. 76, 1169 (1949). 

7™C. Zener, J. Appl. Phys. 22, 372 (1951). 
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TABLE I. Diffusion of ruthenium in silver. 


Diffusion coefficient 
(cm?/sec) 


Temperature 
(°C) 


Tracer 
945.5 
941.7 
916 
900.2 


Ru! (2.74+0.08) & 107 
Ru (2.21+0.07) x 10-” 
Ru (1.5 +0.2) *10- 
Ru! (9.6 +0.3) K10~" 
856.2 Ru!% (3.17+0.12) XK 107" 
792.8 Ry 12 


and appropriate values for the lattice parameter a, the 
Debye frequency v, and the melting temperature 7,,, 
one calculates a value for the frequency factor Do=5.9, 
considerably less than the measured value. 
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Application of the Morse Potential Function to Cubic Metals 


L. A. Grrtratco AND V. G. WEIZER 
Lewis Research Center, National Aeronautics and Space Administration, Cleveland, Ohio 


(Received December 4, 1958) 


The Morse parameters were calculated using experimental values for the energy of vaporization, the 
lattice constant, and the compressibility. The equation of state and the elastic constants which were com 
puted using the Morse parameters, agreed with experiment for both face-centered and body-centered cubic 
metals. All stability conditions were also satisfied for both the face-centered and the body-centered metals. 
This shows that the Morse function can be applied validly to problems involving any type of deformation 


of the cubic metals. 


INTRODUCTION 
ECAUSE of the widespread use of central pairwise 
potential functions in the description of the solid 
state, a thorough study of the types of problems to 
which this function may be applied is quite desirable. 
The purpose of this paper is to investigate the appli- 
cability of a special type of pairwise potential function, 
the Morse function, to the description of the properties 
of cubic metals. 

After discussing the conditions which any potential 
function must satisfy if it is to describe reality, various 
crystal properties are expressed in terms of the Morse 
function. These include the cohesive energy, the lattice 
constant, the compressibility, the equation of state, and 
the elastic constants. Calculations are then done to 
determine the Morse function parameters, which are 
in turn used to compute the equations of state and the 


elastic constants for six face-centered and nine body- 
centered cubic metals. 


PROCEDURE 


A. General Properties of Potential 
Functions in Crystals 


If g(r) is the energy of interaction of two atoms a 
distance r apart, then, in order that g(r) represent the 
interatomic potential of two atoms in a stable crystal, 
it must satisfy the following conditions: 


(1) The force —d¢/0r must be attractive at large r 
and repulsive at small 7; therefore, g(r) must have a 
minimum at some point r= 70. 

(2) The magnitude of ¢ must decrease more rapidly 
with r than r~*. 

(3) All elastic constants are positive. 
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(4) Cu—Cy>0, where Cy, and Cj are elastic 


constants. 


Conditions (1) and (2) are results of simple physical 
considerations. The first arises from the existence of 
condensed phases, and the second is equivalent to 
requiring that the cohesive energy be finite. The two 
conditions taken together guarantee that the crystal 
will be stable with respect to infinitesimal homogeneous 
expansions and contractions of the lattice. 

Born and his collaborators,' through detailed analyses 
of the stability of crystal lattices, give conditions (3) 
and (4) for cubic crystal stability. These guarantee that 
the crystal be stable with respect to infinitesimal shear 
deformations. 


B. Crystal Properties in Terms of 
the Morse Function 


The potential energy ¢(r;;) of two atoms 7 and 7 
separated by a distance r,; is given in terms of the 
Morse function by 


¢ (rij) = DL ea ii) — Je alrii-ro) | (1) 


where a and D are constants with dimensions of recip- 
rocal distance and energy, respectively, and ro is the 
equilibrium distance of approach of the two atoms. 
Since ¢(ro) = —D, D is the dissociation energy. 

In order to obtain the potential energy of a large 
crystal whose atoms are at rest, it is necessary to sum 
Eq. (1) over the entire crystal. This is most easily done 
by choosing one atom in the lattice as an origin, calcu- 
lating its interaction with all the other atoms in the 
crystal, and then multiplying by V/2, where NV is the 
total number of atoms in the crystal. Thus the total 
energy ® is given by 


@=1ND > [e 2a(rj—r , (rj—ro 4 (2) 


where r; is the distance from the origin to the jth atom. 
It is convenient to define the following quantities: 


L=1ND, (3) 
B= e2", (4) 
r;=[m?+n;?+1; }'a= Mya, (5) 


where m;, n;, 1; are position coordinates of any atom in 
the lattice. Using (3), (4), and (5) in (2), the energy 
can be written 
&(a)= LB? > e2224i— 218 > e-22Mi, (6) 
j J 
The first and second derivatives of (6) with respect to 
a are 


db da =—— 2alp? z= Me 2aaMj 
+2LBa >> Mje-**™i, (7) 


j 
1M. Born, Proc. Cambridge Phil. Soc. 36, 160-172 (1940). 
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@?/da?= 4c? LB? > Me" M, 
J 
—2a°Lp = Me-**™i, (8) 
j 
If, at absolute zero, ao is the value of a for which the 
lattice is in equilibrium, then ®(ao) gives the energy of 


cohesion, [ d®/da Jay vanishes, and [d*/da? }ay is related 
to the compressibility. That is, 


P (ao) == Uo(ao), (9) 


where U (ao) is the energy of sublimation at zero 


pressure and temperature, 
(d®/da)a,y=9, (10) 


and the compressibility is given by 


1 aU da’? 
—_ = vo( ) = vo( reg ) ’ 
Koo dV? ag dV? ay 


where Vo=volume at zero temperature, and Kyo=com- 
pressibility at zero temperature and pressure. Using 
the relation 


(11) 


J '/N= Ca". 


where c=4 for body-centered crystals and c=2 for 
face-centered crystals, (11) may be written 


1 1 (—) 
—— 9c N ay da’ ares. 


(12) 


It is possible to compute the equation of state from 
®. If it is assumed that the thermal part of the free 
energy can be adequately represented by the Debye 
model, then the Helmholtz free energy is given by 

A=6+3NhkT In(1—e~-"7)—NRTD(O/T), (13) 


where k= Boltzmann’s constant, T= absolute tempera- 
ture, 0= Debye temperature, and 


6 ‘i 3 6/T el 
o(—)-3(—) fo ae 
f i 6 0 e™—1 


TABLE I. Morse potential constants for the pairwise atomic inter- 
action in cubic metals, g= DL e722 ("7-7 — 2e- #7570) J, 


(14) 


ro=A 


3.733 
3.115 
2.780 
2.866 
3.253 
4.569 
4.988 


D(ev) 


0.2348 
0.3323 
0.4205 
0.3429 
0.2703 
0.1623 
0.1513 
0.8032 
0.9906 
0.4414 
0.4174 
0.1416 
0.05424 
0.06334 
0.04485 
0.04644 


a=A™ 


L(ev) X10-2 


7.073 
10.012 
12.667 
10.330 

8.144 

4.888 

4.557 
24.197 
29.843 
13.297 
12.573 

4.266 

1.634 

1.908 

1.351 

1.399 


Metal ado B 


Pb 2.921 
2.788 
2.500 
2.450 
2.347 
2.238 
2.238 
2.368 
2.225 
2.260 
1 
1 
1 
1 
1 


1.1836 
1.3690 
1.4199 
1.3588 
1.1646 


83.02 
71.17 
51.78 
49.11 
44.17 
39.63 
39.63 
88.91 
72.19 
75.92 
51.97 
.650 34.12 
293 23.80 
.267 =23.28 
23.14 
22.15 


988 
0.65698 
0.49767 
0.58993 
0.41569 
0.42981 


.260 
1.206 





MORSE 


Since the pressure is given by P=—(0A/0V)r, (13) 


leads to the equation of state: 
0 
DU —}, 
T 


where y is Griineisen’s constant and V is the volume. 

In his first paper on the stability of crystal lattices, 
Born (reference 1) developed equations by which the 
elastic constants of cubic monatomic crystals, whose 
atoms are all at rest and interact according to a central 
pairwise force law, can be computed from the inter- 
atomic potential energy. These equations are 


1 db 3yRT 
p=——+4—— (15) 


3ca* da V 


a‘ 
Cu=— > msD;¢(r;), 
2V 3 


4 
: > mn?D; ¢(r;), 


d 


a 
Cr=Cu= 


where the operator D; is defined by 


1d 
D;=- : 
r; df; 


and V is the volume per atom. 

Substituting the Morse potential for g(r;) results in 
the following : 
mte-@oMi 


2Da?a"*B" 
V M ; V M; 


mie20eM; ~=Da*a’B 


Cu= 


me oN) DaaB mses 


Daag? 
yeas 


’ 


M; V M; 


2De?a23? 2aaM; 


m;'n;"e 
J M; 


2 72 24 20 aM 
Da?a’B _ m;n;e-2e™: 


V GF MM? 


2aaM; 


Daas? — m?n;*e 
: 3 

y M, 

Daag mn re~ 29M 

+? . 


— 
v 5 M8 


C. Numerical Calculations 


Calculation of the three constants, a, L, and £, in the 
Morse potential was performed by solving Eqs. (9), 
(10), and (11), using experimental values for the energy 
of sublimation, the compressibility, and the lattice 
constant. The results are listed in Table I. the experi- 
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Fic. 1. Equation-of-state curves for copper and sodium. 


mental values were taken from compilations by Furth? 
and Slater.’ 

Equations (15), (19), and (20) permit a straight- 
forward calculation of the equation of state and the 
elastic constants. Experimental compressibility data, 
for purposes of comparison, were taken from works by 
Bridgman‘; values of @ and D(6/T) were taken from 
existing tables.*-* In order to compensate for errors in 
the selection of @, and to give a consistent set of values 
of y, y was obtained by calculating it from the require- 
ment that at one atmosphere pressure, Eq. (15) must 
lead to the correct molar volume. The values of y 
computed in this way are given in Table II. 

All lattice summations were calculated using an 
IBM-653 digital computer. 


RESULTS AND CONCLUSIONS 


In applying the four stability criteria to the Morse 
potential function, the following results are found: 

1. Condition (1) is satisfied. This is obvious from 
inspection of Eq. (1). 

2. Condition (2) is satisfied. This stems from the 
fact that finite values of the Morse parameters are 
obtained when a finite value of the energy of vapori- 
zation is assumed. A list of the calculated parameters is 
given in Table I. 

3. Condition (3) is satisfied. All the calculated elastic 
constants are positive as can be seen from Table II. 
Also contained in Table IT are the experimental values 


2 R. Furth, Proc. Roy. Soc. (London) A183, 87-110 (1944). 

3J. C. Slater, Introduction to Chemical Physics (McGraw-Hill 
Book Company, Inc., New York, 1939). 

4P. Bridgman, Proc. Am. Acad. Arts Sci. 58, 151-161 (1923); 
60, 385-421 (1925); 60, 305-383 (1925); 67, 345-375 (1932); 74, 
11-20 (1940) ; 74, 21-51 (1940); 74, 425-440 (1942). 

5R. H. Fowler and E. A. Guggenheim, Statistical Thermo 
dynamics (Cambridge University Press, Cambridge, 1939). 

6 N. Mott and H. Jones, Properties of Metals and Alloys (Oxford 
University Press, London, 1936). 

7C. Kittel, Introduction to Solid-State Physics 
Sons, Inc., New York, 1953). 

5’ W. P. Binnie, Phys. Rev. 103, 579-80 (1956). 

*E. J. Post, Can. J. Phys. 31, 112-119 (1953). 


(John Wiley & 
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TABLE II. Values of Griineisen’s constant y and the elastic constants. 


Cu X1072 
(expt.) 


0.189 (0°K) 
0.461 
1.185 
0.818 (0°K) 


Cw X10-2 
(expt.) 


CwX10-% 
(theory) 


0.3705 
0.8959 
1.6348 
1.2309 


Cu X10-% 
(expt.) 
0.67 (0°K) 
1.240 
2.50 


Cu X10 


Metal (theory) 


Pb 
Ag 
Ni 


0.57 (0°K) 
0.934 

1.60 

1.249 (0°K) 


0.5565 
1.3239 
2.3292 


1.762 (0°K) 
1.129 


1.7424 
0.9396 
0.2079 
2.9408 
3.3828 
2.0128 
1.8586 
0.10579 
0.0345 
0.0712 
0.01800 
0.0233 


Cu 
Al 
Ca 
Mo 
W 
Cr 
Fe 
Ba 
K 
Na 
Cs 
Rb 


0.6721 


2.8944 
3.2773 
1.9625 
1.6735 


4.6 
5.01 


2.37 


0.0459 (77°K) 0.0282 


0.0945 (90°K) 
0.0187 


of the elastic constants.'!® The experimental and theo- 
retical values of C,; are in reasonable agreement. The 
theoretical values of Cy2 are generally in closer agree- 
ment with the experimental Cj. values than the 
experimental C4, values. The Cauchy relation Cj2=C4s, 
which is a consequence of any central force law, is of 
course not satisfied experimentally in metals. 

4. Condition (4) is satisfied. 

It is also found that the theoretical equations of state 
compare quite favorably with experiment. Figure 1 
gives a typical comparison between the theoretical and 
experimental equation of state curves. Equation-of- 
state calculations for the other metals show about the 
same degree of agreement between theory and 
experiment. 

It can be concluded, therefore, that for cubic metals, 
the Morse potential can be applied to problems in- 


1 J. deLaunay, in Solid State Physics, edited by F. Seitz and 
D. Turnbull (Academic Press, Inc., New York, 1956), Vol. 2. 


0.1509 


0.0919 


0.0578 
0.0146 


0.665 0.278 


1.09 
1.514 


1.79 
1.98 
1.41 1.160 


0.0263 (77°K) 
0.0618 (0°K) 


0.0372 (77°K) 
0.0779 (90°K) 


volving any kind of a lattice deformation, that is, either 
homogeneous expansion or contraction, or shear 
deformation. 

The estimates of the validity of the Morse potential 
in metals given in the preceding paragraphs apply to 
a perfect crystal. An additional complication is intro- 
duced if defects are present. The Morse constants 
computed from the energy of vaporization, the lattice 
constant, and the compressibility refer to a perfect 
lattice, and reflect its electron distribution. The presence 
of a defect, however, alters the electron distribution, 
and it is difficult to estimate how this altered distri- 
bution would affect the Morse constants of the atoms 
in the vicinity of the defect. It would be expected, 
however, that this effect would be more serious for 
body-centered than for face-centered materials. 

For a more detailed treatment of the calculations 
mentioned in this paper, the reader is referred to an 
NASA report No. 5, 1958, by L. A. Girifalco and 
V. G. Weizer. 
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The theory of the hot-electron problem in many-valley semiconductors based upon the individual ellip- 
soidal energy surface model is extended for germanium to the circumstance of a superposed magnetic field B. 
A first approach, ignoring collisional effects, allows ready delineation of the electron orbits; directional 
energy gain is evaluated for Eio9 and Ey19 with B rotated in longitudinal and transverse orientations. The 
anisotropy is found to be quite marked (decidedly stronger than for B=0), with the longitudinal arrange- 
ment more effective than the transverse one. The introduction of scattering considerably complicates the 
analysis and here consideration is given to the effective ratio 6 of Larmor to scattering frequency. In the 
limit b—» © and the scattering decidedly anisotropic, transverse energy gain vanishes; whereas in the 
longitudinal alignment, the energy gain becomes extremely anisotropic. The shift in the optimal energy gain 
direction(s) is noted for selected combinations of E and B and comparisons made with the case B=0. As 
b — 0, the anisotropy diminishes; detailed calculations have been performed for b=1, 0.1, and © for the 
limiting cases of isotropic and strongly anisotropic scattering. 


INTRODUCTION 


N a previous work, the hot-electron problem in 

many-valley semiconductors like germanium and 
silicon was especially examined from the point of view 
of the nature of the anisotropy.’ The present article 
considers the same question in the more complicated 
circumstance of a superposed magnetic field. 

Experimental observations of breakdown in poly- 
crystalline germanium at low temperatures (where 
presumably impurity ionization is involved) reveal that 
a magnetic field decidedly increases the threshold 
electric field.2 There evidently has been no reported 
research on the phenomenon in oriented single crystals. 
It is the purpose of this paper to deal primarily with the 
anisotropy factor in the temperature region of interest 
where the individual ellipsoidal energy surfaces make 
their separate contributions to the breakdown process. 
The contribution of the external magnetic field may be 
characterized in terms of the ratio of Larmor to collision 
frequency. The directional nature of the breakdown 
will embody this parameter, allowing also for possible 
anisotropic scattering. 

The limiting case of zero scattering will be described 
for purposes of comparison with the nonconservative 
situation and for delinearation of the ideal cyclotron 
orbits that may occur in a tensor-mass medium. 
Actually, this case is also representative of the situation 
where the collision time is much longer than the oscilla- 
tion period. 


CONSERVATIVE EQUATIONS OF MOTION 
FOR MANY-VALLEY ELECTRONS 


In considering the component from the basic vector 
equation 


*The research reported in this document was supported 
jointly by the Army, Navy, and Air Force under contract with the 
Massachusetts Institute of Technology. 

+ Present address: Edgerton, Germeshausen, and Grier, Inc., 
160 Brookline Avenue, Boston 15, Massachusetts. 

1L. Gold, Phys. Rev. 104, 1580 (1956). 

2.N. Sclar and E. Burstein, J. Phys. Chem. Solids 2, 1 (1957). 


d 
Phi = qE+qvXB, 
al 


(1) 


it is convenient to choose Cartesian coordinates with 
the z axis always along the direction of the magnetic 
field B and the components of the electric field E com- 
pleting the orthogonal system. Accordingly, the mass 
tensor m in the cubic reference frame will need to be 
transformed to these axes. Thus, the components of (1) 
become, after some reduction, 


M3 
My.+Mi,= ——qE.+qE,+qB»,, 
™33 


M23 
M3.+M,= ——qE.+qE,— Boz, 
M33 


1 
t,=——E,——(m31b + m2), 
M33 M33 


where the abbreviations 
Mm 43M) 


M,=m-— 5 aie” 
M33 


M 13M 32 
Mo=my.— 3 
M33 
(2a) 
Mo3™M31 
M;= M21— ; 
M3 


Mo3M29 
M, = Mo.—- ; 
M33 


have been made; m;, are the tensor components of 
mi in the reference frame chosen. The treatment will be 
perfectly general until m in the cubic reference frame is 
specified. For n-germanium, it has been demonstrated?’ 
that 

5o(K—1) 
s,(K—1)], 

K+2 


K+2 
Meubic = ime 53(K—1 ) 
5o(K—1) 


53(K—1) 
K+2 
5,(K—1) 


(3) 


3L. Gold and L. M. Roth, Phys. Rev. 103, 61 (1956). 
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TABLE I. Transformation matrices from cubic to magnetic 
coordinates. Case (a) for Ejoo, B in (010) plane with E,=0, 
E,=E siné, E,=E cos6. Case (b) for Ey,0, B in (110) plane with 
E,=E cos6, E,=0, E,=E sin. Case (c) for Ejo0, B in (100) plane 
with 6 angle between B and [010] direction. Case (d) for Ejio, 
B in (110) plane with @ angle between B and [001 ] direction. 


(a) (b) 


, , , , 


x2 xs x1 x2 

$v2 cos6 ~—4v2 

$v2 cosé $v2 
—sin@ 0 


sin6 cosé 
0 0 
cosé siné 


(c) (d) 
xi’ xy’ x3" xi’ x2’ 
v2 4v2 cos6 
2 42 cosé 
—sin@ 


4v2 sind 
v2 sind 
cosé 


1 0 0 x ~4} 
0 siné V 
0 —cosé 


cosé Xe } 
sind X3 0 


where m, is the transverse mass and K=m,/m,, the 
ratio of longitudinal to transverse mass. The s; take on 
values of +1 for appropriate designation of each of the 
four-sets of ellipsoidal energy surfaces. This tensor will 
need to be transformed later to the magnetic reference 
frame. 

The solution for the system of Eqs. (2) derives from 


N,d?v, dt?+ Nodv, dt+N3v,+ Ny= 0, 
N,d°v, /dt?-+Nodv,/dt-+Nyo,+N;=0, 


(4) 


which have the coefficients 


Ni=M,M.—MoMs;, N3=9°B?, 


Mos M43 (4a) 
Ny= 5( E,- ry), N;= B( E,). 
M33 M33 


The velocity expressions resulting from (4) are of the 
form 


No=(Ms—M2)gB, 


Ng 5 
‘ coswi— 


Vz, ,=const e~!(N2/N1 (5) 


7] 


Physically meaningful solutions must be free of the 
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damping exponential factor—in fact, the mass tensor 

m;,|| must be symmetrical with mj,=m,;, as will be 
demonstrated. Hence M.= M; and N.=0. The angular 
frequency w is given by 


N3 q’B? 


N, M.M.—-M? 


(6) 


A secular solution for the cyclotron frequencies with 
B arbitrarily oriented has already been reported 
elsewhere.‘ 

The specific character of the trajectories will very 
much depend upon the relative orientations of B and E 
so that further discussion requires specialization to 
systems of interest. For these are selected E along a 
high-symmetry direction with B rotated either in the 
plane to which E is orthogonal or in the high-symmetry 
plane containing E. 


A. High-Symmetry “Longitudinal” Alignments 


Consideration is given to (1) Ejoo with B in (010) 
plane, and (2) Ey19 with B in (110). For the former the 
angle @ is between the directions of E and B; @ in the 
latter case is between B and the [001 ] direction. Table I 
contains the respective transformation matrices from 
which |'m,, is evaluated via 


Ox; OX, 
M 50 =—— —_m;,.= 310 jx, 
Ox; OX; 


(7) 


where m, is the transverse mass in the ellipsoid reference 
frame. The aj, are found in Table II. 
The system of Eqs. (2) now may be written in the 
form 
M,0,+ M2i,= Ei+qB2,, 
M»b.+ M,,= E.—qBv,, 


(1) Ejoo and B in (010) plane has E,=0, 


(8) 


where 


TABLE IT. Components of the mass tensor in the magnetic reference frame m;-,: = 4mzajx. See reference 1 for mass tensor in cubic reference 
frame and the meaning of the s; for the ellipsoidal energy surfaces of germanium. K =m/m:. 


(a) Eioo, B in (010) plane 


K+2 

K+2—2s.(K —1) sin@ cosé 
K+2+2s2(K —1) sin@ cosé 
(K — 1) (s3 siné—s, cos6) 
(K —1)(s3 cos@+s; sin@) 
s2(K — 1) (sin?@—cos*@) 


(c) Exoo, B in (100) plane 
K+2 

K+2—2s,(K —1) sin@ cosé 
K+2+2s,(K—1) sin@ cosé 
(K —1) (s3 sin@— 52 cos@) 

(K —1) (ss cos@+-se sin@) 

S,( K 1) (sin?6@—cos?6) 


*L. Gold, J. Electronics 2, 131 (1956). 


(b) Eis, B in (110) plane 


K+2+ (K —1)[s3 cos?@—2(s,;+-52) sin@ cosé ] 
K+2-—s;(K—1) 

K+2+(K—1)[s3 sin?@+v2(s:+52) sin@ cosé] 
3V2(K —1)(se—s;) sind 

(K —1)[s3 sin@ cos8+4$v2 (s; +52) (cos?@—sin?6) ] 
$vV2(K —1)(s1—S2) cos 


(d) Ejio, B in (110) plane 


K+2—s;(K—1) 
K+24+(K-1 ‘os cos?@— V2 (s;+s2) sin@ cosé | 


K+2+(K—1)[s3 sin?@+-v2(s,;+52) sin@ cosé | 
(se—s1) (K —1)4$v2 sind 

(s;—S2) (K —1)}v2 cosé 

(K —1)[4v2(s1+52) (cos?@—sin?@) +s; sind cosé ] 
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E,=E sin, E,= E cosé, whence 


M43 
E,\=—- 


M23 
gE cos8, p= gh( sino cost) (8a) 
M33 


M33 

(2) Ey1o and B in (110) plane has F,=E cos6, E,=0, 
E,= FE sin, whence 

Moz 


M3 . E 
Fx=gh( cox - sino), E.= —qE— sin. 


M33 M33 


(8b) 


The complete solution for (8) entails considerable 
labor. The results 


v,=—(1—coswt) +—(M,4E\— M2F2) sinat, 
gB ayn 
Ey 1 
= —(1—coswt)+ (M Fo—M2k)) sinw/, 
gB WU 


(9) 


where n= M,M,—M,”, can be shown to satisfy (8) for 
the initial conditions 1,=7,=0 at ‘=0. The associated 
displacements are 


E» 1 1 
x= (- sinat )+ : (Mok.— M4) (coswi—1), 
gB w g°B 
(10) 


y=-- (- snat ) + —(M2E1— ME) (coswt—1), 
q ia 


gB w “p 

which fulfill the initial requirements x= y=0 at ‘=0. 
The z components of velocity and displacement involve 
Eqs. (9) and (10) in the following way: 


1 
(m31Vz+mM320,), 
M33 


qg 1 
= eh (myix+my2y), 
2 M3 M33 


with the initial conditions, 7,=z=0 at ‘=0, built in. 


B. High-Symmetry Transverse Alignments 


A number of approaches may be used to elaborate 
these solutions. Indeed, the analysis for the longitudinal 
alignments, with suitable transformations, can be 
employed for this purpose, preserving the mass-tensor 
components listed in Table IT. 

However, a more generalized attack utilizes the 
Cartesian reference frame defined by EB, where 
B=kB, and E=iF,. Hence, Eqs. (2) reduce to 

M,0.+M #,=qE+qBv,, (12) 
M3.+M4i,=—qB1,, 


where the M; are preserved as in (2a). Then with 
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N2= N4=0 in Eq. (4), the velocity-component solutions 
are 


v,= (E/B)(coswt—1)+C sinwt, (13) 


v1,=A sina, 


for the initial condition vy=0 at ¢=0. It then 
follows that the constants A and C are given by 


C= —(M2/M,)A, (14) 


where 


A=qE/m*w, m*=(MiM,—M,?)/M,,. (15) 

Now explicit solutions are sought for the two cases: 
(1) Ejoo and B in the (100) plane, and (2) Eji0, B in the 
(110) plane. The transformation matrices (c) and (d) in 
Table I for these respective alignments secures the 
aj, (c) and (d) in Table IT; the similarity to the longi- 
tudinal cases will be noted. The angle 6 for (1) is that 
defined by B and the [010] direction, whereas for (2) it 
is the angle determined by B and the [001 ] direction. 


ENERGY GAIN RELATIONS FOR 
CONSERVATIVE MOTION 


The expressions for the energy are quite different for 
the longitudinal and transverse combinations. In the 
Appendix the manner for calculating the longitudinal 
energy relations is indicated by showing the details for 
the scalar mass. The result for the tensor mass is of 
similar form, but with the particular complication of 
cross terms involving the velocity components. For 
simplicity the angular dependence of the energy gain 
may be studied from the nonperiodic contribution 
alone. Thus for Ejoo and B in the (010) plane, 


1g 
= cos’6, 
2 M33 


O0<0<har 


m33= 4m_K+2+2s2(K—1) sind cosé ], 


whence for the doubly degenerate ellipsoids the angle- 
dependent term becomes 


cos"6/(K+2) 


(17) 
1+[(AK—1)/(K+2) | sin26 


F (6) 


Figure 1(a) depicts the behavior of (17), showing a 
strong anisotropy with optimal energy gain for @ about 
41°. The same considerations applied to the case Ejo 
and B in the (110) plane, where 


1h 
w= 


sin2?@, O0<0<4n 


2 m3 
M33 >= dm [ (K+2)+ (K—1)(s3 sin? 
+v2(si+52) sin@ cosé | 
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Fic. 1. Angular dependence of the energy gain for electrons in germanium in the absence of scattering with the magnetic field rotated 
in the following crystallographic planes for the specified directions of the electric field. (a) E1oo, B in (010) plane; E never 1 B. (b) 
Ei10, Bin (110) plane; E never 1 B. (c) Exo, Bin (100) plane; E always 1 B. (d) Eno, B in (110) plane; E always 1 B. See text for 
meanings of F (6), W(mo/m,), and numbering of curves. 


lead to angular dependence Turning next to the transverse energy relations, it is 
far simpler to deduce the energy gain from the potential 
energy expression 


sin?6/(K-+-2) 
14+[(K—1)/(K+2)](sin20+2v2 sind cosé)’ (EA 
(19) W por= qEx= (1—cosw#). (20) 
. sin#/(K+2) w 
Pen, 
1—[(K—1)/(K+2)] sin*6 It is convenient to compare energies at the peak of the 
trajectory, so (20) becomes 


F,, (6) =—— 


In Fig. 1(b) the energy gain for electrons associated 
with the four sets of ellipsoids is shown; here, the 2g?k? EP 
optimal energy gain is for 0=90°, i.e., for B along the W pot = =2—M,. (21) 
[110] direction. m*w? B? 





HOT-ELECTRON BEHAVIOR IN 


Making use of Table II (c) and (d) the specific energy 
gains are calculated. 

Thus for Ejo0 with B in the orthogonal (010) plane, 
one obtains 


FE? (2K +1)/(K+2) 


W =2—m- - — —, 
B? 1+[(K—1)/(K+2)] sin26 
The angle-dependent term is plotted in Fig. 
showing maximal energy gain for Bio. 
The other orthogonal arrangement of Ej; and B in 
the (110) plane provides the energy gain relations 
FE? K-1 1 
Wy 1w=2m,- (:-— sn) . 
B? K+2 
E? K/(K+2) 
Wi.1v=6m,— _ : . 
B? 1+[(K—1)/(K+2) ](sin?@+v2 sin2@) 


These are plotted in a normalized form: 


1(c), 


(23) 





m+ 
Wi, | ada Fy (0), 
mo 
(23a) 


me W 


Wuriv=3 7 F,(0), W= ; 
my mE 2/B? 
in Fig. 1(d) which reveals largest energy gain for the 
Bio position. 

Thus the preliminary analysis based upon the no- 
scattering limit forcefully demonstrates the enhanced 
anisotropy to be expected for breakdown in a superposed 
magnetic field. It will now be appropriate to enter into 
the more realistic circumstance of scattering contribu- 
tion to the electron energy gain. Here a detailed 
comparison of energy gain with and without a magnetic 
field will be presented. 


NONCONSERVATIVE EQUATIONS OF MOTION 
FOR ELECTRONS IN GERMANIUM 


The formalism already developed for the galvano- 
magnetic behavior®> may be taken over with the 
inclusion of an anisotropic scattering tensor utilized for 
the zero magnetic field problem dealt with earlier’: 


V1 0 0 
Vellipsoidal > 0) Vi 0 
0 O ww 


in the equation of motion 


(24) 


(25) 


d 
alll ai eel (m-y). 
at 


The steady state or terminal velocity solution now 
becomes (see reference 1) 
aE 
v= = 
ng m*y, A 
5 L, Gold and L. M. Roth, Phys. Rev. 107, 258 (1957). 


q 1 


Oj E. (26) 
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The modified A and o;, (components of the conductivity 
tensor #) become, because of the anisotropic scattering, 
A=det’'/KK’, 


'=KK’+b?+}3(KK’— 1) (s1b1+-52b2+53b3)?, 
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b= qB/mm, K’=v./v, 
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TABLE III. Relative energy gain for three values of the ratio of Larmor to scattering frequency b= », 1, and 0.1; 
the influence of the scattering anisotropy is illustrated by passage from K’=1 to 2. 
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and the 6; are the components of b. The s; values are 


given in the related papers.*:> For the velocity com- 
ponents themselves it follows that 

gE 1 
-—= (hoyle: +1303;), 1=1, 2, 3. 


(30) 
m* vy, A 


The /; are the direction cosines for the electric vector E. 
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Fic. 2. Effect of scattering on angular dependence of electron 
energy gain for longitudinal alignment Ejoo, B in (010) plane; 
compare with Fig. 1(a). (a) Cyclotron and scattering frequencies 
comparable, b=1. Isotropic scattering A’=1 for dashed curve, 
whereas extreme anisotropy A’ — ~ for solid curve. (b) Cyclotron 
frequency far greater than scattering frequency, b + «. Dashed 
curve, K’=1; and ©, points for A’ 
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ENERGY GAIN IN THE PRESENCE 
OF SCATTERING 


The kinetic energy relation is given by! 


23 


W=- >> m,030;, 
) i=1 


j=1, 2,: 


= 3 {mit +m ,? +3302 + 2m 2020, 


+2my3020-+2mo30,22}, (31) 
where the m;; are the mass tensor components contained 
in Eq. (3). 

Thus the directional energy for electrons associated 
with the four sets of ellipsoidal energy surfaces is 
calculated from 
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Fic. 3. Effect of scattering on angular dependence of electron 
energy gain for transverse alignment Ejoo, B in (100) plane; 
compare with Fig. 1(c). Plot shown for b=1, dashed curve K'=1, 
solid curve A’ For 6=0.1, the angular dependence is more 
isotropic. The limit b + »% corresponds always to W =0, 
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Fic. 4. Effect of scattering on angular dependence of energy 
gain for transverse alignment Ejj0, B in (110) plane; compare 
with Fig. 1(d). Plot shown for b=1. The case 6=0.1 is weakly 
angle-dependent and for b > «©, W always vanishes. 


where “c.p.” means cyclic permutation. Detailed 
numerical work based upon Eq. (32) has been performed 
for K‘=1 and K’— ~ with three common values for 
b, viz., b=0.1, 1, and «. The data are contained in 
Table III. 

Plots displayed in Figs. 2-5 correspond to those of 
Fig. 1 for the no-scattering limit; the effect of aniso- 
tropic scattering may be discerned by comparison of 
similarly oriented E and B. Thus (2a) and (2b) reflect 
the effect of collisions on the behavior exhibited in 
Fig. 1(a). Figure 3 is to be compared with Fig. 1(c), 
Fig. 4 with Fig. 1(d), and Figs. 5(a), (b) with Fig. 1(b). 

The next set of figures was composed to investigate 
the influence of a prescribed orientation of magnetic 
field on the energy gain as the electric vector is rotated. 
Figure 6 resembles Fig. 1(b) of the B=0 study.! 
Increased anisotropy of scattering does not strongly 
influence energy gain. This transverse combination of 
E and B is to be compared with the longitudinal 
arrangement displayed in Fig. 7, where the peak energy 
gain shifts from Ey,9 to Ejoo. The behavior shown in 
Fig. 1(a) for' B=0 is to be compared with that con- 
tained in Fig. 8; maximum at [112] continues to shift 
toward [111] until for 6— © this limiting position 
attained for K’=1. The longitudinal alignment corre- 
sponding to Fig. 1(a) (B=0) exhibits the behavior of 
Fig. 9; the maximum energy gain now alters from [112 ] 
to [110]. 
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Several other interesting combinations of oriented 
electric and magnetic field have been investigated. 
Thus, the complementary longitudinal alignment for 























ie) 40 
Boos Bir2 


60 
Bins 


(b) 


80 100 


Bio 


Fic. 5. Effect of scattering on angular dependence of energy 
gain for longitudinal alignment Ej:0, B in (110) plane; compare 
with Fig. 1(b). The case b=1 is depicted in 5(a) with solid curve 
for K’=1 and dashed curve for K’ — » ; 5(b) shows the effect of 
b — © with curve for K’=1 and circles for K’ > ~. 





HOT-ELECTRON BEHAVIOR 


























90 
oot) 


6 (degrees) 
(b) 
Fic. 6. Effect of magnetic field on energy gain for E rotated in 
a (100) plane. Bioo is in transverse alignment with E. Compare 
with Fig. 1(b) for B=0.' (a) Scattering effect for b=0.1. (b) 
Scattering effect for b=1. In the usual manner for transverse 
alignment, b — ~ produces zero energy gain. 


Fig. 5 is depicted in Fig. 10. Here only two curves are 
obtained, instead of the three for the four sets of ellip- 
soidal energy surfaces, and the symmetry is unlike 
Fig. 1(b) (B#0). Finally the parallel situation for 
Fig. 9 appears in Fig. 11; again only two of the four 
energy surfaces, instead of three, manifest themselves 
independently. 
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Fic. 7. Effect of magnetic field on energy gain for E rotated in 
(100) plane, but now Boio is usually longitudinal to E. Also 
compare with Fig. 1(b) for B=0. (a) Scattering effect for b=0.1. 
Note the shift in the peak toward [100] for isotropic scattering 
K’=1. (b) Scattering effect for b=1; the peak shifts more strongly 
toward [100] for K’=1. The limit b— © shifts the peak com- 
pletely to the [100] direction for K’=1, but K’ — & gives only 
zero energy gain. 
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Fic. 9. Effect of magnetic field on energy gain for E rotated in 
(110) plane but Bjio always longitudinal to E. Also compare with 
Fig. 1(a) for B=0.! (a) For 6=0.1, the peak is still near [112]. 
(b) For b=1, the peak is now at [110]. (c) For b= ~, the peak is 
still [110], but the anisotropy is very strong. 
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Fic. 10. Energy gain for Ejio, B rotated in (110) plane in con- 
stant longitudinal alignment. Compare with Fig. 5. (a) b=0.1; 


K’'=1, solid K’ > ~. (b) b=1.0; 


(c) b— ~; © circles for K’ > ~. 
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Fic. 11. Energy gain for Bjio, E rotated in (110) plane with 
longitudinal alignment. Compare with Fig. 9. (a) 6=0.1. (b) 
b=1.0. (c) b> &; K’=1; © circles for K’ > «, 
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APPENDIX 


The longitudinal alignment of B and E for the 
isotropic mass electron leads to the component equations 


mi,=qE,+q0,B, 
mv, = —qvzB, (A1) 
mi,=gE., 
where B= B,. With initial requirements v,=1 
at ‘=0, one finds 
v,=A sino, 
v,= — E,/B(1—coset), 
= (q/m)E,t, 
and the related displacements 


(1—coswl), y= 


w 


° 


(q/m)EL. 


The constant A is evaluated by direct substitution of 
(A2) into (A1) in similar fashion as was done in arriving 
at (14) for the nonscalar mass. Thus in evaluating the 
energy gain, the value of A is gE,/mw=E,/B. The 
kinetic and potential energies are formally 


; dx : dy . dz 
Wker -f mv, at f mv, at f mi,—dt, 
0 dt ( dt 0 dt 


) 


(A4) 
: dx , dz 
Woo fw art f gE,—dl. 
0 dt 0 dl 


Explicitly, one obtains for the energy 


FE. 


W pot ( 
/ 


The energy relation for the electrons in germanium is 
calculated similarly; but now, because of the tensor 
mass, cross products of the velocities enter and the 
algebra becomes quite cumbersome. The Wyot now 
contains all three components of E, so via (9) and (11) 
one finds 


‘ ky ky 
W pot -f | —qE,—+¢qE, coswt 
0 gb gB 


gk, 
+ sinw![ M,F2— M2, | dt 
wy 


f=W g.. (A5) 


9 
g- 


2 1g? 
) m(1—coswl)+ 
) 


m 


> 


> 


Eo gh, 
é _ coswl 


fu 


“GB gB 


GOLD 
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+ . sinw!l M,E,— MoE» | 
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+f 1F.| 


sinwl 
a . 
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FE» 


= 1—cosw?) 
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M33 =™33 


(MF, 5 ues 


sinwf 
Wy 


The solution of (A6), after some manipulation, may be 
put into the form 


1 
p4- ( E,Ey—EyE; 
B 


)(-2) 


| E,(M,E2— M2k\)+ E.(M4k\— Mek») 


1gEe 
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X (1—cosw), (A7) 
which clearly reduces to (A5) in the scalar-mass limit. 
The Wx«.5. is formulated as 


9m 9 


‘ied 
M33 


1 1 « 
Wr E.=~—( M 11 ot M 4Uy) + M20,0y+ (A8) 
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whence one obtains the result 
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" 1 
?+—(M,E2+ M,E?~—2M2E\E2) 
M33 g°B? 


1@°E 
Wk oe 


X(1—coswf). (A9) 


The equivalence of Wor and W x.x. is readily apparent, 
if one considers the case L,=0, E,=E sind, E,= E cos0 
with 

FE =— (m43 ‘m33)gE cos8, 
E.= gE{sind— (mo; ‘'M33) cosé |; 


Wot reduces to (A9), and the nonperiodic term is 
precisely that used in (16) of the text. 
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Antiferromagnetic Resonance in MnF,t 


FreD M. JoHNson* AND ARTHUR H. NETHERCOT, JR.t 
Columbia Radiation Laboratory, Columbia University, New York, New York 
(Received November 25, 1958) 


Measurements of the antiferromagnetic resonance frequency, 
v(T), were made on single-crystal slabs of MnF: in the frequency 
range 96 to 247.2 kMc/sec and at temperatures, 7, ranging from 
4.2°K to 64°K (Ty =67.7°K). The results are in general agreement 
with the resonance relations derived for antiferromagnetic ma- 
terials by Nagamiya, Keffer, and Kittel, and others. At low tem- 
peratures, values of »(7)/»(0) and v(0) are consistent with spin- 
wave method calculations of the sublattice magnetization and of 
the value and temperature dependence of the anisotropy energy. 
This agreement indicates almost complete correlation of adjacent 
electron spins in the low-temperature range as predicted from 
spin-wave theory. 


I. INTRODUCTION 

HE theoretical and experimental investigation of 

antiferromagnetic resonance (AFMR) has been 
of recent origin. The first investigations! were con- 
cerned with the very rapid disappearance of the 
paramagnetic resonance absorption close to the Néel 
temperature (7). This phenomenon was readily under- 
stood following several theoretical papers on anti- 
ferromagnetic resonance.*-* These papers showed that 
below the Néel temperature the resonance frequency 
depends strongly on both the exchange field (7) and 
the anisotropy field (H 4): 


vi~0—™(¥ 2r) (2H eH ?, if Ha<H re. 

Antiferromagnetic materials having a low Néel tem- 
perature and hence a small Hg might be expected to 
have resonance frequencies in the conventional micro- 
wave region. CuCl.-2H»O (Ty=4.3°K) falls in this 
category and has been extensively investigated by the 
Leiden group.’ The interpretations of AFMR experi- 
ments on this and on other materials! (CuBre:2H.O) 

t Work supported jointly by the U. S. Army Signal Corps, the 
Office of Naval Research, and the Air Force Office of Scientific 
Research. 

* Now at RCA Laboratories, Princeton, New Jersey. 

ft Now at the IBM Watson Scientific Laboratory at Columbia 
University, New York, New York. A part of the work was per- 
formed while at this location. 
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=261.441.5 kMc/sec and Oguchi’s calculation of Ha, 2|J\| is 
3.94X107-'® erg, in agreement with other determinations. Anti- 
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lowest temperatures, where a residual width is found. Finally, 
antiferromagnetic resonance measurements on two crystals, which 
were grown under different conditions, indicate no difference in 
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have been complicated by the elaborate equations neces- 
sary if the crystal does not have uniaxial symmetry. 
Experiments on Cr.0; near Ty have also been re- 
ported." 

MnF,, on the other hand, makes possible a very direct 
and simple test of the basic theory. However, very high 
frequencies (in the shorter millimeter wave range) or 
very strong fields (over 30 000 gauss) are necessary in 
order to observe the resonance in the antiferromagnetic 
state. The AFMR measurements described in this paper 
were made at frequencies ranging from 96 kMc/sec to 
247.2 kMc/sec. A preliminary report of some of the re- 
sults has previously been made.” Foner’ has also re- 
cently observed, with less precision, AFMR in MnF», 
using pulsed magnetic fields and relatively low fre- 
quencies (35 kMc/sec and 70 kMc/sec). The disappear- 
ance of the paramagnetic resonance in Mnf» near 
67.7°K (Ty) has been investigated by Hutchison." 

The magnetic carriers in MnF, are the Mn** ions, 
whose electrons are essentially in a ®S, state. The 
magnetic structure of MnF2, which has been uniquely 
determined by neutron diffraction studies,!® is shown in 
Fig. 1. The unit cell'® has tetragonal symmetry and may 
be conveniently pictured as a body-centered cube com- 
pressed along the ¢ axis. The magnetic unit cell has the 
same dimensions as the chemical unit cell. 

At temperatures below Ty, exchange forces establish 
the antiparallel alignment and anisotropy forces align 
the spins along the ¢ axis. As a result, the magnetic 
moments will point predominantly parallel and anti- 
parallel to the c axis. The lower the temperature, the 
more perfect this alignment will be. 


11 FE. S. Dayhoff, Phys. Rev. 107, 84 (1957). 

12 ¥, M. Johnson and A. H. Nethercot, Jr., Phys. Rev. 104, 847 
(1956). 

13S. Foner, Phys. Rev. 107, 683 (1957). 

4C. A. Hutchison (unpublished), quoted by L. R. Maxwell, 
Am. J. Phys. 20, 80 (1952). 

16 R. A. Erickson, Phys. Rev. 90, 779 (1953). 

16M. Griffel and J. W. Stout, J. Am. Chem. Soc. 72, 4351 
(1950). 
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Fic. 1. Magnetic struc- 
ture of MnF». Shown are 
the order and orientation of 
the Mn** magnetic mo- 
ments. The small circles 
correspond to fluorine sites 
(after Erickson). 





The major reasons for investigating AFMR in MnF, 
are as follows: (1) Its magnetic structure is very similar 
to that embodied in the two-sublattice model of anti- 
ferromagnetism discussed by Van Vleck!’ and others. 
(2) Detailed calculations by Keffer'* and Oguchi'® on the 
anisotropy field give a theoretical prediction of the value 
of the resonance frequency and its dependence on tem- 
perature. (3) Related experiments on MnF; [such as 
magnetic susceptibility measurements,””! neutron dif- 
fraction studies'® of M(T), and nuclear magnetic reso- 
nance studies” of the fluorine nuclei] allow a more 
complete interpretation to be made, especially of the 
temperature dependence of the sublattice magnetization. 

Since the original report," the thermometry has been 
greatly improved and this has resulted in more precise 
temperature measurements; also, measurements have 
been extended into the temperature range from 36°K 
down to 4°K and into the frequency range up to 247.2 
kMc/sec. These experiments have yielded new data on 
both the line width and on the behavior of the resonance 
frequency as a function of temperature. These results 
make possible an experimental check of recent spin- 
wave calculations on the dependence of the resonance 
frequency and magnetization on temperature. 


II. THEORY 


Although the theory of antiferromagnetic resonance 
was developed by several investigators’ at approxi- 
mately the same time, we shall follow the notation and 
method of Keffer and Kittel. This paper shows that, 
for a uniaxial crystal with the static field parallel to the 
symmetry axis, the Larmor precession frequency is 
given by 


w/y=+H (1—30)+[ (2H e+H a)Hat (fa)2(H)?}.. (1) 


Here Hx is the exchange field, 174 is the anisotropy field, 
H is the externally applied magnetic field, y is ge/2mc 
(the magnetomechanical ratio), and a is the ratio of the 
static susceptibilities measured parallel and perpen- 
dicular to the c axis. Since in our experiment H was very 
small compared to 2H¢%H4 and H4 small compared to 
2H x, Eq. (1) can be written as 


Qav/y=w/y= +H (1—4a)+ (2H eH 4)}. 


17]. H. Van Vleck, J. Chem. Phys. 9, 85 (1941). 

18 F. Keffer, Phys. Rev. 87, 608 (1952). 

9 T. Oguchi, Phys. Rev. 111, 1063 (1958). 

2 J. W. Stout and M. Griffel, J. Chem. Phys. 18, 1455 (1950). 
*1 H. Bizette and B. Tsai, Compt. rend. 238, 1575 (1954). 

2 V. Jaccarino and R. G. Shulman, Phys. Rev. 107, 1196 (1957). 
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a varies from 0 to 1 as the temperature goes from 0° to 
67.7°K. 

Keffer! has estimated Hz and H,4 for MnF» at O°K. 
He calculated the anisotropy field as 8800 gauss, of 
which 8300 gauss arise from dipole-dipole interactions 
and 500 gauss from interactions with the crystalline 
electric field. From molecular field theory, 


Hre=M)/X:. (3) 


Also, Mo/0.97=M,,= Ng8S=590 gauss. The measured 
value” of X, (=1.030X10-* per cc) gives an He of 
556 000 gauss. Therefore (2H¢H 4)! is predicted to be 
97 500 gauss at 0°K. 

In order to obtain the temperature dependence of 
(2H rH) it was previously'*"” assumed that H4« M. 
This is the dependence that molecular field theory would 
predict if there were no local ordering effects. Then 


vy—o= K'M(T)/M (0)=K'B;(T/Ty). (4) 


Here Bs (T/T wy) is the modified Brillouin function for the 
spin 3, where the argument (u!| Herr! /kT) has been 
transformed to (7/Ty) through the relationship: 


Ty Bs(y) 
kT =—__ —— -, 
T (dB/dy)r=rw 


Values of Bs(T/Tw) were calculated from the tables of 
Schmid and Smart.” 

The original data (at temperatures down to 42°K) 
fitted expression (4) very well with a value of K’= 264 
+5 kMc/sec, or (2H¢H4)!=94 300+4000 gauss at 
T=0°K. It might be expected that expression (4) would 
fail at temperatures much lower than 40°K since the 
spin wave theory would predict a different dependence 
of M upon T and might also destroy the direct pro- 
portionality assumed between H4 and M. 

Calculations of M(7)/M,, applicable to low tempera- 
tures have been made by Anderson,™ Kubo,” and Eisele 
and Keffer’® using spin wave theory. For a body- 
centered lattice, the final expression*® for the sublattice 
magnetization, M(T), including a small correction?’ 
factor 1.025, is 


M(T)=M,,{0.97— (1.025) (4/15)@M(T/Taz)], (5) 


where 


6 Tar\ = 1 , 
M( T ‘Tar)= (=)(= : —K,(nT 4r/T), (6) 
n=1 


and K, isa Hankel function. Other constants are defined 
as follows: 


kT ar=hvy—(0), and 6=kT/2|J\S, (7) 


*3L. P. Schmid and J. S. Smart, U. S. Naval Ordnance Labora- 
tory Report NOrdL-3640, 1954 (unpublished). 

24P. W. Anderson, Phys. Rev. 86, 694 (1952). 

2° R. Kubo, Phys. Rev. 87, 568 (1952). 

26 J. A. Eisele and F. Keffer, Phys. Rev. 96, 929 (1954). 

27 F. Keffer (private communication). 
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where S= 3, k= Boltzmann’s constant, |J|/2 is the ex- 
change integral, and z is the number of nearest neigh- 
bors. This expression should be used at the lower 
temperatures. It reduces to the well-known T°? law if 
T>T 4n(=12.5°K). 

Oguchi’® has recently calculated the temperature de- 
pendence of the anisotropy energy in MnF; by a spin 
wave method. According to Oguchi, the temperature 
dependence of the anisotropy energy is given by 

Ea(T)«<M(T)?". (8) 
This corresponds to H4« M'*. (The exponent for H4 
would be unity from simple molecular field theory 
neglecting local ordering; it would be 2.0 for complete 
correlation of spins.*’) Therefore in the low-temperature 
range, the precession frequency from (2) is 
w/y=+H (1—}3a)+C[M(T)}*, — (9) 
where M(T) should be computed from (5). 
substituting for M(7) from Eq. (5), 
v=+(y/2r)H (1—3a) 
+K(0.9568—aT?M (T/T ar) |, 


Finally, 


(10a) 
where 


a= (0.396) (k/2| J |S). (10b) 


It was assumed here that (1—.)!°=1—1.45¢. 

Since a good theoretical estimate of z|/| does not 
exist, its value must be deduced from experiments. If 
the experimentally determined values of H(1—3a) fora 
given value of v are plotted against the corresponding 
values of T7M(T/T4xr), a straight line should be ob- 
tained whose slope will determine the multiplicative 
constant a and hence z|J| from Eq. (10b). 

An alternative and somewhat more accurate method 
exists for obtaining z//|. This involves the AFMR fre- 
quency at 0°K, v(0). Since®® 

Hr=M/X,=22|J|M/Ng°6? (11) 


/M =4.86X 10°/M, (12) 


and 


Ha=Ea 
from Oguchi’s analysis, then 


v(O) = 2.80(42| J | E/N g?B?)! 


= 4.15 102(z|J|)! Mc/sec. (13) 


Here it was assumed that g= 2.00. The two values of 
z|J| obtained from this experiment as well as those ob- 
tained by other methods will be discussed in Sec. V. 


III. EXPERIMENTAL METHODS 


A waveguide transmission spectrometer was used in 
all the measurements rather than the more conventional 
microwave cavity spectrometer. In this apparatus a 
plane parallel slab of MnF, was placed across the 
waveguide and, as the external applied magnetic field 

28 This can readily be seen by extending the classical treatment 


of Nagamiya, Yosida, and Kubo, Advances in Physics, edited by 
N. F. Mott (Taylor and Francis, Ltd., London, 1955), pp. 71-73. 
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Fic. 2. Experimental arrangement. The block diagram shows the 
arrangement used for the case of millimeter wave production by 
crystal harmonic generators. 


was swept through resonance, observations were made 
on the variation of the power transmitted through the 
slab. The output of a crystal detector then gave the 
absorption as a function of applied magnetic field. The 
very strong absorption intensities at these high fre- 
quencies (about 92% absorption in a 0.0045-inch thick 
slab) made it possible to use this simple arrangement. 

The advantages of this method are in the broad-band 
frequency coverage and in the simplicity of the con- 
struction. Data were taken at many frequencies from 96 
to 247.2 kMc with essentially no changes in the appa- 
ratus or in the sample. The major disadvantage of the 
method is that it is possible to get a distorted line shape 
because of dispersion and reflections from the faces of 
the slabs. It was not possible for mechanical reasons to 
make the slab thin enough to eliminate the problem of 
reflections. 

Two liquid helium cryostats were used during the 
course of the experiments. It was found that the original 
cryostat did not transmit power efficiently at the 
highest frequencies: the transmission varied from about 
10% at A\=4 mm to about 74% at A=1.2 mm. The 
second cryostat was constructed to allow measurements 
to be made at these highest frequencies. In the original 
cryostat, the rf power was transmitted to the sample via 
a~3%-foot length of RG 99/U wave guide which ex- 
tended vertically from the top of the cryostat to the 
bottom of the liquid helium chamber. Following a con- 
necting U-shaped bend, the power transmitted through 
the sample was then transmitted to the crystal detector 
via another 33-foot length of guide. The sample holder 
was inserted from the top of the cryostat into a $-inch 
gap situated at the bottom of the U-shaped bend (see 
Fig. 2). 

Although a number of tests were made, 
possible to localize and correct the anomalously high 
Therefore it was neces- 


it was im- 
transmission loss at A= 1.2 mm. 
sary to alter the design radically in order to improve the 
performance at 1.2 mm. The second cryostat had fewer 
bends and only very short connecting lengths of wave 





F. M. 


ito LIQUID HELIUM 


LIQUID 
NITROGEN 


JOHNSON 





, RESISTANCE 
1/32" THERMAL 2 = 
INSULATION GAP | THERMOMETER 








RADIATION 
SHIELD 


——® DETECTOR 














RF POWES 





RG-99/U 


Sy WAVEGUIDE 


& 
ov” MnFp SLAB 
sro 

aw 

~~ 


x 


Fic. 3. Schematic diagram of cryostat No. 2. 


guide. It provided excellent transmission even at the 
shortest wavelengths. Figure 3 is a schematic diagram 
of this design. A one-inch length of RG 99/U wave guide 
was hard-soldered into a copper block, which in turn 
made contact with the liquid helium. The MnF; slab 
was cemented inside this wave guide with coil dope. 
This guide was separated from the input and output 
waveguide sections by a vacuum gap of about 35 in. 
This gap prevented an excessive heat leak along the very 
short waveg uide. Little loss of microwave power oc- 
curred at this gap since the wavelength was quite small 
compared to the wave guide dimensions. Approximately 
one half of the microwave power was transmitted 
through the cryostat at 247.2 kMc/sec. 

Since in both cryostats the sample was not immersed 
in the liquid helium but instead was in contact with 
metal walls cooled indirectly by the liquid helium, the 
problem of correctly measuring the temperature of the 
sample was an important one. Two sample holders were 
used with the original cryostat. The first was not par- 
ticularly well designed for accurate temperature meas- 
urements, but did permit the sample to be rotated 
during a run by up to 110° about an axis perpendicular 
to the dc magnetic field. The temperature was measured 
by means of a carbon resistance thermometer” attached 
to the copper block } inch from the sample. This 
thermometer was not in the sample holder itself, and 
temperature gradients could have existed across the 
simple mechanical contact between the sample holder 
and the copper block ; this could have caused errors in 
the early temperature measurements. The second holder 
used a platinum resistance thermometer (Leeds and 
Northrup No. 8164). This thermometer was not only 
more reliable and reproducible, but reduced greatly the 
number of calibration runs necessary. Also, it was placed 
so that it was in direct contact with the sample holder 
and not in contact with any other parts of the cryostat. 


This design ensured very accurate measurements of the 


29 J. R. Clement and E. H. Quinnell, Rev. Sci. Instr. 23, 213 
(1952). 
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temperature of the sample, since it eliminated the 
possibility of heat conduction causing temperature 
gradients between the sample and the thermometer. 
The only errors that could have occurred would have 
been a direct power input to the sample itself by 
microwave or infrared radiation. Such errors should be 
small. The results reported previously” were taken with 
the first sample holder. Many of these measurements 
were repeated with the platinum thermometer in order 
to be certain that no systematic errors had been present 
before. It was found that in fact the two sample holders 
gave consistent results. The maximum temperature 
deviation observed between the two thermometers was 
about 0.3°K. A limitation of the second sample holder 
was the fact that it could not be rotated. 

In the second cryostat, which was designed only for 
very low temperatures, the platinum thermometer could 
not be used. A j9-watt, 56-ohm carbon resistor was 
cemented with glyptal into the copper block (into which 
the wave-guide section containing the sample was 
soldered). The sample and thermometer were in close 
proximity. Heat radiation from the nitrogen bath was 
minimized by a copper radiation shield attached to the 
liquid helium can. It was noted that at 4°K there was a 
temperature gradient between the bath and the ther- 
mometer of ~1°K. Probably the major part of this 
gradient was caused by heat influx along the wires con- 
necting the resistance thermometer. At these low tem- 
peratures, the thermal conductivity of the thermometer 
and its cement is very poor; but as the temperature 
becomes higher, the gradient rapidly becomes less. This 
gradient was responsible for the large errors stated in the 
measurements at the lowest temperatures (+0.6°K), 
but fortunately the resonance frequency becomes quite 
insensitive to temperature at very low temperatures. 

All these thermometers were calibrated from vapor 
pressure measurements on liquid nitrogen, oxygen, 
hydrogen, and helium. Highly purified nitrogen was 
liquefied for this purpose. The triple point and normal 
boiling point of liquid nitrogen were given the most 
weight, but measurements were also made at inter- 
mediate temperatures (63°K to 77°K). It was found 
that temperature differences up to 0.3°K occurred be- 
tween commercially liquefied nitrogen and that used 
here. The liquid hydrogen was about 99°% equilibrium 
hydrogen and measurements were taken from 13.8°K to 
20.4°K. The tables of Linder® were used to convert 
vapor pressure to temperature. The possible effects 
(~0 to 0.2°K) of the unknown pressure head in the 
liquid are included in the stated error. All resistance 
measurements were made at low currents (10~* amp) 
with a sensitive dc potentiometer and galvanometer. 
Resistances were measured to one part in 1000 and 
relative temperature changes could be read to 10 
millidegrees with the platinum resistance thermometer. 
The various sources of error limited the accuracy of 

%*®C. T. Linder, Westinghouse Research Laboratories Report 
R-94433-2-A, 1950 (unpublished). 
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temperature determinations variously from ~1° at 4°K 
to 0.1° at 66°K. Measurements were often taken while 
the cryostat was warming up with no refrigerating liquid 
present. By making similar measurements at different 
rates of warming and also of cooling, it was established 
that any relative temperature lags of the resistor and 
sample must be less than 0.1°K. 

The strength of the applied magnetic field at the 
position of the sample was determined by a rotating flip 
coil! which had been calibrated against the proton 
resonance frequency. The magnetic field measurements 
were actually made outside of the cryostat, but this 
field is expected to be equal to that at the sample since 
the field was quite homogeneous and no magnetic 
materials were employed in the construction of the 
cryostat. The flip coil arrangement had a second coil 
rotating in the fixed reference field of a permanent 
magnet and measurements were made relative to this 
magnetic field. The accuracy of the field measurements 
was determined primarily by the width of the AFMR 
resonance line. 

Microwave power at the lower frequencies (96, 117, 
and 146 kMc/sec) was produced by crystal harmonic 
generators driven by 2K33 klystrons.” Figure 2 gives a 
block diagram of the experimental arrangement. At the 
higher frequencies it was more convenient to use the 
harmonics” from millimeter magnetrons.*® Magnetrons 
having fundamental wavelengths from 4.0 to 4.8 mm 
were used and signal-to-noise ratios of 10°, 10* and 10”, 
respectively, were obtained at frequencies of 150, 212.7, 
and 247.2 kMc/sec. A signal-to-noise ratio of 10° corre- 
sponds to approximately 0.5 watt peak power or 0.1 
milliwatt average power. 

The frequency of the fundamental of the klystron or 
magnetron was measured by a calibrated wavemeter. 
Care was taken to verify by other methods that the 
harmonic was correctly identified. The final uncertainty 
of frequency measurements in the 200-kMc region was 
about +0.3 kMc/sec. 


Crystal Alignment 


All the slabs used in this experiment were cut from 
single crystals of MnF»:. With the exception of two 
special cases discussed in Sec. VII, they were cut into 
rectangular shape with the symmetry axis, c, in the 
plane of the slabs and parallel to their short sides. When 
a crystal slab was in place in the apparatus, the ¢ axis 
was parallel to the applied dc magnetic field and the 
oscillating magnetic field was perpendicular to the dc 
field. This particular choice of crystal orientation enabled 
results to be readily compared with theory. 

The sample alignment was checked by a polarizing 
microscope set for crossed polaroids and also by x-ray 


81 Dayhoff, Triebwasser, and Lamb, Phys. Rev. 89, 106 (1953). 

8 See, for example, A. H. Nethercot, Jr., Trans. 1.R.E. MTT2, 
17 (1954). 

33M. J. Bernstein and N. M. Kroll, Trans. I.R.E. MTT2, 33 
(1954). 


RESONANCE IN MnfF, 709 
Laue diffraction patterns.* The accuracy of the align- 
ments with respect to the dc field was about 1° as 
measured with x-rays and about 2° to 3° with the 
polarizing microscope. Additional errors possible in the 
alignment of the crystal with respect to the external 
magnetic field might have arisen from misalignments of 
the slab in the waveguide (~2°), and of the crystal 
holder with respect to magnetic field (~2°). It is esti- 
mated that the total error in crystal alignment, from all 
causes, is about 3°. Errors of this magnitude cannot 
result in any observable frequency shift of the AFMR at 
fields below 8000 gauss, a fact which was verified experi- 
mentally by rotating the magnet. It was found that a 
magnet rotation of 5 degrees did not cause an observable 
effect on the resonance frequency. 


IV. LINE SHAPE AND PROPAGATION 


For most of the measurements, the MnF~» slab was 
placed across the wave guide. As was mentioned previ- 
ously, the dispersion and consequent reflection associ- 
ated with this arrangement would tend to distort the 
line shape. A further distortion occurs because the 
susceptibility becomes very large. This leads to a 
mixing of absorption and dispersion and results in a very 
asymmetric absorption line. These two aforementioned 
effects seem to explain semiquantitatively the experi- 
mental line shapes. 

Since both ferromagnetic and antiferromagnetic media 
are special cases of a more general system of two 
interpenetrating sublattices,® it is expected that micro- 
wave transmission through the two types of gyromag- 
netic medium will have similar properties. This is readily 
seen by noting that the rf permeability tensor, 7;;, for 
the antiferromagnetic case is similar in form to that for 
the ferromagnetic case, although, of course, the elements 
of the tensor are different, v7z. : 


—t& 0) 


Tij=\ix pw O 
0 0 


(14) 


The tensor elements for the case of cubic symmetry 
can be inferred from the paper by Keffer and Kittel® for 
0°K and for arbitrary temperatures by Dayhoff.* 

At 0°K and for no damping, the elements are 


Ws 


b= L420 (2H lla) 


Ww 
k= 2 2H wll) ~ 
9 9 9 9 
GW —W3" WW" Wa” 
Here w2 and w; are the resonance frequencies, 


wo 3=t|y|H+/y|(2H4H e)!. (17) 
4 We are indebted to Professor P. F. Kerr for help with the 
crystal alignment. 
% FE. S. Dayhoff, J. Appl. Phys. 29, 344 (1958). 
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For the case of wow; and w~w;, these expressions can 
be simplified to 


p=1+A4/(w—w;3), 

(18) 
= —A (w—w3), 
where 


A=my(2H cH 4)'X,. (19) 


For the case of microwave propagation in a direction 
perpendicular to the direction of the effective magnetic 
fields acting on the precessing electrons, the propagation 
constant is given by*®.*7 


é (wert), (20) 


where ¢€ is the dielectric constant and is assumed real 
(this assumption has been verified experimentally). 

Introducing a small amount of damping by letting 
w=w+i6, and letting 


Mett=Mi— tbe, (21) 


» k= : 
1+2; 14x; 


(22) 


mi=1+ 


Here x;= (w—w;’)/4, w3’=w3—A, and 26= Av is equal to 
the full width at half intensity of w2. The value of A can 
be estimated from Eq. (19) and is about 320 gauss at 
O°K. If we let [= ,—7ls, then we find 


r)2= (tw c)(e 2)40 (ur?+me”) Pew, |. (23) 


The power transmitted through the sample is primarily 
dependent on T'2. Neglecting reflections, 


P/Pyp=e-“* » Ts. 


(24) 


where / is the slab thickness (~0.0045 in.) and Po the 
power transmitted at frequencies far off resonance. 

From Eq. (23) and Eq. (24) it can be shown that the 
transmission drops off much faster on the high-frequency 
side of the resonance line than on the low-frequency 
side. This type of asymmetric line shape has been ex- 
perimentally verified for both the resonance frequencies 
we and w;. 

The total reflection is best analyzed separately in two 
regions : near the resonance peak where the absorption is 
large and multiple reflections effectively damped out, 
and at the wings where constructive and destructive 
interference is possible. Thus, near the peak, 


P/Py=[(1—R)/(1— Ro) Pe "2, (25) 


where R and R¢ are the reflection coefficients at reso- 
nance and off-resonance, respectively. At the wings, the 
effective wavelength inside the slab can be such that the 
reflections cancel when 21 ;//A= 1. Numerical evaluation 
shows that on the high-frequency side of the line, ', can 
be large enough for this to occur, but not on the low- 


36 C, L. Hogan, Revs. Modern Phys. 25, 253 (1953). 
37 C, L. Hogan, Proc. Inst. Radio Engrs. 44, 1345 (1956). 
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frequency side. Therefore P/P») may be greater than 
unity on the high-frequency side of resonance. 


V. RESULTS 


Measurements of the resonance frequency and line 
width have been made over the temperature range 4.2 
to 64°K. This covers almost the complete antiferromag- 
netic region (7 y=67.7°K). Measurements have been 
made both with H=0 and H#0. The results obtained 
at H=Oare given in Table I. The stated uncertainties in 
the temperature are primarily due to the difficulty in 
determining the center of the line due to its large line 
width. 

Measurements of vy made with H#0 can be converted 
to vy—o With expression (2) and the known g value® of 
MnF>». All magnetic field values had to be multiplied by 
a factor (1—}a) as required by Eq. (2). The values of 
this factor were obtained by combining Griffel and 
Stout’s!® values of X,—X,, with X, from Bizette and 
Tsai.*! Griffel and Stout give a percentage error of 1%. 
No experimental errors are given, however, by Bizette 
and Tsai. 

The results of this calculation are shown for the 


TABLE I. The temperature, frequency, and line width for observa- 
tions of AFMR at zero applied magnetic field. 


Av (kMc/sec) 


T (°K) vo (kMc/sec) 


~10.6 
~9.5 
~8.5 
~8.4 
~2.0 
~1.4 


63.6+0.5 
62.3+0.8 
57.5+0.8 
57.5+0.6 
41.8+0.3 
24.7+0.3 


temperature range 4 to 21°K in Fig. 4. Here v(7)/v(0) 
is plotted, where the value v(4.2°K) = 261.4 kMc/sec is 
adopted as (0). This is correct within the experimental 
errors. The nuclear magnetic resonance (NMR) fre- 
quency* of F'® in MnF>» is also shown in Fig. 4. It is 
noted that these points (indicated by squares) lie above 
the AFMR curve. If, however, [»(7)/v(0) Jnmr'-® is 
plotted instead (triangles), the points fall on the AFMR 
curve within the experimental errors. According to the 
calculation of Oguchi 


[v(T)/v(0) Jarmr=[M (T)/M (0) }'-*. 


(The exponent would be 1.5 instead of 1.45 from 
molecular field theory with complete correlation of 
adjacent spins.) Now if the hyperfine interaction con- 
stant of F!® in MnF>» is independent of temperature, 
[v(T)/v(0) ]nmr should measure the temperature de- 
pendence of the sublattice magnetization. Therefore one 
might expect 
Lv(T)/v(0) Jarmr=([v(T)/»(0) Jwor'®. 
38 ¢=2.00 in the paramagnetic state [J. W. Stout and C. A. 


Hutchison, Jr. (private communication) ]. 
8 V. Jaccarino (to be published). 


(26) 
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It is seen that the experimental results confirm such an 
expression (and hence a high degree of correlation of 
adjacent spins) very well. In the intermediate tempera- 
ture region, the NMR data and the AFMR measure- 
ments show that a high degree of correlation between 
spins must still exist in this region. Rather surprisingly, 
Eq. (9) appears to hold approximately up to about 54°K. 

In order to test the validity of Eq. (10a), H(1—a/2) 
was plotted against 7?M(T/T 42). From the resulting 
straight line, the multiplicative constant a was de- 
termined to be 8.1310-> (48%). The error quoted 
here includes possible systematic errors. Using this 
value of a, [M(T)/M,, |!-°=0.9568—aT?M (T/T ak) is 
shown versus H(1—4a) in Fig. 5. Since (1—}3a) is close 
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Fic. 4. Temperature dependence of [v(T)/v(0) Jarmr, 
(v(T)/v(0) Jnur and [y(T)/v(0) Jnuri. 


to unity over this temperature range (dropping to 0.93 
at 22°K), errors due to uncertainties in (1—}q@) are 
believed negligible up to 22°K. The straight line of 
Fig. 5 seems to verify the 7?M(7T/T 4x) temperature 
dependence of the sublattice magnetization [Eq. (5) ]. 
Equation (5), then, in conjunction with Eq. (9) is 
sufficiently good to determine »(7) to within about 
0.1% of its measured value in the temperature range 4 
to 22°K. This would imply that spin wave theory can 
also predict the temperature dependence of the sublat- 
tice magnetization to about 0.1% of its value in this 
range. Furthermore, the value of z|/| determined from 
Eq. (10b) and the multiplicative constant a agrees well 
with other determinations of z|J| (see Table II). 2|J| 
can also be determined from Eq. (13) if the calculated’ 
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Typical experimental*errors are indicated. The original data of 
T vs H were converted by means of Eq. (5) to [M(T)/M,, }'“ to 
test the validity of Eq. (5). These are the same points as in Fig. 4, 
but replotted with different axes. 


value of the anisotropy energy, Ea, is used. Alterna- 
tively, from Eq. (13) with the experimental value of 
z|J| as determined from Eq. (10), the anisotropy energy 
is determined to be 5.0X 10° ergs/ce. 

It might be noted that above 15°K, the straight line 
can also be represented by the modified Brillouin func- 


However, this function deviates from a straight line 
below about 15°K. The fact that the Brillouin function 
fits the experimental frequencies above 15°K actually 
implies that the magnetization falls off more slowly with 
temperature than the Brillouin function, since some 
degree of local order must still be present. Local order 
then would tend to reduce the previously mentioned"? 
discrepancy between the AFMR and neutron scatter- 
ing! results. It might be pointed out that Néel in 1932 
predicted that because of fluctuations of the nearest 
neighbors the magnetization of the sublattices should be 
appreciably greater than that given by molecular field 
theory.” 

The data represented in Figs. 4 and 5 are a composite 
from a number of runs taken under different conditions. 
Some points are actually a mean of three separate 


TABLE IT. Values of 2!J| for MnF~2 in the antiferromagnetic state. 


Method by which z|J| is obtained 105 X%z|J |" (ergs) 


AFMR: from v(0), Eq. (13) 

AFMR: from slope of (7), Eq. (10) 
Susceptibility measurements (X,)° 
Specific heat measurements* ° 
Molecular field theory‘ 

Calculation including short-range order¢ 


3.94+0.03" 
3.85+0.15> 
4.25 
3.82 
3.20 
3:43 


a J is equal to twice the exchange integral. 

b Only experimental errors are shown here. 

eH. Bizette and B. Tsai, reference 21. 

4 J. W. Stout and H. E. Adams, J. Am. Chem. Soc. 64, 1535 (1942). 

e Hofman, Pakin, Tauer, and Weiss, J. Phys. Chem. Solids 1, 45 (1956). 
J. H. Van Vleck, reference 17: 2|J| =3k7v/S(S+1). 

eH. A. Brown and J. M. Luttinger, Phys. Rev. 100, 685 (1955). 


 L. Néel, Ann. Physik 28, 1 (1932). 
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Fic. 6. v=212.7 
kMc/sec, (b) v=247.2 kMc/sec. The original data of T versus H 
were converted to Bs2(T/Twn) versus H to test the validity of 


Eq. (4). 


measurements. The error indicated on the graph repre- 
sents the probable error of an individual measurement. 

In Fig. 6 are plotted the AFMR experimental points 
on the assumption that Eqs. (2) and (4) are satisfied. 
Values of By(T/Ty) are plotted versus H(1—}a). The 
two resonant modes, designated LT and HT," were 
observed in each case at the given applied frequency. 
This mode of presentation of the data was used initially 
in order to show that v(7)/v(0) was proportional to 
B;(T/Tw). As mentioned before, it now appears that 
this relationship is probably fortuitous. If, as an em- 
pirical relation, one assumes Eq. (4) to hold, then the 
data of Fig. 6 should appear as a pair of straight lines. 
Figure 6 shows the data to be well represented by the 
Brillouin function in the high-temperature region. How- 
ever, some deviation is shown by the fact that the slopes 
of the HT and LT branches differ by about 12%. This 
difference might be accounted for by various effects such 
as shifts due to asymmetric line shape and shifts due to 


41 These correspond to w; and w., respectively, in the notation of 
Keffer and Kittel. 
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Eq. (22). By means of a least-squares analysis, the 
values for the intercepts of the HT and LT branches at a 
frequency of 212.7kMc/sec were, respectively, B(T/Ty) 
=0.810and B(T/T vy) =0.8086, and at v= 247.2kMc/sec 
the values were B(T/Ty)=0.9527 and B(T/Ty) 
=0.9524. This leads to a value of v(0)=247.2/0.9525 
= 259.5 kMc/sec, to be compared with the better value 
of 261.4 kMc/sec derived from the magnetic field for 
resonance at 4.2°K and 247.2 kMc/sec. 

It can be seen in Fig. 6(b) that the Brillouin function 
fails to describe the resonance frequency below about 
15°K. The dotted line corresponds to the spin-wave 
results previously given in Fig. 5. 

Finally, all measurements of vy—o, together with data 
converted to H=0 from Eq. (2) with g= 2.00, are given 
in Fig. 7. Here v(T) is plotted versus T. For the solid 
curve, a value of K’= 261.4 kMc/sec was used in Eq. 
(4). Figure 7 shows a slight tendency for points to be to 
the right of the curve given by Eq. (4). However, these 
deviations are all within experimental errors except 
below 15°K, where Eq. (4) does not hold. 

Qualitative observations were made as various angles 
were changed. When the crystal was rotated at constant 
temperature and frequency with fixed mutually perpen- 
dicular de and rf magnetic fields, the intensity of the 
absorption rapidly decreased as the symmetry axis was 
rotated away from the direction of the dc field. In 
addition, the magnetic field necessary for resonance 
increased. This increase in magnetic field was also 
observed as the dc magnetic field was rotated with the 
rf field and crystal fixed. These rotation experiments 
verified that the symmetry axis of the crystal coincided 
with the magnetic anisotropy axis, in agreement with 
other measurements. 

Foner'* has made AFMR measurements on MnF, by 
observing the HT branch, using large pulsed magnetic 
fields (of the order of 90 kgauss). At these high fields, 
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Fic. 7. voo(T) versus temperature. Circles represent experi- 
mentalgvalues of vy 0(7T) which were converted to vy.o(T) by 
means of Eq. (2). The points below 21°K have been shown in 
Fig. 4 on an expanded scale. 
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possible errors due to crystal misalignments become 
more serious. Also, uncertainties in the (1—4a) factor 
begin to be important. The present measurements 
should be considerably more accurate than Foner’s, and 
give resonance frequencies about 4% lower. 

A comparison of measurements on MnF, with those 
on CuCl::2H20 ° indicates many similarities despite the 
fact that the copper chloride lattice has rhombic sym- 
metry and also a more complicated magnetic lattice 
structure than Mnk». Analysis of proton NMR meas- 
urements* in copper chloride indicate a slower drop in 
magnetization with increasing temperature than the 
AFMR measurements do, as is also the case for MnF» 
(this has been explained for MnF» at low temperatures 
by Oguchi’s calculation). 


VI. LINE WIDTHS 


The AFMR line shape at 4.2°K is shown in Fig. 8 for 
a slab of about 0.0045-in. thickness. This curve repre- 
sents the average values of four separate runs. Its shape 
has been approximately matched (dashed line) by 
choosing appropriate values of the constants in Eqs. 
(22) and (23), consistent with about 8% transmission at 
the peak of the resonance line. The value of 4/6 was 
taken to be 2 and 6=150 gauss. These values are con- 
sistent with the theoretical estimate of A=320 gauss 
[Sec. IV, Eq. (19) ]. (The dielectric constant*? was 
taken to be 6.7.) 


The temperature dependence of the line width Av= 26 
versus T/T y is shown in Fig. 9, where the indicated 
errors include errors due to uncertainties in estimating 
the line widths because of the asymmetric line shape. 


On the same graph are also shown the AFMR line 
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Fic. 8. AFMR line shape. Shown for slab (B) of 0.0045-in. 
thickness at 4.2°K. The solid curve represents the average of four 
separate measurements. The dashed line is the theoretical curve 
based on Eqs. (22) and (23), assuming Av~300 gauss, A /6=2, and 
6= 150 gauss. 


N. J. Poulis and G. E. G. Hardeman, Physica 19, 391 (1953). 
8 We are grateful to Mr. W. B. Westphal and also to Mr. H. M. 
Altschuler for measuring the dielectric constant of MnF2. 
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Fic. 9. AFMR line widths. The line widths of MnF» are shown 
by the solid line. The line-width curve for CuCly-2H,O was 
multiplied by a factor of 12 to facilitate intercomparison. Equation 
(30), normalized at 7/T y=0.8, is plotted for spins } and 4. 


widths of copper chloride,** for the corresponding LT 
resonant mode, normalized so that the line widths 
coincide at low temperatures. It seems that the two 
antiferromagnetic materials have a similar temperature 
dependence. This seems to suggest that the line- 
broadening mechanism in both materials is of a similar 
nature. Also the fractional line widths for both materials 
(Av/v) are of the same order of magnitude (~3X10~°), 
where v is the resonance frequency. The temperature 
dependence of the line width of MnF; in the paramag- 
netic® region (7/7Ty>1) is also shown in Fig. 9. 


Theory of Line Width 


A calculation of AFMR line width from a particular 
model was made by Townes.** This model assumes that 
there are fluctuations” of the effective molecular field at 
the site of an individual spin. 

Although this model has the limitation that it uses 
molecular field theory and especially that it neglects 
spin correlations, it will be briefly outlined here since it 
qualitatively predicts the observed line width and its 
temperature dependence. 

The model assumes that each individual magnetic 
moment is surrounded by u spins, of spin 3 each (e.g., 
in Mnf, at any particular lattice site of Mn**, replace 
the 8 neighboring spins of 3 by 40 spins of } each). The 
probability, Pn, that m spins are pointing in a specified 
direction is given by 


niem2 
P,,= : (27) 
(1+e7)(21—m)!m! 


4H. J. Gerritsen and M. Garber, Physica 22, 213 (1956). 

46 C, A. Hutchison and J. W. Stout (private communication). 

46 C. H. Townes (private communication). 

47 A similar calculation was made by Néel, see reference 40. 
However, Néel calculated the susceptibility and magnetization and 
not the line width. 
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From this one may compute m and (m?),, and hence 


(Am)?=(m?)y—m’, 
where 
ne*™(1-+-ne") 


(mM) n= (28) 
(1+e7)? 


and 


Here x is a function of temperature and the total 
effective magnetic field. From molecular field theory, m 
can be related to the Brillouin function and to v(T). 
The following expression for the line width is then 


v(0) v(T)\*}! 
22M (°2)] 
Vn v(Q) 
Exchange narrows the line** so that Av~(Av,)*/vx, 
where Av, is the line width expected in the absence of 
exchange forces and »,x is the exchange frequency. As- 
suming for simplicity that »(7)/v(0)~Bs(T/Tw), the 
final expression for the line width is as follows: 


obtained : 


(29) 


2H 4(0) 1 = | 
—_ 3 <( ? Ty)?} 


. (30) 
n Bs(T/Tw) | 


AH= 


A comparison of experimental results at intermediate 
temperatures with this expression may be made. For 
MnF,, at 7/Ty=0.8 (T=54°K), (AM )expt= 2100 gauss 
and a value of n=8 is obtained (40 would be expected 
from eight neighbors of spin 3 if no correlation is as- 
sumed). Similarly, for CuCl-2H,O at T/Ty=0.83, 
(T=3.6°K) and with H4(0)~80 gauss, (AH).x,+= 220 
gauss, a value of the order of unity is obtained for n, 
whereas eight would be expected. The temperature de- 
pendence of expression (30) (normalized at T/T y=0.8) 
is plotted in Fig. 9 for spins } and 3. This shows good 
qualitative agreement between the experimental results 
and Eq. (30). 

This type of broadening will produce a line width for 
the fluorine nuclear resonance of approximately y./yy 
(~650) times smaller than the AFMR line width, or 3 
gauss at 4°K. Nuclear line widths of approximately 14 
gauss have been observed®’ and this can be ascribed 
primarily to nuclear dipole-dipole broadening. 


Analysis of Crystals 


Two single crystals of MnF2, each obtained from a 
different source®” and grown under quite different 
physical conditions were used in this experiment. One 
major difference was that one crystal (designated as A) 
was grown in a fluorine atmosphere*! and the other in a 


48 P. W. Anderson and P. R. Weiss, Revs. Modern Phys. 25, 269 
(1953); P. W. Anderson, J. Phys. Soc. Japan 9, 316 (1954). 

We are greatly indebted to Professor J. W. Stout for providing 
specimens of MnF». 

% We are greatly indebted to Dr. B. V. Rollin and Dr. D. A. 
Jones for providing specimens of MnF» grown by Dr. Jones. 

51M. Griffel and J. W. Stout, J. Am. Chem. Soc. 72, 4351 
(1950). 
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nitrogen atmosphere. The measurements reported pre- 
viously'* were made entirely on slabs cut from the single 
crystal (A) which had been grown by Stout. Subse- 
quently, a second crystal (designated as B) was ob- 
tained and intercomparisons of the frequency and line 
width were made. 

Inasmuch as the resonance frequency depends criti- 
cally on the orientation of the sample and might also 
depend critically on strains and microscopic misalign- 
ments, it was thought important to see whether the line 
width and frequency might vary from sample to sample. 

AFMR measurements were made at a frequency of 
212.7 kMc/sec on slabs of about equal thickness and 
oriented with the c axis parallel to the external field. The 
results indicated no apparent shifts of the absorption 
line either in temperature or magnetic field. Also, at 
temperatures above 33°K the line widths for slabs cut 
from crystal specimen A or from B were approximately 
equal, These results were of particular interest since 
some slight crystallographic differences were detected 
between A and B. 

Examination with a polarizing microscope established 
that crystal A was essentially uniaxial. However, crystal 
B was found to be slightly biaxial.*? The angle V be- 
tween the acute bisectrix®® and either optic axis was 
measured to be 1.3° for the bulk crystal specimen B. 
Measurements on different slabs cut from crystal B gave 
values for the angle V which varied from about 1° to 
about 3°. This might be evidence for crystal strains or 
some other type of crystal imperfection. 

The data at the lowest temperatures were taken only 
with crystal B. However, since at higher temperatures 
the line width was approximately the same for both 
samples, it would appear that at least this type and 
degree of imperfection plays no significant role in the 
line-width problem at these higher temperatures. The 
residual line width in crystal B at 4°K presumably 
arises from a nonthermal origin. Further investigations 
of the origin of this anomalous residual line width at 
4°K might include measurements of AF MR line widths 
on a specially annealed crystal specimen, or perhaps on 
crystals which have a large degree of imperfection. 


VII. SUBSIDIARY MODES 


Under certain experimental conditions a subsidiary 
transmission minimum was observed even though the 
sample was supposedly placed in its usual position 
across the guide. This particular extra minimum was 
always considerably weaker than the main mode and was 
separated from it by about 3000 gauss [see Fig. 10(c) ]. 
It was observed in only one sample, which was mis- 
aligned crystallographically by about 5°. Also, this peak 


82 Normally uniaxial crystals or minerals can be biaxial. See 
A. F. Rogers and P. F. Kerr, Optical Mineralogy (McGraw Hill 
Book Company, New York, 1942). We are indebted to Professor 
P. F. Kerr for assistance with these measurements. 

53. E. Wahlstrom, Optical Crystallography (John Wiley & 
Sons, Inc., New York, 1956). 
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occurs on the side of the main peak, where destructive 
interference is probably effective in altering the trans- 
mission ; such effects could result in extra peaks. Because 
of possible misalignment and interference effects, it 
could not be decided whether this extra mode was 
significant or not. 

Various other samples were then placed in other 
positions, particularly against the wallof the wave guide. 
A number of new modes were observed, examples of 
which are given in Figs. 10(d) and 10(e). These com- 
monly were quite strong and the central peaks might 
often be missing or displaced. These modes showed an 
extreme separation in field of about 2700 gauss. 

Also, curves were taken with the sample in its normal 
position, but with a TEo3 mode transducer and filter in 
place. A typical curve is shown in Fig. 10(g). However, 
extra and finer structure appeared with this arrange- 
ment, and this structure was sensitive to supposedly 
immaterial adjustments, such as the crystal detector 
tuning plunger. This arrangement, therefore, did not 
give any important clues as to the origin of these modes. 

Although these subsidiary modes seem similar to the 
magnetostatic modes discovered previously, in ferri- 
magnetic resonance, the splittings of 4000 gauss [or 
2700 gauss if Fig. 10(c) is discarded ] are much too large 
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Fic. 10. Typical absorption contours are shown for various 
samples and sample orientations at about the same temperature 
(37°K). Except for case (g), microwave propagation was in the 
T Eo, mode. 


54 J. F. Dillon, Jr., Bull. Am. Phys. Soc. Ser. LI, 1, 125 (1956). 
55 R. L. White and I. H. Solt, Jr., Phys. Rev. 104, 56 (1956). 


RESONANCE IN MnF, 715 
to be explained by this effect.*® It can be shown either 
from Eq. (33) of Keffer and Kittel’ or from an extension 
of the method of Walker*’ that the extreme magnetic 
field splitting for ellipsoids of revolution is 


Nr’—Nr" 


AH max = M(T)(2H cH 4)}, (31) 


Hr 


where Ny’ and Ny” are the two extreme transverse 
demagnetizing coefficients and can be taken from 
Walker’s Fig. 4.58 It should be noted that the situation 
in a ferrimagnetic material is rather different from that 
in an antiferromagnetic material where M,=0 and N, 
is not effective in increasing the magnetic field splittings 
(for ferrimagnetic ellipsoids V, causes an increase in 
splitting by a factor of three, vz., from 0— 27M to 
—4nrM — 27M). 

Certainly the extreme limits for V are +47. Numeri- 
cal evaluation then gives AH nax= 2.8 kilogauss. How- 
ever, for regular ellipsoids with M,=0, Nr’=2m and 
Nr” =0, one obtains AH max=0.7 kilogauss. 

It should be pointed out that the above results were 
derived for ellipsoids whose effective size is small com- 
pared to a wavelength. However, the basic situation is 
not qualitatively altered when propagation effects can 
occur (see, e.g., reference 37). Surface divergences in the 
direction of propagation are replaced by volume diver- 
gences, but these divergences are of about the same size. 
Therefore, the effective demagnetizing factors and field 
splittings remain about the same. 

The difference between the observed 4000 (or possibly 
2700) kilogauss and the predicted 700 gauss is con- 
siderable. Dispersion effects are unlikely to cause a 
sufficient increase in the predicted 700-gauss splitting. 
It would seem more likely that reflection and interfer- 
ence effects are responsible for at least some of the 
observed modes. However, no detailed explanation can 
be given. 

It is strongly believed that the peak of Figs. 10(a) and 
10(b) is the correct uniform mode of precession. In any 
case, the splittings of the subsidiary modes are small 
relative to v(7) and would, therefore, make only minor 
quantitative readjustments of the results of the other 
sections necessary if this identification is incorrect. None 
of the general conclusions would be altered. 


VIII. CONCLUSIONS 


This paper reports on AF MR measurements on single 
crystals of MnF.. Measurements of the resonance fre- 
quency, v(7), were made,from 96 kMc/sec to 247.2 
kMc/sec and in the temperature range from 4°K to 
64°K. The resonance frequency v(0) was determined to 


56 We are indebted to Dr. H. Suhl and Dr. R. L. White for 
interesting communications on the magnetostatic mode problem. 

571, R. Walker, Phys. Rev. 105, 390 (1957). 

58 Equations (7), (9), (10), and (18) of Walker’s paper hold 
good if « and »v are redefined as «=4ry?MIH4(Ai+A2) and 
y=4ry?M Ha(A,— Ae), where 1/A;,2=(wFyH)?*—y(H4?+ 2H gHa). 
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be 261.4+1.5 kMc/sec. Measurements of v(7) at other 
temperatures are shown in Figs. 4 and 7. The shape of 
the resonance curve was found to be asymmetric. The 
line width and its dependence on temperature were 
measured, the full line width at the half intensity point 
of x» was found to be 300+140 gauss at 4°K. From the 
resonance relations and the measured value of v(0), 
the anisotropy energy was determined to be 5.0X 10° 
ergs/cc. Also, from Oguchi’s theoretical analysis of the 
anisotropy energy and the above value of v(0), the 
quantity z|J! is inferred to be 3.94X10~"* erg, in good 
agreement with other determinations (Table II). 

The results can be understood on the basis of the 
general resonance relations [ w/y=(2HrH,)'+(1—4a)H | 
derived by Nagamiya and Keffer and Kittel. In the low- 
temperature region, 4°K to 22°K, the AFMR results are 
consistent with spin-wave calculations of the tempera- 
ture dependence of the sublattice magnetization and of 
the dependence of the anisotropy energy on the mag- 
netization. In fact, the spin-wave theory predicts the 
AFMR frequency to about 0.1[% of its measured value, 
which implies that it can also predict the magnetization 
to about the same accuracy at any temperature in this 
low-temperature range. 

These results show that there is almost complete 
correlation of neighboring electron spins in the low- 
temperature region and that a high degree of correlation 
continues to much higher temperatures. Because of this 
correlation, the anisotropy energy and hence the AFMR 
frequency would not be expected to be directly pro- 


portional to the magnetization. Indeed, other measure- 
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ments of the magnetization fall above the curve of 
AFMR frequencies versus temperature. It would seem, 
therefore, that the close correspondence of AFMR fre- 
quencies and the Brillouin function may be accidental. 
The observed asymmetric line shape can be qualita- 
tively accounted for by the contribution made to the 
imaginary part of the propagation constant by the real 
part of the susceptibility. The line width can be 
qualitatively explained by a simplified thermal fluctua- 
tion model, even though it neglects electron spin 
correlations. Finally, the results of AF MR measure- 
ments on two crystals, which were grown under different 
conditions, indicated no difference in resonance fre- 
quency or line width. 
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Sodha and Eastman have shown that the time of relaxation of an electron due to scattering by ions and 
electrons is given by r= B¢y(x)/x, where x is proportional to its velocity and g(x) a function tabulated by 
Spitzer and Hirm. In this paper the authors have proposed two analytical functions for g(x) which make 
the integrals appearing in transport theory readily integrable. 


INTRODUCTION 


HE time of relaxation of an electron due to 
scattering by ionized impurity ions in a nonpolar 
semiconductor is given by 


71= Ba, (1) 
where x= (m/2kT )'2, v is the velocity of the electron, 
m is the effective mass of electron, k is Boltzmann 
constant, 7) is the temperature of the crystal, and B is 
a constant at a given temperature, inversely propor- 
tional to impurity density. 

Spitzer and Hiirm' have investigated the velocity 
distribution of electrons in the presence of an electric 
field in an ionized gas. Sodha and Eastman? have 
applied this analysis to semiconductors and shown that 
the time of relaxation of an electron, due to both 
electron-ion and electron-electron scattering, is given by 

t= Bo(x)/x, (2) 
where ¢(x)=ZD(x)/A is a function tabulated by 
Spitzer and Hiirm! for various values of mean ionic 
charge Z. Sodha and Eastman? have also pointed out 
that the case Z=1 applies to most of semiconductors 
of interest. Only this case is considered in this paper. 

The transport properties of semiconductors at zero 
electric field considering electron-electron scattering 
have been studied by Spitzer and Harm!', Sodha and 
Eastman,’ and Sodha and Varshni* by numerical 
evaluation of the integrals involving ¢(x). 

In this paper the authors have fitted two analytical 
functions to ¢(«), which make the integrals appearing 
in the theory of transport phenomena readily 
integrable. 

EMPIRICAL FUNCTIONS FOR g(x) 
Two functions for ¢(x) have been fitted: 
(D: o@)=LAs20™*: 
(ID): ¢(x)= —0,04045x+ 1.0026x°+0.462782%, 

* Now at Physics Research Department, Armour Research 
Foundation, Chicago, Illinois. 

11, Spitzer and R. Hirm, Phys. Rev. 89, 977 (1953). 

2M. S. Sodha and P. C. Eastman, Z. Physik 150, 242 (1958). 

3M. S. Sodha and P. C. Eastman, Progr. Theoret. Phys. 


(Kyoto) 19, 344 (1958). 
*M, S, Sodha and Y. P. Varshni, Z. Physik 153, 555 (1958). 


Table I illustrates the fit of the two functions. 

The first function gives much higher values in the 
range 0<x<0.4. This disagreement is not 
because in most of integrals of interest the contribution 
from this range of x is small. 


serious 


TRANSPORT PROPERTIES AT ZERO 
ELECTRIC FIELD 


The drift mobility uw of electrons in a nondegenerate 
semiconductor is given by® 


p= (q/m){rx*)/(x*), (3A) 


where g is the charge of an electron and ( ) denotes 
an average over the whole distribution. 

Using the result® that the theoretical effect of a 
steady magnetic field H is to replace the time of relaxa- 
tion 7 by 


7 T wT" 


Itior 1tu%? 1+0%7? 


where w= gH/mco, co being the velocity of light, the 
following can be shown!: 


TABLE I. Comparison of values of ¢(«) given by simple analytic 
functions with the exact theoretical values. 


¢(x) cale. 
from (II) 


v(x) cale, 
from (I) 


¢(x) theor. 
0.006443 
0.035716 
0.1738 
0.4366 
0.8462 
1.563 
2.195 
3.403 
6.894 
12.075 
14.231 
19.254 
25.302 


0.005151 
0.02803 
0.1526 
0.4110 
0.8301 
1.576 
2.236 
3.492 
7.052 
1257 
14.24 
8.998 
24.57 


0.1 0.0008093 
(0.2 0.01660 
0.4 0.1548 
0.6 0.4508 
O.8 0.9005 
1.04 1.645 
1.20 2.273 
1.44 3.435 
1.92 6.728 
2.40 11.83 
2.56 14.06 
2.88 19.53 
3.20 26.00 


5W. Shockley, Electrons and Holes in Semiconductors (D. 
Van Nostrand Company, Inc., Princeton, New Jersey, 1950), 
Chap. 11. 

6 Dingle, Roy, and Arndt, Appl. Sci. Research B6, 144 (1956). 
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TABLE IT. Values of J, J2, Iz, and J,. 


Numerical Analytic integration 
integration ad) 
1.744 
5.56 
20.78 
Not integrable 


Integral 


(i) When @? is negligible, then (a) Eq. (3A) is valid, 
and (b) the Hall mobility y’ is given by 


pb’ = (q/m)(x*7?)/(r2x*). (3B) 


(ii) When w* is negligible and p is the specific resist- 
ance, then 
Ap/p= — Ap/p=w*(2?7*)/ (x7). (3C) 
(iii) In the saturation range w*7?>>1, one has 
(3D) 


(3E) 


Bs= (¢/mw?)(x*/7)/(x*), 
bs’ = (g/m) (x*)/(x*/7) 
The velocity distribution of electrons is given by 
N (x)dx= Nox exp(—.2*)dx. (4) 


From Eqs. (1), (3A) and (4). the drift mobility yu, 


when electron-electron scattering is neglected is 
given by 


ur=8qB/mr'. (5A) 


From Eqs. (2), (3A), (3B), (3C), (3D), (SE), (4), and 
(5A), we get 
: 4], (5B) 


MI 


AND Y. F. 


VARSHNI 


p’ wi TI 


BI sf, 
1 Ap 64c(" Ap I; 


Bu? p xHu p Ty 


64c," 
Ms>= - rt “ I, 
3p, 


3nr 1 
Be =—nI—, 
64 I, 


where 


n= f xy exp(—2?)dx, 
0 


x 


Le f xy? exp(—x")dx, 
0 


i 


n= f x¢* exp(—x?)dx, 
0 


n= { xi exp(—.2*)dx. 
0 


Table II lists the values of J;,J2, 73, and 74 obtained 
by numerical integration and by analytic integration 
using functions I and II. 
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We find that the effects of 0.01 to 1.0 atomic percent of various impurities on the superconductive critical 
temperature of indium and aluminum are strikingly similar to those previously reported for tin. For suffi 
ciently small amounts of all solutes there is an electronic mean free path effect on the critical temperature 
such that 7, decreases linearly with increasing reciprocal free path. For larger impurity concentrations the 
curves of critical temperature versus concentration fall into groups according to the valence difference be- 
tween solvent and solute. 7, has a sharp upward trend for higher valence solutes; for those with lower 
valence the curves of 7, tend to flatten out. The similarity of these impurity effects for three such different 
superconductors suggests that they are a fundamental property independent of the detailed nature of the 


superconductor. 


1. INTRODUCTION 


N a recent paper’ (hereafter referred to as LSZ) 
measurements were presented of the effect of alloy- 
ing on the superconductive critical temperature of tin. 
They showed that for sufficiently small amounts of all 
solutes there is an electronic mean free path effect on 
the critical temperature such that 7. decreases linearly 
with increasing reciprocal free path. For larger impurity 
concentrations the behavior of 7 becomes more com- 
plicated; the curves of critical temperature versus con- 
centration fall into groups according to the valence 
difference between solvent and solute. For higher val- 
ence solutes JT, has a sharp upward trend; for those 
with lower valence the curves of 7, tend to flatten out. 
We have now completed similar measurements on a 
series of dilute binary alloys with indium and aluminum 
as the solvents. We have found that the impurity effect 
on the critical temperature of these substances is strik- 
ingly similar to that reported for tin, as will be demon- 
strated in this paper. 

As in LSZ, 7, was calculated from magnetic thresh- 
old field measurements in the temperature region 
0.97. <T <T,.. In this range the threshold field H, is, 
to a very good approximation, a linear function of the 
temperature. 7, can therefore be found by extrapolating 
H, as a function of T to H,=0, using the method of 
least squares. The critical temperature for indium is 
almost as high as that for tin, so that the required tem- 
perature range for the indium alloys could be obtained 
with the conventional cryogenic installation described 
in LSZ. In order to obtain the much lower temperature 
range needed for the aluminum samples, an entirely 
different cryostat was designed and built. A description 
of this apparatus and of the techniques used to measure 
the low temperatures is given in Sec. 3. 


* This work has been supported in part by the Office of Naval 
Research and by the Rutgers University Research Council. 

+ This work formed part of a dissertation submitted by G. 
Chanin to the Graduate Faculty of Rutgers University in partial 
fulfillment of the requirements for the Ph.D. degree. 


1 Lynton, Serin, and Zucker, J. Phys. Chem. Solids 3, 165 


(1957). 


An indication of the homogeneity of the specimens 
and a measure of their electronic mean free path in the 
normal phase was obtained by measuring their electrical 
resistance both at room temperature and at 4.2°K. As 
discussed in LSZ, from the measured resistance values 
we calculate for each specimen the ratio 


p= Ro/ (R— Ro) (1—at,), 


which we call the residual resistance ratio. Ro is the 
resistance measured at 4.2°K, R, that at room tempera- 
ture, T= 273°+4,, and a is the known temperature co- 
efficient of resistance for the pure material at 273°K. 
To the degree of approximation to which Matthiessen’s 
rule applies, this ratio is equal to the ratio of the ideal 
absolute conductivity at 273°K, aia 273°, to the conduc- 
tivity at 4.2°K, o4.°. For any material the ratio of 
electronic mean free path / to absolute conductivity 
is a constant independent of temperature. The best 
way of finding its value is from measurements of the 
ac surface conductivity in the limit of the anomalous 
skin effect.2 If in addition one knows the value of 
id 273°, One can find for every material a unique relation 
between the reciprocal of the low-temperature elec- 
tronic mean free path and the resistance ratio. Table I 
lists the values we have used for //o; the references in- 
dicate the sources from which we have taken the rele- 


TABLE I. Values of 1/o and of gig 273° for indium, aluminum, 
and tin, and the expression for 1// in terms of p calculated from 
these values. 


l/a Tid 273° 
(ohm-cm?) (ohm~!-em™!) 


Indium 0.89X 1071 13 104» 
Aluminum 0.40¢ 404.6 
Tin 1.03¢ 10° 


1/l (em~') 


(0.87 X 10°) p 
(0.62 X 10%) p 
(0.97 X 10°) p 


Material 


«® T. E. Faber, Proc. Roy. Soc. (London) A241, 531 (1957). 

b G. K. White and S. B. Woods, Rev. Sci. Instr. 28, 638 (1957). 

eT. E. Faber and A. B. Pippard, Proc. Roy. Soc. (London) A231, 336 
(1955). 

4 Pp, Alley, thesis, Rutgers University, 1958 (unpublished). 

e A. N. Gerritsen, Encyclopedia of Physics, edited by S. Fliigge (Springer 
Verlag, Berlin, 1956), Vol. 19, Chap. 2. 


2R. G. Chambers, Proc. Roy. Soc. (London) A215, 481 (1952), 
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vant surface resistance. Also listed are oiq 273°, and the 
resulting expression for 1// in terms of p. For com- 
parison we list values for tin as well as for indium and 
aluminum. 


2. EXPERIMENTAL DETAILS—INDIUM 


The experimental procedure used in preparing and 
mounting the indium specimens and in determining 
their critical temperature was in most details identical 
to that used with the tin specimens and fully described 
in LSZ. The basic melts were made in the same way and 
with similar precautions by adding the solute to 
99.9999% pure indium obtained from the Indium Cor- 
poration, Utica, New York. However, because of the 
tendency of indium to stick to glass, the final samples 
were cast in reactor-grade graphite. The resulting speci- 
mens were mounted in the sample holder previously 
used for tin, and the same method was applied to de- 
termine threshold field values over a range of tempera- 
tures near 7,. Similarly, for the resistance measure- 
ments the same apparatus and method were used as in 


LSZ. 
3. EXPERIMENTAL DETAILS—-ALUMINUM 


The preparation of the aluminum samples and the 
apparatus and method used to determine their critical 
temperature were quite different from the procedures 
described in LSZ. Both will, therefore, be described 
here in detail. 


(a) Preparation of Samples 


To obtain samples containing a certain concentration 
of solute, a known amount of nominally 99,99°7, pure, 
cleaned aluminum and the appropriate amount of solute 
were melted together in air in an electrically heated 
crucible of reactor-grade graphite. Homogeneity of the 
melt was aided by stirring it with a graphite paddle. 
This was also used to skim off any surface oxide before 
pouring the melt into a graphite mold preheated to 
about 350°C. After cooling, the casting was pulled out 
of the mold and a sample of the required length cut 
from it. The final samples were a little over 3 mm in 
diameter and about 7 cm long. Before being measured, 
the samples were again cleaned and then annealed in 
vacuum at a temperature of 525°C for seven days. As 
the superconducting transitions of all samples were 
very sharp and some of them even showed supercooling 
despite being impure, we are fairly sure that they were 
reasonably homogeneous. 


(b) Low-Temperature Apparatus 


The critical temperature of aluminum is about 1.2°K, 
and it was therefore necessary to measure the threshold 
field at temperatures near 1.0°K. In addition to meeting 
the problem of reaching such temperatures by pumping, 
it was necessary for the apparatus to satisfy other re- 
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quirements. At least two and preferably more samples 
had to be measured simultaneously in order always to 
have a pure aluminum sample as a thermometer. The 
samples had to be reasonably large so as to make the 
change of their magnetic moment appreciable, and they 
had to be closely surrounded by search coils so that this 
change could be detected with little loss in sensitivity. 
Furthermore, a whole series of measurements would be 
much simplified by a design which allowed us to change 
samples without having to break and seal vacuum-tight 
joints in the low-temperature portions of the apparatus. 

We fulfilled these requirements by the design shown 
schematically in Fig. 1. The principal helium bath is 
the lower one, L. It has a volume of about 50 cm’, and 
is suspended from an upper helium bath U by one inch 
of a 0.125-in. diameter, 0.010-in. wall thickness stainless 
steel tube. The film flow into this tube is restricted by 
an orifice O, 0.25 mm in diameter. The heat leak into L 
is further restricted by an aluminum radiation shield A, 
and by radiation baffles in the {-inch pumping tube P. 

L has a tellurium-copper bottom with three sample 
clamps and a hole into which a 110-ohm Speer carbon 
resistor R is fixed with Araldite cement. With these 
clamps, the thermal contact with the samples S is 
sufficiently good so as to make them follow changes in 
bath temperature without noticeable time lag. The 
three search coils C closely surround but do not touch 
the samples; these three and a fourth dummy coil are 
attached to the removable bottom of the radiation 
shield, and remain at or above 4.2°K. This means that 
the leads to these coils do not constitute a heat leak 
into the lower bath L. 

Between runs, samples could be changed easily by 














Fic. 1. Schematic diagram 
of the apparatus used to de- 
termine the critical tempera- 
ture of the aluminum 
samples. 
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SUPERCONDUCTIVE. CRITICAL 
first removing the bottom of the radiation shield with 
its search coils. The cylindrical part of the radiation 
shield could then be unscrewed from the bottom of the 
upper bath, leaving free access to the clamps holding 
the three samples. 

The entire assembly is sealed with O-rings into a 
conventional Dewar, as shown in Fig. 1, and this is in 
turn surrounded by a Dewar filled with liquid nitrogen. 
The uppermost reservoir NV is also filled with liquid 
nitrogen. 

After being precooled to liquid nitrogen temperature, 
the upper helium vessel is filled in a conventional way 
by direct transfer of liquid helium. During this filling 
an atmosphere of helium exchange gas fills all the spaces 
surrounding the baths. The lower bath ZL is connected 
through P to a helium gas holder at a slight overpres- 
sure, and as a result liquid helium condenses into L, 
filling it in about ten minutes. When this has occurred, 
helium transfer into U is stopped, and the exchange gas 
is removed through the sidearm V. The very favorable 
geometry of the apparatus allows us to pump off this 
gas very quickly, reaching a good vacuum in a few 
minutes. We are then ready to pump on L. 

As long as there is liquid helium in the upper bath U, 
the heat leak into LZ is so small that we can reduce its 
temperature to as low as 0.85°K with a conventional 
22-1/sec mechanical pump, in spite of the relatively 
narrow pumping line P. A single filling of the upper 
bath lasts about five hours. 


(c) Determination of the Critical Temperature 


The basic measurement of the threshold field of a 
given sample at a particular temperature was carried 
out by the method fully described in LSZ. However, 
we did not choose to measure accurately the low vapor 
pressure of the liquid helium in order to determine the 
temperatures near 1°K, but used instead a different 


thermometric procedure. 


H. (oersteds) 


@ Pure Aluminem 
80.055 At.% Zine 








850 840 
R Cohms) 

Fic. 2. Typical variation of the magnetic threshold field //, with 
the resistance of the Speer resistor. Shown are data for the pure 
standard and one impure specimen taken during one run; the 
straight lines through the points are fitted by least squares. 
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TABLE IT. Experimental results for the change in critical tem- 
perature, A7.., and the resistance ratio, p, for all indium samples, 
together with the values of the reciprocal mean free path, 1/1, 
calculated using the relation in Table I. 


AT. 
(°K) 


Concentr. 


1/l 
Impurity (at.%) p (106 cm™) 


Pure A 
Pure B 
Pure C 
Pure D 


eee <0.0001 <0.0001 
+0.0008 tee tee 
—0.0002 

+0.0006 


0.0030 
0.0041 
0.0083 
0.0157 
0.0301 
0.0631 


0.0034 
0.0047 
0.0095 
0.0180 
0.0346 
0.0725 


— 0.0045 
— 0.0087 
—0.0128 
—0.0158 
—0.0129 
+0.0119 


0.012 
0.020 
0.044 
0.080 
0.157 
0.314 


Bismuth 


0.0033 
0.0062 
0.0114 
0.0220 


0.0029 
0.0054 
0.0099 
0.0192 


—0.0053 
— 0.0085 
—0.0118 
—(0.0147 


0.042 
0.078 
0.145 
0.292 


0.0013 
0.0021 
0.0039 
0.0074 
0.0136 
0.0198 


0.0011 
0.0018 
0.0034 
0.0064 
0.0118 
0.0172 


—().0039 
—(0).0035 
—0.0063 
—().0114 
—().0186 
—0.0252 


0.045 
0.081 
0.153 
0.307 
0.529 
0.827 


Thallium 


0.0014 
0.0018 
0.0023 
0.0030 
0.0044 
0.0044 
0.0064 
0.0072 


0.0016 
0.0021 
0.0027 
0.0034 
0.0051 
0.0051 
0.0074 
0.0083 


—0,.0032 
— 0.0035 
—().0073 
—().0059 
— (0.0080 
— (0.0083 
— 0.0096 
—().0097 

0.0061 
— 0.0004 


0.031 
0.041 
0.054 
0.072 
0.105 
0.110 
0.149 
0.179 
0.365 
0.533 


0.0012 
0.0023 
0.0031 
0.0035 
0.0054 
0.0084 


0.0014 
0.0027 
0.0036 
0.0040 
0.0062 
0.0097 


—().0045 
— 0.0077 
—().0078 
—0.0114 
—0.0151 
—().0194 
— (0.0302 
—0.0535 


0.037 
0.065 
0.089 
0.091 
0.155 
0.239 
0.451 
0.911 


Cadmium 


0.0009 
0.0013 
0.0019 
0.0024 
0.0026 
0.0043 


0.0010 
0.0015 
0.0022 
0.0028 
0.0030 
0.0050 


0.042 
0.071 
0.103 
0.143 
0.145 
0.274 
0.485 
0.914 


+-0.0009 
+-0.0017 
—().0005 
+0.0021 
+0.0012 
+0.0048 
+0.0134 
+-0).0325 


Gallium 


We restricted our measurements to temperatures less 
than 0.15°K below the critical temperature of pure 
aluminum, a range of temperatures over which its 
threshold field varies linearly with temperature to very 
high accuracy. We observed that in this region the 
threshold field also varies linearly with the resistance 
of the Speer resistor, indicating that this resistance in 
turn varies linearly with temperature in this restricted 
range. The method of determining the critical tempera- 
tures was therefore as follows: 

In any given run, with the same pure sample and 
two impure ones in the apparatus, we determined the 
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TaBLE III. Experimental results for the change in critical tem- 
perature, A7., relative to the actual “pure” specimen used, as 
well as the corrected change, AT.*, relative to an ideally pure 
specimen, for all aluminum samples. In addition experimental 
values of the resistance ratio, p, and the values of the reciprocal 
mean free path, 1//, calculated using the relation in Table I. 


AT. AT* 11 
(°K) (°K) p (10° cm~!) 


0.0043 


Concentr, 
Impurity (at.%) 
Pure A 


0.0026 
Pure B ore 


cee 0.0016 
—().0003 cee 
0.0027 
0.0035 
0.0051 
0.0080 
0.0155 
0.032 
0.049 


0.0044 
0.0056 
0.0082 
0.0129 
0.0250 
0.0518 

0.0798 


0.0099 
—().0123 
—0.0170 
—().0233 
—0.0324 
—().0409 
—().0487 


— 0.0056 
—0.0080 
—0.0127 
—0.0190 
—0.0281 
— 0.0366 
—0.0444 


0.021 
0.036 
0.055 
0.109 
0.246 
0.495 
1.006 


Zinc 


0.0022 
0.0031 
0.0048 
0.0079 
0.0450 
0.067 


0.0035 
0.0050 
0.0078 
0.0127 
0.0725 
0.108 


— 0.0064 
—0.0094 
—(0).0117 
-().017 
—().0488 

0.0521 


—0.0021 
—0.0051 
— 0.0074 
—0.013 

—0.0445 
—().0478 


0.022 
0.060 
0.102 
0.248 
0.499 
1.10 


Magnesium 


0.0075 
0.0137 
0.0245 
0.0535 
0.0948 


0.0046 
0.0085 
0.0152 
0.0332 
0.0588 


—0.0145 
—(),0211 
0.0346 
—().0466 
—0.0586 


—0.0102 
—(0).0168 
— (0.0303 
—().0423 
— 0.0543 


0.012 
0.025 
0.050 
0.112 
0.213 


Silver 


0.0040 
0.0064 
0.0123 
0.0234 
0.0337 


0.0064 
0.0103 
0.0199 
0.0378 
0.0544 


—0.0073 
—(0).0098 
—().0100 
—(),.0069 
—().0019 


—0).0030 
—0).0055 
— 0.0057 
—0.0026 
+-0.0024 


0.012 
0.024 
0.039 
0.108 
0.160 


Germanium 


0.0054 
0.0096 


0.0086 
0.0155 


—().0078 
—0,0091 


0.026 
0.054 


— 0.0035 
—().0048 


Silicon 


* Measured by P. Alley, thesis, Rutgers University, 1958 (unpublished) 


threshold field for each specimen at nine or ten tem- 
peratures corresponding to different resistance values, 
®R, of the Speer resistor. By extrapolation we then found 
for each sample ®o, the resistance value at zero field, 
and from this in turn A®o, the difference between Ry 
for an impure sample and ®po for the pure one. From the 
measurements in each run we also obtained the slope 
of the linear H vs ® curve for the pure sample. Multi- 
plying the reciprocal of this by the value for (dH./dT)r, 
measured by Cochran and Mapother® (142 gauss 
degree) gave us for the given run the temperature de- 
pendence of the resistor, from which the measured 
AR could be translated into a AT,. 

The Speer resistor had a value of 800-900 ohm at the 
critical temperature. Its temperature dependence in 
this region was about 200 ohms/degree, and varied by 
less than 5% from run to run. Typical values for the 
variation of H, with ® are shown in Fig. 2. 


4. RESULTS AND DISCUSSION 


In Tables II and III are listed the results of our 
measurements for each of our indium and aluminum 


3J. F. Cochran and D. E. Mapother, Phys. Rev. 111, 132 
(1958). 
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specimens. AT, is the difference between the critical 
temperature of the given sample and that of the pure 
specimen used as standard in each run. The use of the 
same pure sample in each run and the calculation of 
AT. from its 7. as obtained in that particular run elimi- 
nated most systematic errors due to thermometry, tem- 
perature scale, and coil calibration. 

The first entries in each table show the results ob- 
tained with different pure specimens to check on the 
reliability of our AT, values. The amount of variation 
of T. for these samples is less than the estimate of our 
uncertainties as outlined in LSZ and supports our 
belief that we can determine AZ, to within two milli- 
degrees or less. 

The last column in each table lists the reciprocal of 
the electronic mean free path at low temperature, cal- 
culated from the resistance ratio p with the relation 
listed in Table I. The pure indium we used has a resis- 
tance ratio smaller than 10~, corresponding to a value 
of 1// less than 10** em~, which is completely negligible. 
Our “pure” aluminum, on the other hand, has p=0.0026, 
so that 1//~1600 cm, which is only a little smaller 
than that of the ‘most dilute impure aluminum speci- 
mens. Such a high value of p for nominally pure alu- 
minum is typical; e.g., Faber! reports similar values. 

This means, of course, that the critical temperature 
of such a specimen is different from that of an ideally 
pure one with a negligible value of 1//. For any quan- 
titative consideration of the impurity effect on T, one 
should use the critical temperature of such an ideal 
sample as a standard of comparison. We shall show 
presently that the initial portion of a plot of A7. vs 1/7 


al, (°K) 
oll 





=06+ 





Fic. 3. The variation of the change in the critical temperature, 
AT., as a function of the reciprocal electronic free path, 1//, for 
the indium specimens. 


4T. E. Faber, Proc. Roy. Soc. (London) A231, 353 (1955). 
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is linear. Thus we can extrapolate back to 1//=0 and 
find that our “pure” aluminum has a critical tempera- 
ture which is 0.0043°K below the ideal value. Adding 
this to the AT, obtained for each impure sample gives 
AT.*, the value of AT, relative to ideally pure alumi- 
num. Note that to do this for indium or tin would re- 
quire a correction of much less than one millidegree. 

In Fig. 3 we have plotted the variation of AT, as a 
function of 1// for indium, in Fig. 4 that of A7.* for 
aluminum. Plotting the same AT, and AT,* values as 
functions of the impurity concentration, rather than 
1/1, has the same effect as it did in the case of tin 
(see Fig. 2, in LSZ): the striking clustering of the 
initial portions of the curves in Figs. 3 and 4 disappears. 
From a large scale plot of these portions this initial 
decrease in AT. is observed to be linearly proportional 
to 1/1, with slopes which are listed in Table IV. The 
value of this slope for tin is given for comparison. 

A further inspection of Figs. 3 and 4 shows that the 
variation of 7, with impurity is strikingly similar for 
both indium and aluminum throughout the entire range 
of mean frée path. In both cases there is a marked dif- 
ference between one set of curves which after the 
initial linear decrease has a sharp upward trend, and 
another set which also deviates upward from the initial 
straight line but much more gradually. In the case of 
indium samples the sharp rise is displayed by the 
curves for Bi, Pb, and Sn impurities; with aluminum 
as host this is true for Si and Ge. All these impurities 
have a valence which is higher than that of the solvent. 
The set of curves which rises only a little from the in- 
itial line consists of Cd in the case of indium, and Zn, 
Mg, and Ag for aluminum; all these have a lower val- 
ence than their hosts. Furthermore, the curve for in- 


 aTe °K) 


ol me on os 05 0g & (10% mi) 





xA 

amy 
@Zn 
+ Si 
@ Ge 





Fic. 4. The variation of the corrected change in the critical 
temperature, A7,.*, as a function of the reciprocal electronic free 
path, 1/l, for the aluminum specimens. 
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TABLE IV. Initial slopes of the curves of AT, versus 1/l. 


Initial slope AT./ (1/1) 
(degree-cm) 
(2.6+0.7) X 10-8 
(2.7+0.3) X 10-8 
(2.7+0.3) KX 10-6 


Material 


Indium 
Aluminum 
Tin 


dium samples containing thallium, which has the same 
valence as indium, falls somewhere between these two 
groups. 

The only exception to this general pattern of be- 
havior is the variation of 7, with the addition of 
gallium to indium. Gallium and thallium have the same 
valence as indium, and one would expect their curves 
to be similar. Figure 3 shows that this is clearly not the 
case. 

The results for indium and aluminum are very similar 
not only to each other, but also to our previous results 
for tin. In view of the fact that these three elements are 
widely dissimilar in almost every respect except for 
their being superconductors, we are strongly inclined 
to conclude that all the qualitative features of the im- 
purity effect on 7, found in these investigations are 
fundamental properties independent of the detailed 
nature of the superconductor. 

According to the Bardeen, Cooper, and Schrieffer 
theory of superconductivity,® the critical temperature 
of a superconductor depends on its fundamental pa- 
rameters by the relation 


T.=A exp(—1/NV), 


where A is a constant of the material depending only on 
its Debye temperature, N is the density of electronic 
energy states at the Fermi surface, and V an average 
matrix element arising from the electron-phonon and 
the Coulomb interaction. 

The linear decrease of 7, with increasing values of the 
reciprocal electronic mean free path occurs immediately 
for amounts of impurity too small to affect either the 
Debye temperature or the density of states. The effect 
on 7, must therefore be due to a dependence of V on 1/1. 
Pippard has suggested® that this matrix element de- 
pends on the electronic mean free path in a similar way 
as does the scattering of phonons by electrons. Our 
results seem to agree with this view qualitatively. 

To explain the more complicated variation of T, be- 
yond the initial linear region, one must take into ac- 
count the effect of the impurities on the other quan- 
tities affecting 7,. Clearly impurities with different 
numbers of valence electrons than the solvent may 
affect the density of states N by changing the number 
of electrons per atom. This by itself is probably the 
explanation for the difference between the 7, variation 
of electropositive and electronegative impurities. How- 
ever, it does not seem to be sufficient to explain the 

5 Bardeen, Cooper, and Schrieffer, Phys. Rev. 108, 1175 (1957). 

6 A. B. Pippard, J. Phys. Chem. Solids 3, 175 (1957). 
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TABLE V. Slopes of the curves of the resistance 
ratio versus atomic concentration. 


System p/at.% 


In-Bi 0.23 

In-Pb 0.078 
In-Sn 0.048 
In-Cd 0.040 
In-Tl 0.024 
In-Ga 0.020 


general upward trend of all 7. curves. In an attempt to 
obtain further information about this question, we are 
presently extending our threshold field measurements 
on indium and aluminum samples to much lower tem- 
peratures so as to be able to calculate the electronic 
specific heat in the normal state. We discussed in LSZ 
how we did this for the impure tin samples, and how 
we found that the temperature coefficient of the specific 
heat and hence the density of states appeared to be 
increased by all solutes, independently of valence. 
Clearly it is important to determine whether a similar 
effect exists in indium and aluminum, as this may ex- 
plain the general upward trend of 7.. As an independent 
check, work is in progress on calorimetric measurements 
of the specific heat. 

We do not understand the fact that gallium impurity 
does not seem to depress the critical temperature of 
indium. It may be that the metallurgy of this solution 
is more complicated than is thought. In any case, what- 
ever the mechanisms may be which cause the changes 
in critical temperature in the region beyond the initial 
linear one, one would expect them to compete more 
strongly with the mean free path effect, the more 
slowly the free path varies with impurity concentra- 
tion. A measure of this variation is obtained from the 
rate of change of the resistance ratio p with impurity 
concentration. The values we obtain for this rate are 
listed in Table V for the indium alloys. 
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AND SERIN 

Of all the binary systems we have investigated, the 
mean free path of that containing gallium clearly varies 
most slowly with increasing impurity concentration. 
It is possible, therefore, that the anomalous behavior 
of the critical temperature of the alloys containing 
gallium is due to the masking of the mean free path 
effect by the other competing influences which in these, 
as in all other alloys, tend to increase the critical tem- 
perature. However, it must be noted that we seem to 
be able to observe readily the changes produced in the 
indium-thallium alloys, for which the slope listed in 
Table V is almost as small. Gallium atoms differ from 
thallium in that the former are smaller in size and in 
mass than indium atoms, whereas the latter are larger 
and heavier. Thus it may be that the anomalous be- 
havior of the critical temperature of the In-Ga alloys 
arises from size and mass effects which are not very 
evident in the other alloy systems. 

We do not believe that the peculiar behavior of this 
one alloy system invalidates our general conclusions. 
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Charge distribution curves of nearly parallel beams of monoenergetic electrons of 3 Mev have been meas 


ured in Plexiglas and aluminum. The charge distribution in depth reaches a maximum at approximately 3 


of maximum range. The maximum in Plexiglas is sharper than in aluminum. The results confirm the exist 
ence of a space charge layer in dielectrics after electron bombardment. The measured charge distribution 
reflects the differential range distribution of monoenergetic electrons. 


I. INTRODUCTION 


HE absorption of monoenergetic electrons has been 

discussed by Kaplan! and Birkhoff.! For electrons 
in the low-energy range, up to approximately 100 kev, 
Schonland? found S-shaped absorption curves. Leiss, 
Penner, and Robinson* calculated similar curves for 
electrons in the high-energy range, between 5 and 55 
Mev. These results suggest the existence of a charge 
distribution in depth with a rather broad maximum. 
The same conclusion has been reached by Gross‘ from 
a discussion of the breakdown effects that occur in di- 
electrics after bombardment with 2-Mev electrons. 


II. EXPERIMENTAL ARRANGEMENT 


High-energy monoenergetic electrons were available 
in a nearly parallel beam from a Van de Graaff electron 
accelerator. The experimental arrangement was similar 
to that sued in measurements of the ionization-depth 
curve by Trump, Wright, and Clarke. The absorber 
system and the collector were placed on a moving belt 
and moved through the beam at a distance of 45 cm 
from the tube window. A direct charge measuring 
method was used. Absorption curves were obtained by 
measuring all the charge reaching a thick collector 
placed under different thicknesses of absorber. Charge 
distribution in depth was also measured by collecting 
the charge to a very thin collector moved progressively 
through the absorber thickness. The arrangement for 
the measurement of absorption curves is shown in 
Fig. 1(a). For the Al measurements an insulated alumi- 
num disk was connected to a vacuum tube voltmeter of 
high input impedance and a capacitor bank with a 
maximum capacitance C=2X10~ farad. The other 
terminal of the capacitor was connected to the slider of 


* While on leave of absence from National Institute of Tech- 
nology, Rio de Janeiro, Brazil. 

17. Kaplan, Nuclear Physics (Addison-Wesley Inc., Cambridge, 
1956); p. 292. R. D. Birkhoff, Handbuch der Physik (Springer- 
Verlag, Berlin, Géttingen, Heidelberg, 1958), Vol. 34, p. 87. 

2B. F. Schonland, Proc. Roy. Soc. (London) A104, 235 (1923), 
108, 187 (1925). 

5 Leiss, Penner, and Robinson, Phys. Rev. 107, 1544 (1957). 

4B. Gross, Phys. Rev. 107, 368 (1957); J. Polymer Sci. 27, 135 
(1958). 

5 Trump, Wright, and Clarke, J. Appl. Phys. 21, 345 (1950). 
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a potentiometer, the voltage of which was given by a 
voltmeter. The aluminum disk had an area of 45.5 cm? 
and a thickness of 1 cm sufficient to stop all incoming 
electrons. It was covered by a Mylar insulator of 0.012 
cm thickness or 0.0167 g/cm*. The top surface of the 
Mylar carried an electrode of conducting paint con- 
nected to ground. The absorbers were disks of aluminum 
stacked on the Mylar. For Plexiglas the same arrange- 
ment was used except that absorber and base disk were 
Plexiglas. The Plexiglas base disk was coated with a 
conducting silver layer and acted as the collector for all 
electrons stopped within it, since a solid dielectric with 
conducting surfaces is a Faraday cage and permits 
measurement of the total charge in the dielectric irre- 
spective of its distribution. The electron beam inter- 
cepted by the collector charged the capacitor and pro- 
duced a deflection on the vacuum tube voltmeter. The 
deflection rose gradually when the absorber passed 
through the beam, provided the potentiometer slider 
was kept at zero position. But during an actual meas- 
urement the potentiometer was operated manually so 
that it produced an increasing bucking voltage V which 
kept the indication of the vacuum tube meter very close 
to zero. In this way the appearance of a voltage on the 
collector and the collection of air ionization currents was 
minimized. The charge collected by the capacitor was 
Q=CV. At low intensities the sensitivity was raised by 
decreasing C to 2X 10~° farad. 

The arrangement for measurement of range distribu- 
tion curves is shown in Fig. 1(b). For measurements in 
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Fic. 1.(a) Arrangement for 
absorption measurements. (1) 
absorber, (2) Mylar insulator, 
top surface conducting, (3) 
base disk, (4) insulator. (b) Ar 
rangement for measurement of 
charge distribution in depth. 
(1) absorber, (2) Mylar insula 
tor, top surface conducting, 
(3) collector, (4) Mylar insula 
tor, bottom surface conducting, 
(5) base disk. 
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Fic. 2.(a) Transmission and absorption curve in 
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aluminum with 3-Mev electrons. (b) Range distribution 


curve in aluminum with 3-Mev electrons. 
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Fic. 3.(a) Transmission and absorption curve in Plexiglas with 3-Mev electrons. (b) Range distribution 
curve in Plexiglas with 3-Mev electrons. 


aluminum a thin Al disk, insulated by top and bottom 
Mylar sheets, was inserted between the absorber and 
the base disk which now was grounded. Areas were the 
same as before. The thickness of the Al collector was 
2.54 10 cm or 0.0645 g/cm?. When placed under an 
absorber of thickness x g/cm? the collector measured all 
electrons stopped between x and x+0.0645 g/cm*. For 
Plexiglas the arangement was again the same except 
that base disk, absorber, and collector were Plexiglas. 
Conducting paint was applied to all surfaces of the col- 
lector and constituted the electrode connected with the 
measuring system. The insulating Mylar sheets carried 
grounded electrodes on the surfaces not in contact with 
the collector. The thickness of the Plexiglas collector 
was 9.6X 10 cm or 0.113 g/cm*. When placed under 
an absorber of x g/cm? it measured all electrons stopped 
between x and x+0.113 g/cm’. From theory,® the range 
of 3-Mev electrons in Al is 1.84 g/cm*. Thus the 
stopping power of both collectors was much smaller than 
the penetration range of the primary electrons. Charge 
measured by a collector of thickness Ax placed under an 
absorber x is assigned to an absorber thickness x+ Ax/2. 


III. RESULTS OF MEASUREMENTS 


Experimental results for aluminum are shown in 
Fig 2 and for Plexiglas in Fig. 3. The curves of Figs. 2(a) 


® Ann T. Nelms, Natl. Bur. Standards Circ. No. 577 (1956). 


and 3(a) give the charge to the base disk as a function 
of absorber thickness. They have the characteristic 
S shape commonly associated with essentially mono- 
energetic but easily scattered electrons. With increasing 
absorber thickness these curves decrease to zero, when 
corrected for stray electrons which reach the collector 
by an external air route. These corrected curves show 
both the absorbed and transmitted values for 3-Mev 
electrons as a function of thickness through the alumi- 
num and Plexiglas. The curves of Figs. 2(b) and 3(b), 
corrected for stray electrons, give the experimentally 
determined distribution of charge in depth from the 
aluminum and Plexiglas collectors. The initial values 
for aluminum and Plexiglas have been extrapolated to 
zero at zero thickness taking into account the thickness 
of the electron window and the 45 cm of intervening air 
to the absorbers and collector. The charge distribution 
curves are proportional to the derivative of the absorp- 
tion curves of Figs. 2(a) and 3(a). Both charge distribu- 
tion curves are peaked. Comparison shows that the dis- 
tribution for Plexiglas is appreciably sharper than for 
aluminum. For Plexiglas the peak of the charge distri- 
bution curve is found at a depth of 1.1 g/cm? or 0.93 cm. 

The discrepancy between these results and those of 
authors who obtained nearly linear absorption is prob- 
ably due largely to their use of a divergent or of a hetero- 
energetic source. Absorption curves have been fre- 
quently measured with the divergent beam of a point 





3-MEV 


source of beta rays.’ Such curves must be different from 
those for a more nearly parallel and monoenergetic 
beam. The influence of the geometric factor is well 
known.* Gross and Roser’ have shown that an absorp- 
tion curve obtained with a divergent beam can be trans- 
formed into that for a parallel beam by an extension of 
the Gross transform which in cosmic-ray theory is cur- 
rently used for an analogous problem.” 


IV. CHARGE DISTRIBUTION IN DEPTH AND 
SPACE-CHARGE EFFECTS IN 
DIELECTRICS 


Bombardment of dielectrics with high-energy elec- 
trons introduces space charges whose field eventually 
produces electric breakdown of the dielectric. After 
breakdown a characteristic discharge pattern, of the 
form of a Lichtenberg figure, is found in the dielectric.‘ 
Previous measurements were made with 2-Mev elec- 
trons. Recent observations with 3-Mev electrons in 
Plexiglas have shown that the discharge figure develops 
with its center at a depth of approximately 0.8 cm 
below the irradiated surface, i.e., just where the peak of 
the distribution curve is found in the present experi- 
ments. Figure 3 shows that ? of the total absorbed 
charge is found in a layer between +0.2 cm from the 
peak of the distribution curve. These results confirm 
our previous conclusion of the existence of a layer of 
arrested electrons at a depth corresponding to the place 
of the discharge figure.* 


7L. E. Glendenin, Nucleonics 2, No. 1, 12 (1948). 

8S. Meyer and E. Schweidler, Radioaktivat (B. G. Teubner, 
Leipzig, 1927), p. 297. 

9 B. Gross and F. X. Roser, Acta Phys. Austriaca 12, 187 (1958). 

10. Janossy, Cosmic Rays (Clarendon Press, Oxford, 1948), 
p. 138. 
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Assuming that the charge remains bound in com- 
pletely insulating media and disregarding possible con- 
duction effects during and after irradiation, Fig. 3(b) 
gives directly the space-charge distribution for Plexiglas 
after electron bombardment. Since Fig. 3(a) gives the 
integral and Fig. 3(b) the differential charge distribu- 
tion, the first curve is the integral of the second one. 
Therefore Fig. 3(a) gives a value proportional to the 
electric field strength in the dielectric containing the 
space charges. For the determination of absolute values 
one must know the zero line. This depends on the thick- 
ness of the dielectric through the boundary conditions 
at the surfaces. Supposing that both surfaces of the di- 
electric are grounded, the zero-field line is drawn in such 
a way that the total area of the field curve is zero. This 
gives zero potential difference between the electrodes. 

Electrons, in the megavolt energy range, are con- 
sidered to produce secondaries whose energy and range 
are small compared to the primaries. With this assump- 
tion, the measured charge distribution also represents 
the over-all range distribution of the incident electron 
beam. The curves of Figs. 2(a) and 3(a) may be inter- 
preted as integral range distribution curves and those 
of Figs. 2(b) and 3(b) as differential range distribution 
curves. 
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The Mott asymmetry was observed at 121 kev for gold targets and scattering angles of 6,=90° and 
62=80° to 140°. The cosine dependence of the asymmetry on the azimuthal angle was shown in all cases. 
A weak magnetic lens (maximum field: 12.5 gauss) was used between the two scatterers, and a low-resolution 
(8%) electrostatic energy analyzer was used after second scattering. The measured asymmetry amplitudes 
are compared with the calculations of Sherman (pure Coulomb field) and of Mohr and Tassie (screened 
Coulomb field). The experimental values for 62=90°, 100°, 110° agree well with either theoretical curve 
but are not accurate enough to distinguish between them. The measured value at 62=80° is enough higher 
(17%) than the pure Coulomb field curve to indicate a screening effect. The experimental values for @2= 120°, 
130°, and 140° fall from 15% to 20% below the theoretical curves. This discrepancy is attributed to plural 
scattering. Measurements made using the magnetic lens but not the energy analyzer yield asymmetries 
reduced in amplitude about 33°% and shifted in phase by 26° when compared with the measurements dis- 
cussed above. This is believed due to the presence of an appreciable number of polarized electrons at a 


considerably lower energy than 121 kev in the first scattered beam. 


I. INTRODUCTION 


N 1929 Mott! showed that the double-scattering 
cross section for relativistic electrons scattered from 
a pure Coulomb field is of the form 


a (6,02) =0(01)0 (82) 1+6(6),02) cosds |, (1) 


where o(8) is the single-scattering cross section at an 
angle 6 for an unpolarized incident beam, 6(61,42) is the 
Mott asymmetry factor, and ¢2 is the angle the plane of 


second scattering makes with the plane of first scatter- 
ing. The Mott asymmetry factor may be expressed as? 


5(61,02) = P(0:)P (62), (2) 


where P(6) is the polarization of the electrons scattered 
at an angle @ for an unpolarized incident beam. 

With the discovery of polarization in nuclear beta 
rays, it has become a matter of practical importance to 
obtain precise methods of analyzing electron polariza- 
tion in the 50 to 2000 kilo-electron-volt energy range. 
Mott scattering is one of the techniques that has been 
used to analyze the polarization of beta rays. On the basis 
of past work, it can be said that the measured values of 
the polarization of electrons are quite likely to be lower 
than the values of the polarization predicted by the 
Mott theory. It would therefore be advisable, generally, 
to calibrate a scattering-analysis system by doubly 
scattering a beam of unpolarized electrons. The experi- 
ment reported here is in the nature of a calibration, with 
a view toward other polarization studies. 

The Mott asymmetry has been observed, prior to 
this experiment, by four groups: Shull, Chase, and 
Myers’; Ryu ef al.4~*; Louisell, Pidd, and Crane’; and 


* This work was supported by the U. S. Atomic Energy 
Commission. 

'N. F. Mott, Proc. 
A135, 429 (1932). 

2H. A. Tolhoek, Revs. Modern Phys. 28, 277 (1956). 

’ Shull, Chase, and Myers, Phys. Rev. 63, 29 (1943). 

4K. Shinohara and N. Ryu, J. Phys. Soc. Japan 5, 119 (1950). 


Roy. Soc. (London) A124, 425 (1929); 


Pettus.® Qualitative agreement with the predicted cross 
section has been obtained by each of these groups. 
Quantitative agreement has, in general, been poor. The 
asymmetry amplitudes reported in the later work of 
Ryu were about 50% low, in the work of Louisell ef al. 
about 30% low, and of Pettus from 10% to 80% low. 
In general, the agreement with theory has been best 
when the scattering angles have been no greater than 
90° and when the energy has been high (~400 kev). 
Plural scattering probably accounts for part of the dis- 
crepancies in the experiments of Ryu and Pettus. The 
remaining discrepancies, however, have not been 
accounted for. 

The present experiment was undertaken in an effort 
to either eliminate or account for the discrepancies 
between the measured and predicted asymmetry ampli- 
tudes. To do this, several techniques different from 
those employed in the previous experiments were used: 
(1) Since for scattering angles greater than 90° two 
counters separated in azimuth by 180° cannot both 
view the transmission side of the foil, this often-used 
symmetric counter arrangement was abandoned. In- 
stead, a single counter was used to observe the Mott 
asymmetry, and another counter, fixed at a scattering 
angle of 45°, was used for a beam monitor. (2) In all 
cases the cosine dependence of the asymmetry on the 
azimuthal angle was shown. The asymmetry amplitude 
was found by a Fourier analysis of the experimental 
points. (3) Any significant background was eliminated 
by removing the analyzer target away from the high- 
background region near the polarizer target. A magnetic 
lens? was used between the polarizer and analyzer 


5N. Ryu, J. Phys. Soc. Japan 7, 125 (1952); 7, 130 (1952); 8, 
804 (1953). 

6 Ryu, Hashimoto, and Nonaka, J. Phys. Soc. Japan 8, 575 
(1953). 

7 Louisell, Pidd, and Crane, Phys. Rev. 94, 7 (1954). 

8 W. G. Pettus, Phys. Rev. 109, 1458 (1958). 

® The use of the magnetic lens was suggested by Dr. H. R. 
Crane. 
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targets to avoid any corresponding loss in beam in- 
tensity. (4) A low-resolution electrostatic energy ana- 
lyzer was used after second scattering in order to 
discriminate against any low-energy electrons present 
in the beam. Comparison of asymmetry amplitudes 
measured with and without energy analysis was made. 


II. APPARATUS 


The calculation of the Mott double-scattering cross 
section assumes that a monoenergetic electron beam 
undergoes single, elastic scattering upon the unscreened 
Coulomb field of the nucleus. It is the objective of 
experimental design to approach this ideal as closely 
as possible. Such spurious effects as multiple scattering, 
plural scattering, inelastic scattering, interaction with 
slits, and background must be avoided. 

There is one feature of the present design that does 
cause an observable modification to the Mott-theory 
predictions. That is the use of a magnetic focusing field 
between the two scatterers. The effect of this is to 
rotate the plane of maximum asymmetry. This results 
from the precession of the polarization vector of the 
beam as it traverses the magnetic field. The asymmetry 
amplitude, however, is not affected by the rotation 
of the plane of maximum asymmetry. 

The Mott asymmetry depends not only on the first 
and second scattering angles but also on the atomic 
numbers of the first and second scatterers and on the 
energy. There results a considerable latitude in the 
choice of the scattering parameters. The 100-kev 
region of energy was chosen for study because (1) the 
disagreement between previous experiments and theory 
was large in this region, (2) the Mott asymmetry factor 
is near its maximum in this region, and (3) high-voltage 
equipment in this range was available. The particular 
energy of 121 kev was chosen because calculations of the 
Mott asymmetry factor, including the effects of atomic 
electron screening, have been carried out by Mohr and 
Tassie” at this energy. Also, Sherman"” has calculated 
the Mott asymmetry factor for the pure Coulomb field 
of gold at this energy. Gold scattering foils were chosen 
for study since nearly all previous measurements and 
calculations have been done for this element. It is, of 
course, a high-Z element which is a necessary condition 
for a large Mott asymmetry. A range of angles of second 
scattering from 80° to 140° was studied with the 
energy-analyzer assembly. The Mott asymmetry attains 
its maximum with respect to angle within this range. 
The first scattering angle was fixed at 90°. 

Experimental tests to which the apparatus was 
subjected and the points of apparatus design which 
affected experimental errors will be discussed separately. 
First, a brief description of the whole instrument is 
given. 


 C.B.O. Mohr and L. J. Tassie, Proc. Phys. Soc. (London) 67, 
711 (1954). 

1 N. Sherman and D. F. Nelson, Phys. Rev. (to be published). 

2 N. Sherman, Phys. Rev. 103, 1601 (1956). 
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Fic. 1. Cross section of polarizer assembly. 


A. Accelerating Voltage and Electron Gun 


A power supply, having a de regulation of +}% and 
an ac ripple of +2%, delivered the 121-kv accelerating 
voltage to the electron gun. The supply was calibrated 
to +3%. This calibration is sufficient for the accuracy 
of this experiment since the Mott asymmetry varies only 
of the order of 79% per kev in this energy region. The 
The electron gun was capable of delivering a focussed 
beam of 100 wamp on the polarizer target. 


B. Polarizer Assembly 


The polarizer assembly shown in Fig. 1 consists of 
(1) a double diaphragm leading to the polarizer target, 
(2) a target wheel with positions for four targets, (3) a 
collector cup for monitoring the beam intensity incident 
on the target, and (4) an exit diaphragm for the 
scattered beam. 

The angle of first scattering was fixed at 90°. The 
aluminum target wheel was made so that the target 
foil bisected the supplement to the scattering angle. The 
target holders allowed 3-inch diameter targets. 


C. Solenoid and Correction Coils 


The magnetic focusing of the beam between the 
polarizer and analyzer targets was accomplished by a 
large solenoid, 19.2 feet long by 12.75 inches in diameter. 
It produced a field of 9.36 gauss/amp at its center. The 
design parameters of the solenoid were not chosen for 
this experiment but for a related experiment which was 
being performed concurrently. 
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Both the polarizer and analyzer targets were located in 
the end fields of the solenoid. So that the fields in the 
target regions would be as small as possible, the 
solenoid was operated at a current to put the first focus 
on the analyzer target. This corresponded to a field of 
about 12.5 gauss in the center of the solenoid and of 
about one gauss at the target positions. 

Horizontal and vertical correction coils were wound 
on the edges of a 5-ft by 5-ft by 28.25-ft framework 
surrounding the entire path of the electron beam. Each 
produced a nearly uniform magnetic field of 0.16 
gauss/amp over the region of the electron trajectories. 
These fields were used to cancel the field of the earth and 
to compensate for slight misalignments of the apparatus. 
As far as possible ferromagnetic metals were excluded 
from this region. 

The solenoid and both correction coils were run from 
regulated current supplies capable of preventing ripple 
of more than one part in 10° and drift of more than one 
part in 10° per hour. 


D. Diaphragm System 


The diaphragm system is shown schematically in 
Fig. 2. All diaphragms were of aluminum construction 
with tapered edges and lead backing. The double 
diaphragm leading to the polarizer target defined the 
beam on the center of the target. The diaphragm after 
the polarizer prevented any electrons that might have 
struck the target holder from entering the solenoid. 
Aperture definition (+1°) was provided by the dia- 
phragm in the center of the solenoid. The center of the 
diaphragm was blocked to prevent passage of x-rays and 
very low-energy electrons coming from the polarizer. 
The double diaphragm located just before the analyzer 
prevented movement of the beam on the target and 
prevented spurious electrons from striking the target. 
After second scattering the beam aperture was defined 
at the counter faces. Nozzles extending from the center 
faces guarded against entry of spurious electrons. The 
aperture of the monitor counter was reduced at the 
counter face in comparison to the movable counter so 
that more intense beams could be used without satu- 
rating the monitor. 
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E. Analyzer Assembly 


The analyzer assembly consisted of (1) a double 
diaphragm leading to the analyzer target, (2) a four- 
position target wheel, (3) a mechanism for changing the 
target angle from 62=90° to 6.=180°, (4) a movable 
Geiger counter covering the range 62=65° to 6.= 165°, 
(5) a movable electrostatic energy analyzer with 
attached Geiger counter covering the range 62.=80° to 
6.=140° (this unit being interchangeable with the 
movable Geiger counter), (6) a fixed Geiger counter for 
monitoring beam intensity, and (7) a mechanism for 
rotating the entire assembly about the incident beam 
direction. A schematic view of the analyzer assembly is 
shown in Fig. 3 and the electrostatic energy analyzer is 
shown in Fig, 4. 

An important feature of the design of the analyzer 
assembly is the openness around the target and 
especially in the direction of the transmitted beam. In 
this direction the beam is unobstructed for a space more 
than three feet in length and one foot in diameter. The 
end of this chamber is lined with Lucite to aid in beam 
absorption. The entire assembly is of aluminum 
construction. 

The three Geiger counters used were of identical 
construction. Each had a thin end window of aluminized 
}_mil Mylar (total thickness: 1.9+0.3 mg/cm? which is 
roughly the range of a 30-kev electron), 4 inch in 
diameter. 


F. Targets 


In choosing a target thickness and orientation the 
aim is to insure single scattering which is assumed in 
the Mott theory. Nonsingle scattering that is most 
likely to occur can be divided into two types—multiple 
scattering (a large number of small angle scatterings) 
and plural scattering (a small number of large angle 
scatterings)—each of which must be avoided. Such a 
division is justified operationally since the multiple 
scattering can be diminished by using thin targets, 
while plural scattering can be diminished by using 
favorable target orientations with respect to the 
scattered beam as well as by using thin targets. 
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Fic. 3. Cross section of analyzer assembly. 





DOUBLE 


The gold targets used were 9X10-® cm thick, as 
found by weighing. Using the effective thickness of 
the target for the orientation used for measurements at 
an 80° scattering angle, the Williams" formula for the 
root-mean-square angle of multiple scattering is 9° at 
an energy of 121 kev. As Mohr and Tassie state, 
values of this angle below 30° for this energy and ele- 
ment are rather meaningless since they correspond to 
a target thickness so thin that an insufficient number of 
collisions occur to allow the application of multiple- 
scattering theory. The aluminum target used was 
2.5X10~ cm thick. This corresponds to a root-mean- 
square angle of multiple scattering of 11° at his energy. 

Few calculations on plural scattering are available. 
Those of Ryu,'!>> though limited in scope, seem the 
most accurate. From his work it follows that, of the 
electrons of 121-kev energy scattered at 90° on the 
transmission side of a gold foil of 9X 10~* cm thickness 
oriented at 45° to the incident and scattered beams, 
about 2% will have been plurally scattered. Ryu’s 
calculations® also indicate that for a smaller angle 
between the scattered beam and the target plane this 
percentage will be larger. 

In this experiment the transmission side of the target 
faced both counters. The target plane bisected the 
supplement to the scattering angle. 


Ill. PRELIMINARY STUDIES 
A. Spurious Asymmetries 


Spurious instrumental asymmetries arose from mis- 
alignments in the diaphragms, target holders, and 
counters, from wobble in the rotation in azimuth of the 
analyzer assembly, and from asymmetric magnetic 
fields present. The elimination of misalignments and 
analyzer assembly wobble was accomplished by routine 
mechanical and optical procedures. Small deviations 
from axial symmetry of the magnetic focusing field in 
conjunction with a finite-sized beam focus produced a 
spurious instrumental asymmetry. Since the asym- 
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metries in the field, caused by permanent steel equip- 
ment in the room, could not be changed, the size of the 
beam spot was reduced. This was done by using dia- 
phragms of smaller diameter and by making the first 
focus (rather than a higher order focus) of the solenoid 
fall on the analyzer target. 

With the precautions and procedures discussed above, 
the spurious instrumental asymmetry was about 5% 
(one-half of peak-to-peak value) when the electrostatic 
energy analyzer was used and about 2% when the 
movable Geiger counter was used. These values are 
smaller than the Mott asymmetry factors measured. 
The spurious instrumental asymmetry was measured 
by inserting an aluminum target in the analyzer, using 
the fact that the Mott asymmetry for low-Z elements is 
very small. This asymmetry could then be eliminated 
from the experimental asymmetry found with gold 
targets in order to obtain the Mott asymmetry. 

The spurious instrumental asymmetry was measured 
by replacing the gold foil by an aluminum foil only at 
the analyzer, rather than at both the polarizer and 
analyzer, for the following reason: For an aluminum 
target with a thickness such as to give the same scatter- 
ing power at 90° as the gold foil, the average energy loss, 
due mainly to ionization collisions, is greater than for 
the gold foil. If the gold polarizer were replaced by 
aluminum, the focusing field would thus bring the 
beams from the two targets to focus at slightly different 
points. The evaluation of the instrumental asymmetry 
under such a circumstance would be imperfect. 

Besides the static spurious asymmetries discussed 
above, spurious asymmetries can also arise from time 
variations in the solenoid focusing field, the vertical and 
horizontal correction fields, the accelerating voltage, 
and the deflecting voltage of the energy analyzer. The 
possible errors introduced from drifts in these parame- 
ters within their respective regulation ranges were 
determined by varying each of these parameters 
separately and finding the change in the ratio of counts, 
working counter to monitor, obtained with the gold 
analyzer to those obtained with the aluminum analyzer. 
It was found that varying any one of the three magnetic 
fields within its regulation range introduced a change in 
the ratio of 75%. When the movable Geiger counter was 
used, varying the accelerating voltage introduced an 
error of the same order of magnitude. When the electro- 
static energy analyzer was used, variations of the acceler- 
ating voltage or the deflecting plate voltage couldcausea 
change in the ratio of 3% under the worst possible 
conditions. In a normal run, variations were somewhat 
less than this and not systematic in nature. 

A further check that the magnetic focusing field 
introduced no spurious effect on the measurement of the 
Mott asymmetry was made by making two successive 
runs using opposite polarities of the focusing field. The 
Mott factors agreed within 


statistical error. 


measured asymmetry 
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Both the polarizer and analyzer targets were located in 
the end fields of the solenoid. So that the fields in the 
target regions would be as small as possible, the 
solenoid was operated at a current to put the first focus 
on the analyzer target. This corresponded to a field of 
about 12.5 gauss in the center of the solenoid and of 
about one gauss at the target positions. 

Horizontal and vertical correction coils were wound 
on the edges of a 5-ft by 5-ft by 28.25-ft framework 
surrounding the entire path of the electron beam. Each 
produced a nearly uniform magnetic field of 0.16 
gauss/amp over the region of the electron trajectories. 
These fields were used to cancel the field of the earth and 
to compensate for slight misalignments of the apparatus. 
As far as possible ferromagnetic metals were excluded 
from this region. 

The solenoid and both correction coils were run from 
regulated current supplies capable of preventing ripple 
of more than one part in 10° and drift of more than one 
part in 10° per hour. 


D. Diaphragm System 


The diaphragm system is shown schematically in 
Fig. 2. All diaphragms were of aluminum construction 
with tapered edges and lead backing. The double 
diaphragm leading to the polarizer target defined the 
beam on the center of the target. The diaphragm after 
the polarizer prevented any electrons that might have 
struck the target holder from entering the solenoid. 
Aperture definition (+1°) was provided by the dia- 
phragm in the center of the solenoid. The center of the 
diaphragm was blocked to prevent passage of x-rays and 
very low-energy electrons coming from the polarizer. 
The double diaphragm located just before the analyzer 
prevented movement of the beam on the target and 
prevented spurious electrons from striking the target. 
After second scattering the beam aperture was defined 
at the counter faces. Nozzles extending from the center 
faces guarded against entry of spurious electrons. The 
aperture of the monitor counter was reduced at the 
counter face in comparison to the movable counter so 
that more intense beams could be used without satu- 
rating the monitor. 
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E. Analyzer Assembly 


The analyzer assembly consisted of (1) a double 
diaphragm leading to the analyzer target, (2) a four- 
position target wheel, (3) a mechanism for changing the 
target angle from 62.=90° to 6.=180°, (4) a movable 
Geiger counter covering the range 6.=65° to 6.= 165°, 
(5) a movable electrostatic energy analyzer with 
attached Geiger counter covering the range 62=80° to 

2=140° (this unit being interchangeable with the 
movable Geiger counter), (6) a fixed Geiger counter for 
monitoring beam intensity, and (7) a mechanism for 
rotating the entire assembly about the incident beam 
direction. A schematic view of the analyzer assembly is 
shown in Fig. 3 and the electrostatic energy analyzer is 
shown in Fig. 4. 

An important feature of the design of the analyzer 
assembly is the openness around the target and 
especially in the direction of the transmitted beam. In 
this direction the beam is unobstructed for a space more 
than three feet in length and one foot in diameter. The 
end of this chamber is lined with Lucite to aid in beam 
absorption. The entire assembly is of aluminum 
construction. 

The three Geiger counters used were of identical 
construction. Each had a thin end window of aluminized 
}-mil Mylar (total thickness: 1.9+0.3 mg/cm? which is 
roughly the range of a 30-kev electron), } inch in 
diameter. 


F. Targets 


In choosing a target thickness and orientation the 
aim is to insure single scattering which is assumed in 
the Mott theory. Nonsingle scattering that is most 
likely to occur can be divided into two types—multiple 
scattering (a large number of small angle scatterings) 
and plural scattering (a small number of large angle 
scatterings)—each of which must be avoided. Such a 
division is justified operationally since the multiple 
scattering can be diminished by using thin targets, 
while plural scattering can be diminished by using 
favorable target orientations with respect to the 
scattered beam as well as by using thin targets. 
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Fic. 3. Cross section of analyzer assembly. 
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The gold targets used were 9X10~® cm thick, as 
found by weighing. Using the effective thickness of 
the target for the orientation used for measurements at 
an 80° scattering angle, the Williams" formula for the 
root-mean-square angle of multiple scattering is 9° at 
an energy of 121 kev. As Mohr and Tassie" state, 
values of this angle below 30° for this energy and ele- 
ment are rather meaningless since they correspond to 
a target thickness so thin that an insufficient number of 
collisions occur to allow the application of multiple- 
scattering theory. The aluminum target used was 
2.5X10~ cm thick. This corresponds to a root-mean- 
square angle of multiple scattering of 11° at his energy. 

Few calculations on plural scattering are available. 
Those of Ryu,'*> though limited in scope, seem the 
most accurate. From his work it follows that, of the 
electrons of 121-kev energy scattered at 90° on the 
transmission side of a gold foil of 9X 10~* cm thickness 
oriented at 45° to the incident and scattered beams, 
about 2% will have been plurally scattered. Ryu’s 
calculations® also indicate that for a smaller angle 
between the scattered beam and the target plane this 
percentage will be larger. 

In this experiment the transmission side of the target 
faced both counters. The target plane bisected the 
supplement to the scattering angle. 


III. PRELIMINARY STUDIES 


A. Spurious Asymmetries 


Spurious instrumental asymmetries arose from mis- 
alignments in the diaphragms, target holders, and 
counters, from wobble in the rotation in azimuth of the 
analyzer assembly, and from asymmetric magnetic 
fields present. The elimination of misalignments and 
analyzer assembly wobble was accomplished by routine 
mechanical and optical procedures. Small deviations 
from axial symmetry of the magnetic focusing field in 
conjunction with a finite-sized beam focus produced a 
spurious instrumental asymmetry. Since the asym- 
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metries in the field, caused by permanent steel equip- 
ment in the room, could not be changed, the size of the 
beam spot was reduced. This was done by using dia- 
phragms of smaller diameter and by making the first 
focus (rather than a higher order focus) of the solenoid 
fall on the analyzer target. 

With the precautions and procedures discussed above, 
the spurious instrumental asymmetry was about 5% 
(one-half of peak-to-peak value) when the electrostatic 
energy analyzer was used and about 2% when the 
movable Geiger counter was used. These values are 
smaller than the Mott asymmetry factors measured. 
The spurious instrumental asymmetry was measured 
by inserting an aluminum target in the analyzer, using 
the fact that the Mott asymmetry for low-Z elements is 
very small. This asymmetry could then be eliminated 
from the experimental asymmetry found with gold 
targets in order to obtain the Mott asymmetry. 

The spurious instrumental asymmetry was measured 
by replacing the gold foil by an aluminum foil only at 
the analyzer, rather than at both the polarizer and 
analyzer, for the following reason: For an aluminum 
target with a thickness such as to give the same scatter- 
ing power at 90° as the gold foil, the average energy loss, 
due mainly to ionization collisions, is greater than for 
the gold foil. If the gold polarizer were replaced by 
aluminum, the focusing field would thus bring the 
beams from the two targets to focus at slightly different 
points. The evaluation of the instrumental asymmetry 
under such a circumstance would be imperfect. 

Besides the static spurious asymmetries discussed 
above, spurious asymmetries can also arise from time 
variations in the solenoid focusing field, the vertical and 
horizontal correction fields, the accelerating voltage, 
and the deflecting voltage of the energy analyzer. The 
possible errors introduced from drifts in these parame- 
ters within their respective regulation ranges were 
determined by varying each of these parameters 
separately and finding the change in the ratio of counts, 
working counter to monitor, obtained with the gold 
analyzer to those obtained with the aluminum analyzer. 
It was found that varying any one of the three magnetic 
fields within its regulation range introduced a change in 
the ratio of 75%. When the movable Geiger counter was 
used, varying the accelerating voltage introduced an 
error of the same order of magnitude. When the electro- 
static energy analyzer was used, variations of the acceler- 
ating voltage or the deflecting plate voltage couldcausea 
change in the ratio of 3% under the worst possible 
conditions. In a normal run, variations were somewhat 
less than this and not systematic in nature. 

A further check that the magnetic focusing field 
introduced no spurious effect on the measurement of the 
Mott asymmetry was made by making two successive 
runs using opposite polarities of the focusing field. The 
measured Mott asymmetry factors agreed within 
statistical error. 
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Fic. 5. Energy profiles. 


B. Background 


Background was reduced to such a low level by the 
use of the magnetic lens that it could be ignored even 
though only one electron was detected for 10” electrons 
incident on the first target. The measured background 
agreed with the counting rate expected from the 
cosmic-ray flux at the counter (10 counts per minute). 
The neglect of background introduced an experimental 


error no greater than 75%. 


C. Energy Profiles 


The electrostatic energy analyzer was built to deter- 
mine whether inelastic scattering could affect the 
measurement of the Mott asymmetry. The work of 
Rose and Bethe!® indicates that no significant de- 
polarization results from inelastic scattering in which 
only a small fraction of the energy of the electron is lost. 
Electrons which have lost a large fraction of their energy 
in scattering at the polarizer must be excluded for two 
reasons. First, the polarization P(62) is smaller while the 
cross section o(62) is larger for smaller energy in this 
energy region. Second, if these electrons have retained 
an appreciable polarization, their polarization vector 
will precess more in passage through the magnetic lens 
of this experiment than that of the elastically scattered 
electrons. This leads to a depolarization. From these 
considerations it was decided that only a low-resolution 
energy analyzer was needed. The one built had a 
resolution of about 8% (full width at half maximum). 

Energy profiles of the doubly scattered beam for a 
gold analyzer target and an aluminum analyzer target 
near the elastic peaks are shown in Fig. 5. In each case 


16M. E. Rose and H. A. Bethe, Phys. Rev. 55, 277 (1939). 
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a gold polarizer 9X10-* cm was used. One kilovolt 
change on the deflecting plates corresponds to about 
six kilovolts change in the accepted beam energy. The 
widths of the peaks are due almost entirely to the 
analyzer resolution. Measurements of the profile far 
off the elastic peak were not trusted since there were 
indications that many of the electrons counted were 
actually electrons present in the elastic peak which had 
been bent into the deflection plates and scattered off 
them into the counter. 


D. Target Thickness 


At the lowest angle of scattering studied (@.=80°), 
the effect of target thickness on the measurement of the 
Mott asymmetry was studied experimentally. A gold 
foil of thickness 1.8X 10~* cm was used as the analyzing 
foil. The asymmetry factor for this foil (0.053 0.003) 
agreed within statistical error with the asymmetry 
factor (0.056+0.003) measured with a foil thickness of 
0.9 10-* cm. At larger scattering angles the effect of 
target thickness would be expected to be less important. 
Hence, it was concluded that targets 0.9X10-> cm 
thick were thin enough to insure single scattering. This 
is consistent with the calculations of Rose and Bethe!® 
which predict the asymmetry factor to be reduced in 
this energy region, due to multiple elastic scattering, by 
0.8% for a gold foil of 0.9X 10-* cm thick and 1.6% for 
a gold foil 1.8 10-* cm thick. 


IV. PROCEDURE FOR MEASURING THE 
ASYMMETRY FACTOR 


To measure the asymmetry factor for a particular 
angle of second scattering 42, runs were made at twelve 
equally spaced values of the azimuthal angle ¢2. For 
each go, runs were made with both a gold and an 
aluminum analyzer. For each run counts were recorded 
in the counter attached to the energy analyzer (or the 
movable Geiger counter) and the monitor situated at 
6.=45°. With this procedure, four experimental num- 
bers were obtained for each ¢2 studied. Denote any one 
of these numbers by mz1z2(62,¢2), where Z; and Z, refer 
to the elements of first and second scattering. 


Nz122(O0,62) = 1 (t)[ Neda sec45° AQ, | 
X [ Neodze sec (2/2) AQ» leoz1 (90°) a22 (42) 
X[1+6(Z1,90° ; Z2,02) cos(d2—a) | 
X Rz322(02,2)A (02,62). (3) 


Here J(¢) is the beam intensity, which may depend on 
the time ¢, striking the first scatter, Vz is the density 
of atoms in the target, d is the perpendicular target 
thickness, AQ is the solid angle, € is the counting 
system efficiency, a is the angle of precession of the 
polarization vector in the magnetic lens, Re1z2(62,¢2) is 
the finite aperture asymmetry discussed by Louisell 
et al.’ and A(@,¢2) is the spurious instrumental 
asymmetry. 
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The precession angle a for a beam proceeding down 
the axis of an axially symmetric field is expected to be 


in mks units, 
f B,(z)dz, (4) 


Pp 


where B,(z) is the field on the axis, zp» and 2, are the 
positions of the polarizer and analyzer, m is the rela- 
tivistic mass of the electron, and 2 is its velocity. 

If the combination of the four experimental numbers, 


N79-79(45°,2) 279-13 (82,62) 
1+6(79,90°; 79,@2) cos(¢2—a) 


79-79 (82,2) 79_-13(45° 2) 


1+6(79,90°; 79,45°) cos(¢2.—a) 
1+6(79,90°; 13,45°) cos(¢2—a) 


x ' ’ 
1+6(79,90°; 13,02) cos(¢2—a) 


is taken, then the beam intensity /(/), the spurious 
instrumental asymmetry A (62,¢2), and the counter 
efficiencies are divided out. A necessary assumption 
in this procedure is that A (2,2) is independent of the 
analyzer target element and independent of time. The 
factor C is then independent of the azimuthal angle ¢2 
and the time /, provided (1) the ¢: dependence of 
Rzy22(62,62) is so small as to be negligible, (2) the time 
variation of the beam intensity /(/) is small enough so 
that variations in the counting efficiencies arising from 
variations in deadtime counting losses are negligible, 
and (3) the beam energy is assumed sufficiently constant 
in time so that no significant time dependence is 
introduced through the dependence of oz(@) on the 
energy. These conditions were met in this experiment. 

Equation (5) has the experimentally measured 
quantities on the left side and the theoretically pre- 
dicted quantities on the right side. Using the theoretical 
predictions that each of the two factors in the de- 
nominator differ only slightly from unity, the right side 
may be simplified by expanding to first order. Sherman’s 
calculations show that both 6(79,90°;79,45°) and 
TABLE I. Experimental asymmetry amplitudes and phase angles. 


[6(79,90°; 79,82) 
62 —5(79,90°; 13,2) Jexp aeftP 


302°+3° 
302°+2° 
314°+2° 
307°+2° 
316°+2° 
301°+3° 
303°+3° 


With energy analysis 80 0.055+0.002 
90° 0.068 +0.002 
100° 0.077 +0.002 
110° 0.096+0.003 
120° 0.086+0.004 
130° 0.089+0.004 
140° 0.079+0.005 


327°+3° 
339°+4° 
335°+4° 
329°+5° 


0.042+0.002 
0.067 +0.004 
0.060+0.004 
0.056+0.004 


No energy analysis 90° 
110° 
120° 
130° 
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Fic. 6. Mott asymmetry with energy analysis (@:=90°). 


6(79,90° ; 13,45°) are negligible with respect to 6(79,90°; 
79,02) for 80°< 62< 140°. Denote the left side of Eq. (5) 
by CM (¢2). Then 


M (2) =1+[5(79,90°; 79,62) —6(79,90°; 13,02) ] 
Xcos(¢dez—a). (6) 


Since 6(79,90°; 13,42) is from 5% to 10% of 6(79,90°; 
79,62) and the statistical error in the measured asym- 
metry amplitudes is from 3% to 6%, it follows that the 
measured asymmetry amplitude is that given in Eq. (6). 
The phase angle and the amplitude of the cosine were 
found from the experimental numbers by a Fourier 
analysis which gave the best fit to the data in the least 
squares sense. 


V. RESULTS AND ANALYSIS 
A. Results 


The asymmetry amplitudes for second scattering 
angles between 80° and 140° were measured using the 
electrostatic energy analyzer and between 90° and 130° 
using the movable Geiger counter. A typical plot of 
M (¢») for each of these two cases is given in Figs. 6 and 
7. The curves drawn in these figures are those calculated 
from the experimental points. The results for all angles 
studied are given in Table I and plotted in Fig. 8. The 
calculated value of the phase angle a, assuming an 
ideal solenoid field, is 321°. The errors quoted in Table I 
and shown in Figs. 6, 7, and 8 are the standard devi- 
ations derived from the number of counts of the in- 
dividual points. 

The experimental results are compared in Fig. 8 with 
the theoretical calculations of Sherman" for the pure 
Coulomb field and of Mohr and Tassie” for the screened 
Coulomb field. Both calculations are for gold and an 
energy of 121 kev. Since Mohr and Tassie did not 
calculate the asymmetry factor for the screened field 
of aluminum, the Sherman calculation of this for the 
unscreened field has been used for both theoretical 
curves. This is justified since the beam energy of 121 kev 
is so much larger than the binding energy of the K 
electrons in aluminum (1.56 kev), that screening effects 
should be very small. 
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Fic. 7. Mott asymmetry—no energy analysis (6.=90°). 

As has been pointed out," it is not clear that the 
differences between the two theoretical curves is due 
entirely to screening. The differences may be due, at 
least in part, to approximations in the treatment of 
screening and to round off errors in the screening calcu- 
lations. If screening is completely negligible at this 
energy, measurements should be compared with the 
Sherman curve; while if the differences in the theoretical 
curves are actually due to screening effects, measure- 
ments should be compared with the Mohr and Tassie 
curve. 


B. Discussion of Results 


Two features of the data presented in Fig. 8 are 
outstanding. First, there is good agreement between the 
asymmetry amplitudes measured with the electrostatic 
energy analyzer and the theoretically predicted ones, 
especially for the middle range of scattering angles 
studied. Second, there is a large difference between the 
asymmetry amplitudes measured with and without the 
energy analyzer. 

The asymmetry amplitudes measured with the 
energy analyzer at 6.=90°, 100°, and 110° agree quite 
well with either theoretical curve but are not accurate 
enough to decide between them. The experimental 
value at @.=80°, however, is sufficiently (17%) above 
the unscreened field curve that a screening effect seems 
indicated. For 6.=120°, 130°, and 140° the measured 
asymmetry amplitudes fall from 15% to 20% below the 
theoretical curves. The most likely cause of the dis- 
crepancy at these angles is plural scattering. 

When no energy analysis of the doubly scattered 
beam was employed, four systematic effects were 
observed in the azimuthal asymmetry. First, the 
asymmetry amplitudes were smaller than those meas- 
ured using energy analysis. Second, the reduction in the 
asymmetry amplitude (~33%) was roughly independ- 
ent of #2. Third, the values of the phase a were larger 
than those measured using energy analysis. Fourth, the 
increase in the phase angle (~ 26°) was roughly in- 


dependent of 4». 


The differences in the measurements with and with- 


AND 
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out energy analysis can be explained qualitatively by 
considering the action of the magnetic focusing field on 
the energy distribution of the first scattered beam. The 
spins of the electrons in the low-energy tail of the 
energy profile precess more due to their slower speed in 
passing through the magnetic field than the spins of the 
electrons in the elastic peak of the profile. If the 
electrons in the tail are polarized, this effect leads to a 
decrease in the polarization of the beam as well as a net 
increase in the angle of rotation of the azimuthal 
asymmetry. Implicit in this discussion is the fact that 
the energy analyzer accepts all the electrons in the 
elastic peak while the movable Geiger counter accepts 
the entire energy profile down to a low-energy cutoff 
(~30 kev) caused by the counter window thickness. To 
account for the effect quantitatively requires that the 
electrons in the tail of the energy distribution (1) have 
a polarization of the same order as that of the electrons 
in the elastic peak, (2) constitute about one-fifth of the 
total number of electrons in the beam, and (3) be 
spread over an energy region of about 50 kev below the 
elastic peak. 


C. Discussion of Errors 


For the measurements made with the movable 
Geiger counter (no energy analysis) only three sources 
of error are significant: (1) depolarization caused by 
the action of the magnetic field on the energy distribu- 
tion, (2) statistical fluctuations in the counting rates, 
and (3) plural scattering. The first of these has already 
been discussed in the last section and it appears that it 
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Fic. 8. Measured Mott asymmetry factors. 





DOUBLE 


is the cause of the large differences in the asymmetries 
measured with and without energy analysis. The latter 
two sources of error are also the only major sources of 
error for the measurements made with the energy 
analyzer. 

Each of the four numbers of counts on the left side 
of Eq. (5) has a standard deviation equal to the square 
root of that number. These errors propagate into 
fractional standard deviations of from 3% to 6% in the 
measured asymmetry amplitudes. 

The discrepancy between the experimental asym- 
metry amplitudes and the predicted ones at large 
scattering angles is believed to be due to plural scatter- 
ing. This source of error becomes larger with larger 
scattering angles because the angle between the 
scattered beam and the target plane becomes smaller. 
This is so because the target plane was always made to 
bisect the supplement to the scattering angle. From the 
calculations of Ryu,'!® discussed previously, it seems 
possible that this effect could account for the dis- 
crepancy between theory and experiment at the large 
angles. 

Many smaller errors were present in the experiment. 
By the formula of Rose and Bethe,'® depolarization due 
to multiple elastic scattering is from 1% to 2.3% for the 
target thickness and orientations used. Time depend- 
ence of the spurious instrumental asymmetry arising 
from time variations in the three magnetic fields caused 


no significant error and time variations in the accelerat- 
ing voltage or the deflecting plate voltage in a normal 
run introduced an error of about 1% in the measure- 


SCATTERING 


OF ELECTRONS 

ment of M(d2). The error introduced from variations 
of the counting losses due to variations in the beam 
intensity could cause at most 0.5% error in a measure- 
ment of M(@2) and so was negligible. The errors caused 
by the finite aperture asymmetry and the lack of 
subtracting out background were each less than 0.1%. 
Also, the error introduced in the measurement of 
M(¢2) by the change in the cross section with an 
allowed change in the accelerating voltage was only 
about 0.1%. 


VI. CONCLUSIONS 


The measurements of the Mott asymmetry at 121 kev 
for gold targets and scattering angles of 6,;=90° and 
2= 80° to 140° agree quite well with theory. The small 
discrepancies are believed attributable to atomic elec- 
tron screening and plural scattering. The necessity of 
using energy analysis of the doubly scattered beam when 
a magnetic lens is used between the two targets was 
shown. It cannot be concluded from the present data 
that energy analysis would be necessary if no such lens 
were used, though such a conclusion does remain a 
possibility. 
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Exchange Energy of an Electron Gas in a Strong Magnetic Field* 
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The magnetic field variation of the exchange energy of a free-electron gas is calculated by deriving the 
form of the “Fermi hole” around each electron. The wave functions which are used exactly diagonalize the 
kinetic energy. The resulting charge distribution is integrated to find the exchange energy. The exchange 
energy has the same periodicity in the reciprocal magnetic field which is displayed by the kinetic energy. 
Hence, it is concluded that the de Haas-van Alphen effect is unchanged by the field variation of the exchange 
energy except for a possible shift in the phase of the oscillations. 


ECENT investigations by Gell-Mann and Brueck- 

ner,! Sawada,? and Sawada et al.’ have revived 
interest in the calculation of the ground-state energy of 
a dense free-electron gas. The ground-state energy per 
particle in the presence of a uniform background of 
positive charge is 


fA 0.916 
e-|— _ +Ee| ry, (1) 


7” fe 


in which the terms on the right are the mean kinetic 
energy, the exchange energy, and the correlation energy 
in that order. The quantity, r,, is the radius of the 
Wigner-Seitz sphere, measured in units of the Bohr 
radius, and the energy is measured in Rydbergs. In the 
original work, Wigner and Seitz calculated the exchange 
energy,‘ while the correlation energy was estimated by 
Wigner.® The recent studies’ give an explicit quantum 
mechanical derivation of the correlation energy. 

The magnetic properties of a free-electron gas have 
been examined by Wentzel® using the Sawada formal- 
ism.” For weak magnetic fields Wentzel found the 
diamagnetic susceptibility to be unaffected by the 
Coulomb interactions; that is, the result of Landau and 
Pcierls’ was verified. However, the perturbation treat- 
ment used by Wentzel® is not applicable to the case of 
strong magnetic fields, which is also physically inter- 
esting. Experimental studies of high-field quantum 
effects, such as the de Haas-van Alphen effect, have 
supplied valuable information relating to the electronic 
structure of metals. 

To date, calculation of the de Haas-van Alphen effect 
has been limited to consideration of the magnetic field 
dependence of the kinetic energy. In this work the effect 
of the magnetic field on the exchange energy term is in- 


* This work has been supported in part by the Office of Naval 
Research. 

!'M. Gell-Mann and K. Brueckner, Phys. Rev. 106, 364 (1957). 

2K. Sawada, Phys. Rev. 106, 372 (1957). 

3 Sawada, Brueckner, Fukuda, and Brout, Phys. Rev. 108, 507 
(1957). 

4 See, for example, N. F. Mott and H. Jones, The Theory of the 
Properties of Metals and Alloys (Oxford University Press, London, 
1936), p. 139. 

5 E. P. Wigner, Phys. Rev. 46, 1002 (1934). 

6G. Wentzel, Phys. Rev. 108, 1593 (1957). 

7N. F. Mott and H. Jones, reference 4, p. 201. 


vestigated. The field variation of the correlation energy, 
though probably important, is not considered here. 

The wave functions which diagonalize the kinetic 
energy term in the Hamiltonian are 


Vnkg=(L-L,) 3 Lexpi(kxt+qz) lon(y+A"q), (2) 


in which the static magnetic field, H, is along the x 
direction and in which ¢, is the harmonic oscillator 
wave function instaten,A\?=f(mw,), andw.=eH(mc)™. 
The normalization of V is in a box of rectangular cross 
section, L,L., and the eigenstates are designated by n, 
and the wave numbers k and gq. The energy eigenvalues 
associated with the wave functions are 


€nk= (2m) hk? +hw.(n+3). (3) 
The mean kinetic energy per particle is given by 
Exr= . fol€nk)}7 2 Enkfol€nk), (4) 


in which fo is the Fermi-Dirac distribution function and 
the summation is over the quantum numbers, n, k, q. 
At 0°K, Eq. (4) yields for the ground-state energy 


2.21 
Exe=——(1+8) ry, (5) 


r.” 


where 


10 has, nF nP 


. 
g=-—-—— DL (nr—n)' / Dd (nmr—n)', (6) 
3 9 nn n=0 n=0 


n= Fermi energy, and n r= (n/hw.) —}. The upper limit 
in the summation over m is taken to be the largest 
integer <np. The magnetic field dependence of Exe is 
contained in g and is shown in Fig. 1. The periodicity in 
n/tw, observed in this plot is characteristic of the de 
Haas-van Alphen effect. 

This work treats the exchange energy in the presence 
of strong magnetic fields by calculating the form of the 
“Fermi hole” around each electron in the gas using the 
wave functions which exactly diagonalize the kinetic 
energy, i.e., Eq. (2). Treating the Coulomb energy as a 
perturbation, one obtains as the first order correction to 
the energy 
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EXCHANGE 


E,=}{>> fol€nk)}? . folenk) fol ene) 


x fdr fare X1— X2|—1 


x |W neg(X1)V nee’ g? (X2) —Wnkg(X2)V nk’ g’ (Xi) | “ (7) 


This expression contains both an exchange term and a 
direct Coulomb interaction, the latter term being can- 
celled by the interaction with the uniform positive 
charge density. The relative probability per unit volume, 
P(r), that another electron with parallel spin will be 
found a distance ¢ from a given electron is® 


P(r) = {> folenk)} . x fol €nk) fol €n'k’) 
x | Wrkg(X1) Une eg’ Xo) = Ware X2) Wyre’ g’(X1) | - (8) 


where r=|xi—x2|. The evaluation of Eq. (8) using 
plane waves (i.e., 7=0) for the eigenfunctions gives 


P(r) =1—9(ker)~*(sink er—k rr cosk pr)’, (9) 


in which - is the value of the wave number at the Fermi 
surface. By subtracting the interaction with the uni- 
form positive charge background, the exchange energy 
per particle is found to be 


Fax=2re f sino f rdr{ P(r) —1]. (10) 


The substitution of Eq. (9) into Eq. (10) yields the 
exchange energy term of Eq. (1). 

The evaluation of Eq. (8) for an electron in a mag- 
netic field can be carried out using the Landau wave 
functions of Eq. (2). The result is 


nF 
P(x,p)=1—{ > V2\~'x(np—n)!}-? 
nF 
X{ >> sin{v2A-! x(n p—n)*] 


n=) 


X exp —p?/4r7 JL n(p?/2d)}?, 


Fw, 


Fic. 1. Magnetic field dependence of the mean kinetic energy of 
a free-electron gas. 1+-g is proportional to the mean kinetic energy 
per particle and (n/fw,) is the Fermi energy relative to the 
magnetic energy. 


8 E. Wigner and F. Seitz, Phys. Rev. 43, 804 (1933). 
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Fic. 2. Magnetic field dependence of the exchange energy. 1+h 
is proportional to the exchange energy per particle and (n/hw-) is 
the Fermi energy relative to the magnetic energy. The dashed 
curve for (n/Aw-) >2.5 has been inferred from the integrals calcu- 
lated for (n/hw,) <2.5. 


in which the cylindrical coordinates, p and x, are used 
because of the symmetry of the problem, and L,(x) is 
the Laguerre polynomial of order » defined by® 


= XZ 
> La(x)s*= (1-2) «p(—), 


n=O) 


(12) 


In the limit of zero magnetic field, Eq. (11) can be 
shown to reduce to Eq. (9) if the summations are re- 
placed by integrations and the asymptotic expansion for 
large n is used for the Laguerre polynomial, 

exp(—2?/2) L(x?) =JoL2x(n+}3)!], (13) 
in which Jo is the zero-order Bessel function. 

The exchange energy per electron is obtained by 
substituting Eq. (11) into the integral of (10), yielding 


0.916 
Ex = —- 


rs 


(1+A) ry, (14) 


where 


2 n nF nF 
be —14(5)(, Mx (np—n)'} , + # Sais 
97 \hw. J n=0 i, j=0 


and 


(15) 


$y=2f dv v~ sinl2v(npr—1)!] sin 2v(nr— 7)? ] 


0 


xf pdu(v?+p?)—? exp(—p?)Li(w?)L;(u?). (16) 


0 


Inserting the generating function for Laguerre poly- 
nomials (12), one obtains 


9A. Erdélyi et al., Higher Transcendental Functions (McGraw- 
Hill Book Company, Inc., New York, 1953), Vol. 1, Chap. 6. 
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where 


1 * 1" exp(—v*)dl 
i as 
r(s+n) Yo (i+-4)°" 
and the factorials have been written as gamma functions. 
The field variation of £.. in the limit of high fields is 
presented in Fig. 2 by plotting / vs n/hw-. In the interval, 
O0< (n/hw,) 0.5, h has a logarithmic singularity. The 
use of a screened Coulomb potential would obviate this 
singularity.t 
The results of Fig. 2 can be understood qualitatively 
as follows. The condition, 


np=(n/hw.)—}=0, 1, 2, ---, (19) 


corresponds to a given harmonic oscillator state’s being 
exactly filled. When the condition (19) is satisfied, the 
helical orbits of the electrons fill coordinate space with 
a maximum overlap of the electronic wave functions; 
hence a maximum in the exchange energy is produced. 
As the magnetic field, H, decreases just below the value 
needed to satisfy condition (19) (i.e., mr increases), 
there is a rapid decrease in E.x. When electrons start to 
fill a new oscillator state, they position themselves so as 
to minimize E.,. Since the overlap of the wave functions 
increases with increasing population of the unfilled 
oscillator state, #., increases until the state is filled. 

+ Note added in proof.—The singularity in h at large fields is a 
result of allowing the number of electrons to vary so that all the 
states labeled by g are filled. The result obtained here is thus an 
upper limit on the exchange energy for an electron gas containing 
a fixed number of electrons. For fixed concentration the exchange 


energy should vanish for infinite fields because in this limit the 
electrons are so localized that no overlap exists. 


(—1)*7-"P (n +141) (3+n) 
(n—i+/+1)P (n+/—j+1) 


xf dv v* sin[ 2v(mp—i)*] sin[2v(mp— j)! W(3-+n, 3; 7), (17) 


For H=0, Exr and £,x are opposite in sign and their 
relative magnitude depends on the electron concentra- 
tion [see Eq. (1) ]. For example, for the alkali metals, 
E.x/Exre= —0.4157,2—1.5. Almost the entire correla- 
tion between electrons of parallel spin is contained in 
E.x, while the electrons with antiparallel spin contribute 
to Ec ((Ec/Exr]= —0.398r,2/(r,+7.8)~—0.5 in the 
alkali metals). 

Although Exe and E,x exhibit the same periodicity as 
a function of H, the two terms are of opposite sign and 
have a different dependence on electron concentration, 
as is seen in the following equation: 


2.21 
[g—0.415r,h ] 


9 


(2 21 0.916 
Exet Eex=} al + 
l rz r. r, 


ry. (20) 


Since g and / are generally of opposite sign, the effect of 
E.x is to increase the magnitude of the field dependence 
of the total energy, with the contributions from Exr and 
E.x being approximately equal. 

In experimental studies of the de Haas-van Alphen 
effect, the periodicity in H™ and the phase of the 
oscillations of the susceptibility, x, are observed. The 
inclusion of E.x in a calculation of x leaves the period of 
the oscillations unchanged, though their phase may be 
altered. Previous work‘ has shown that for H=0, Exe, 
E.x, and Ec are of comparable magnitude. The present 
study has, furthermore, yielded a comparable field de- 
pendence of Exgand E,x. The details of the de Haas-van 
Alphen effect may be affected by E., and probably also 
by Ec. 
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A detailed comparison between the magnetostatic theory and experimental observation is given. Both 
the resonant field and the intensity of the magnetostatic modes are compared. The disagreement between 
observation of resonant fields and the static theory is about 50 gauss for an yttrium iron garnet sphere 
1.3 mm in diameter. Inclusion of the first-order propagation corrections reduces this disagreement to 
less-than two gauss for 29 of the 31 modes that were compared. This increased accuracy allows both a 
more positive identification and a more accurate determination of g- factors. A comparison of the static 
theory of intensities with observation has likewise been made. The observed intensities are close to the 
predicted intensities for some lines and from 4 to 100 times greater for others. 


INTRODUCTION 


INCE the early experiments of White, Solt, and 

Mercereau,! and those of Dillon,? demonstrating the 
existence of magnetostatic modes in ferrimagnetic 
resonance, the theory of the magnetostatic modes of 
spheroids has been worked out with some considerable 
generality by Walker.* The purpose of the present paper 
is to compare in detail the experimentally observed 
resonant absorption pattern for spherical samples with 
the predictions of the magnetostatic theory and to point 
out the corrections to the simple theory which must be 
made in order to give an accurate description of the 
experimental facts. It will be shown that in addition to 
the perturbations of the pattern caused by nonideal 
experimental conditions, e.g., samples not quite spheri- 
cal,’ there exist mode shifts and ‘‘couplings’” due to 
finite sample size which can cause serious ambiguities 
in mode identifications and errors in g-factor calcu- 
lations unless recognized and taken into account. The 
Walker theory is also herein extended to include absorp- 
tion and the use of absolute absorption intensity as a 
criterion for mode identification discussed. 


MAGNETOSTATIC MODE IDENTIFICATION 


Recorder tracings of ferrimagnetic resonance of 
spheres that have been taken in the laboratory show 
over 65 discrete absorptions. The identification of this 
large number of modes proceeds by utilizing two cal- 
culable features of the absorptions: (1) their magnetic 
field for resonance, and (2) their relative and absolute 
intensities in rf configurations of various known 
geometries.® The use of these two criteria will be dis- 
cussed in turn below. 


1 White, Solt, and Mercereau, Bull. Am. Phys. Soc. Ser. IT, 1, 
12 (1956); R. L. White and I. H. Solt, Phys. Rev. 104, 56-62 
(1956). 

2 J. F. Dillon, Jr., Bull. Am. Phys. Soc. Ser. IT, 1, 125 (1956). 

3L. R. Walker, Phys. Rev. 105, 390-399 (1957). 

4 J. F. Dillon, Jr., Phys. Rev. 112, 59 (1958). 

5A. D. Berk and B. A. Lengyel, Proc. Inst. Radio Engrs. 43, 
11, 1587-91 (1955). 


MAGNETIC FIELDS FOR RESONANCE 
Theory 


The theory of the magnetostatic modes of resonance 
of the general spheroid has been developed by Walker.* 
His results are mostly in general form, but Fletcher and 
Bell® have treated more extensively the case of spheres 
and have tabulated the explicit expressions for magnetic 
potentials, magnetic fields, and magnetization distri- 
bution for a large number of magnetostatic modes. The 
reader is referred to these articles for details on the 
definitions of the parameters and symbols used here. 
The various modes can be designated by the associated 
Legendre polynomial P,,"(&) describing the magnetic 
potential and by an additional index r distinguishing 
between the modes corresponding to the various roots 
of the resonance-condition equation 


Pn‘ m(&o) 
+n+1l+mv=0. (1) 
Pam(&o) 


A plot of the fields for resonance for the modes with 2 
up to 5 is given in Fig. 1. The plot also contains a line 
indicating the manner in which the modes are traversed 
as Hy is varied. The traversal line is drawn to correspond 
to an experiment conducted on a sphere with w/ (y4rM) 
= 1,94, 


Experimental Results 


In Fig. 2 are reproduced tracings of the absorption 
due to an yttrium iron garnet (YIG) single-crystal 
sphere 1.3 mm in diameter at 9709.7 Mc/sec and at 
30.1°C. Tracings at two gains differing by a factor of 
about 100 are given so that both large and small absorp- 
tions can be displayed. The mode identifications and 
resonant fields are also indicated. Over 65 resonances 
are distinguishable and nearly 40 have been identified. 
The observed resonant fields for the modes with 2 up 
to 5 are given in Table I, together with the resonant 
fields predicted by the simple theory described above. 
There are discrepancies as large as 43 gauss between 


6 P.C. Fletcher and R. O. Bell, J. Appl. Phys. 30, 687 (1959). 
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observed and calculated fields. For samples with larger 
4nM, for example, MnZn ferrite, discrepancies as large 
as 150 gauss have been noted. The value of w/y has 
been chosen so that the discrepancies decrease with 
increasing » for reasons which will become evident 


below. 
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4M versus Ho/4xM for modes with n up to 5. 


Propagation Effects 


There are two corrections to the simple theory which 
are introduced by the breakdown of the magnetostatic 
condition. The first is a shift of all resonant absorptions 
toward the high-field direction. This shift has been 
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Fic. 2. Tracings of A(1/Q) versus magnetic field; (a) maximum signal/noise; (6) gain 
in arbitrary orientation. 
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TABLE I, Comparison of observed resonant fields with calculated 
resonant fields with and without corrections for single crystal 
YIG at 30.1°C and at 9709.7 Mc/sec. Assumed constants: 
w/y = 3445.0 gauss, 4oM = 1773.5 gauss, Al anisotropy = 17.8 gauss. 


Hoorr Hovs 
(gauss) (gauss) 


3270.0 3271.9 
3301.4 3301.7 
3318.3 3319.0 
3324.2 3324.1 
3329.8 3329.5 
3333.9 3335.1 
3343.2 3343.3 
3348.4 3348.1 
3358.5 3357.8 
3365.5 3365.3 
3390.3 3389.8 
3417.0 3413.1 
3426.5 3427.6 
3432.4 3432.1 
3435.9 3436.8 
3467.5 3467.6 
3492.8 3493.3 
3521.7 3522.1 
3553.7 3553.9 
3587.7 3588.3 
3593.5 3594.0 
3602.1 3603.7 
3631.4 3631.6 
3698.1 3698.2 
3713.1 3712.8 
3717.2 3717.8 
3785.0 3785.6 
3795.1 3795.6 
3837.2 3837.6 
3903.8 3904.0 
3939.0 3943.7 


Pitas theies 


(gauss) A(gauss) 


—19 
—0.3 
—0.7 
+0.1 
+0.3 
—1.2 
—0.1 
+0.3 
+0.7 
+0.2 
+0.5 
+3.9 
—1.1 
+0.3 
—0.9 
+0.1 
—0.5 
—0.4 
—0.2 
—0.6 
—0.5 
—1.4 
—0.2 
—0.1 
+0.3 
—(0).6 
—0.6 
—0.5 
—0.4 
—0.2 
—3.8 


3259.1 
3287.3 
3308.2 
3310.5 
3315. 
3322. 
3327. 
3335 
3338. 
3347. 
3371. 
3400. 
3416. 
3410 
3424. 
3456. 
34506. 
3508.7 
3540.6 
3580.7 
3577.7 
3591.2 
3620.8 
3681.0 
3692.6 
3699.2 
3773.2 
3782.8 
3818.5 
3889.1 
3931.9 
falls on 311 
falls on 430 
falls on 110 


too weak to be seen 


— 


NM DN WhM™ UTI Ow Dw 


* Lines are weakly coupled 


observed in the uniform mode by Artman? and calcu- 
lated theoretically by Hurd’ and Mercereau.® The shift 
for the other modes has not been calculated but can be 
found experimentally by the following means. Since the 
shift, to first order, is proportional to M, one can change 
the temperature to change M, plot w/y versus M, and 
find the intercept for M=O giving (w/y)o. This pro- 
cedure has been carried out for the sample sphere of 
YIG 1.3 mm in diameter. The results are shown in 
Fig. 3. The slopes of these lines can be used to estimate 
the propagation shift in other samples and are listed in 
Table I for modes up to n=5. Because of the difference 
of the dielectric constant between YIG and MnZn 
ferrite, the slopes of the propagation shift for MnZn 
are somewhat different. The value of (w/7)9 obtained in 
this fashion is the one appropriate to the magnetostatic 
picture and should be used in obtaining a magnetic 
g-factor. Since the shift seems to decrease with in- 
creasing ”, the first mode index, the higher lines agree 
better. The fourth column in Table I shows the cal- 


7J. Artman, Lincoln Laboratories Group Report M35-54 


(unpublished). 
8 R. A. Hurd, Can. J. Phys. 36, 1072 (1958). 
9 J. E, Mercereau, J. Appl. Phys. 30, 184S (1959). 
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culated resonant fields, including propagation correc- 
tions obtained in this fashion; it can be seen that quite 
satisfactory’ agreement between observed and calcu- 
lated fields results. 

The second effect that propagation has on the 
resonant field may occur when the resonant fields of 
two modes approach degeneracy. When this occurs, 
each mode apparently repels the other in a manner 
similar to the behavior of two coupled tuned circuits 
near degeneracy and this effect is therefore called mode 
coupling. When propagation is taken into account, the 
modes are no longer orthogonal, that is, the normal 
coordinates become scrambled and an rf field formerly 
driving one mode uniquely will now drive both. This 
effect has been reported by Solt and White! and 
described more completely by Fletcher and Solt." 
Although with yttrium iron garnets the magnetization 
is so small that no dramatic examples of coupling are 
shown in Table I, one small example is evident. The 
540 mode is pushed away from the 521 mode. As has 
been pointed out," the selection rule for this coupling 
is, experimentally, Am=0, 2, ---; An=0, 2, 4---29; 
Ar=0, 1, 2, --- 


ABSORPTION INTENSITY 
Theory 


In the original derivation of the magnetostatic mode 
theory by Walker, no loss terms were included in the 
gyromagnetic equations, and hence no absorption inten- 
sities could be calculated. Inasmuch as the absorption 
intensity of the various modes as a function of rf con- 
figuration has provided a useful means of mode iden- 
tification,! it was deemed desirable to extend the theory 
to include damping terms and to calculate absolute 


absorption intensities. 
Only the uniform precessional mode has been treated 
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w/y(GAUSS) 











1000 
49M (GAUSS) 
Fic. 3. w/y versus 44M for a few of the magnetostatic modes. The 


data are for a 1.3-mm diameter YIG at 9688 Mc/sec. 


7. H. Solt and R. L. White, Bull. Am. Phys. Soc. Ser. II, 2, 
22 (1957). 
1 P. C, Fletcher and I. H. Solt, J. Appl. Phys. 30, 181S (1959). 
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in the literature in a manner that includes damping. 
Therefore a sketch of the method of calculation for the 
more general modes will be presented here. 

It has been shown® in several places that the rf 
absorption due to a small magnetic sample in a micro- 
wave cavity may be expressed as 


1 
a(1/Q)=—Im( firm-near ), (2) 
2rE 


where A(1/Q) is the change in the reciprocal of the Q 
of the microwave cavity due to the ferrimagnetic ab- 
sorption, m is the rf magnetization in the ferrite, ho is 
the applied rf field without a ferrite, £ is the total 
energy stored, and V is the volume of the ferrite. The 
total energy E is assumed to be constant in all these 
calculations, i.e., energy stored in the induced rf fields 
internal and external to the ferrite is assumed to be 
small compared with the stored energy of the cavity. 
This assumes that the sample is small compared with 
the cavity, an assumption implicit in Eq. (2). 

To calculate A(1/Q) for the higher-order magneto- 
static modes, it is necessary to calculate explicitly the 
rf magnetizations m and the nonuniform components of 
the rf field ho appropriate to each mode. The rf mag- 
netization m, as calculated implicitly by Walker*® and 
explicitly by Fletcher and Bell,® was derived by using 
a loss-free gyromagnetic equation and hence must lead 
to zero change in Q. It is necessary therefore to re- 
derive the magnetizations by starting with a gyromag- 
netic equation including damping : 


dM /dt=y(MX H)+damping term, (3) 


where y is the gyromagnetic ratio, H is the total mag- 
netic field and M is the total magnetization. Two types 
of damping have been commonly postulated in the 
literature; they lead to substantially different ex- 


TABLE II. Propagation slopes, A(w/y)/A(4rM), for YIG sphere 
1.3 mm in diameter at 9688.0 Mc/sec. 


Mode 


Mode Slope® 


Slope*® 
1.01 
0.86 

(0.55) 
0.59 
0.61 
0.57 
0.74 
0.66 
0.55 

(0.60)» 
0.45 
0.39 
0.59 
0.77 
0.80 
0.69 
0.65 


110 06 400 
220 aN 401 
210 is 550 
200 DA 540 
330 0.7 530 
320 0.74 531 
310 1.05 531 
311 1.00 520 
311 1.05 521 
300 0.89 

440 0.61 

430 0.63 

420 0.96 

421 0.68 

421 (0.85)" 

410 0.83 

411 (0.65) 

411 0.73 


® All values are to be multiplied by 10°2, 
b Parentheses indicate estimated values. 
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TABLE III. Assumed amplitudes of the rf field for various positions 
of the sphere in the cavity. Code: ki =ln/W, kg=nr/LP=k2+eh-?, 
W =width of cavity, L=length of cavity, / and n=cavity integers. 


De mag. 
field* 


Rf configu- 
ration 
Fig. 4A Ae 2) 40m Lh, 

Fig. 4B é ; 360k?) (ky? — 3h?) 


Rf amplitudes 


Fig. 4C , A3!=k,?/180, 
60k?) (3k3? — ky?) 
Fig. ks /k® 
Fig. 4A 
Fig. 

180k?) (k3? — 2k,?) 
Fig. 
Fig. 


ag _indicates that the dc. magnetic field is perpendicular to the broad 
side of the X-band cavity; 7 that it is parallel. 


pressions for line widths. These are the Bloch-Bloem- 


bergen” and Landau-Lifshitz'" forms and may be 
written, respectively, as 


Landau-Lifshitz: 


a OM 
(mx ) 
M Ol 


as M| H 
+ 


(+4) 


Bloch-Bloembergen : -( 
H| ; 


The parameters « and v in the expressions for m, 


4am,=kh,—ivh,, 42m,=ivh,+kh,, 


become 


Landau-Lifshitz: 


lau law \? 
, (1 Jara /| (ur ) 
a a 


=(°)inat /[ (a) +( 


Bloch-Bloembergen : 


Ww 1 
nies /\ (i + ) +ne] 
TT oe 
w aw. 1 4 
v ( ara /|(i + ) tat] 
Y ae 


and the rf m for Eq. (2) is now totally defined. 

Next, the components of the rf field Ay at the ferrite 
in the cavity must be determined. All experiments 
reported here have been done in a rectangular cavity 
using a TE, cavity mode. As a first approximation 
one can expand the rf fields about the center of the 
sphere. Several cavity positions were used. Rough cor- 
1259 


2 See, for instance, N. Bloembergen, Proc. I. R. E. 44, 


(1956). 
13 See, for instance, H. Suhl, J. Phys. Chem. Solids 1, 209 (1956). 
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TABLE IV. Values of A(1/Q) using the Landau-Lifshitz 
damping, assuming small damping. 


A(1/Q) 


1 wa 4M w\? wa\? 
27 £ Y 7 
36 wa 44M | w 4nM 

. (A? ve / (1 
Sg - 


9 wa 4nM 


Wy E 


1 wa 40M 4M 28M 
- - assets )/ Ho+ 
S57 E 15 15 
4nM\3 284#M\* wif? 
( Hy- ) (v ) 
3 15 1 
wa? 4nM\? ‘ 4nM 28”M 
+ Hy +4 j H (u + ) 
¥ 15 s 3 is 73 


3240 wa 44M Ww 8rM . War 2 
14+7 E y 21 . 


i 


360 wa 42M w 4rM\? wa? 
- (A;? vat / H + + 
147 E Y 21 1 


7 


18 wa 4nM 
——(As)'Va{ 


707 E 


40nM 207M 
21 21 
| 4nM\3 20rM\*? wi]? 
(a ) (1 ) 
3 21 > 
wa? 4rM\? 4nM 207M 
(Jo) [loa oe) 
Y 21 3 21 


relations can be made between these field components 
and the magnetic-field configurations matching onto 
the various magnetostatic modes and hence appropriate 
to the derived theory. Table III gives the hy amplitudes 
matching onto several of the magnetostatic modes for 
several cavity configurations. 

Finally, the m and ho expressions derived in the two 
preceding steps are introduced into Eq. (2) and explicit 
expressions for A(1/Q) obtained. These expressions are 
listed in Tables IV for the Landau-Lifshitz damping 
mechanism for the 110, 220, 210, 200, 330, 320, and 
300 modes. The results using Bloch-Bloembergen 
damping are similar except for the explicit form of the 
half-width. Calculations of intensities were done with 
Landau-Lifshitz damping but differed from the Bloch- 
Bloembergen damping by only a few percent. 


Experimental Results 


All efforts were made to eliminate gradients of the 
rf field not included in the theory. The sphere was 
mounted in polyfoani, inside the cavity, to prevent 
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stand-off effects such as those pointed out by Dillon.‘ 
No attempt was made to orient the sphere in the 
intensity measurements, but care was taken in polishing 
and grinding the sample so that the intensity did not 
vary substantially with orientation. The results for a 
MnZn ferrite sphere 1.7 mm in diameter are shown in 
Table V. 

The first column gives the cavity mode, the second 
refers to Fig. 4 and indicates the position of the ferrite 
(black dot) with respect to the rf field, and the third 
column gives the orientation of the dc field with 
respect to the broad side of the X-band cavity, either 
perpendicular (®) or parallel (4). The remaining 
columns give intensities, calculated and observed, for 
seven of the more intense lines. In the table, the 
comment n.o., not observed, means that the line was 
not seen with the sensitivity required to see the lines 
which were observed. The comment p.s., position sen- 
sitive, means that a very small change in position 
causes a very large change in intensity. The inference 
is that if one could position the ferrite accurately 
enough, one could reduce these lines below the noise 
level. Since elaborate and sensitive positioning equip- 
ment was not available, the sample was not positioned 
exactly at the point used to calculate intensity; hence 
there was some residual absorption. 

At first glance, the agreement appears to be poor. 
However, when one realizes that the range of intensities 
is nearly 10’, the agreement seems more satisfactory. 
Also, the fact that no line is seen when its intensity is 
predicted to be zero, except those that are position sen- 
sitive, improves the agreement considerably. 

One can use intensities for identification in only a 






































Fic. 4. Position of ferrite in 
cavity with respect to rf magnetic 


fields. 
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TABLE V. Observed and calculated absorption intensities, A(1/Q), for several common dc field, cavity, and ferrite configurations. 


Cavity 
Position mode 


! TE 
TE. 
TE ice 
TE. 
TEwr 
TE 
TEw 


T Evo6 


Position 


Fig. 


Fig. 


Fig. 


Fig. 


Fig. 


Fig. 


Fig. 


Fig. 


4B 


4B 


4A 


4A 


0 
0.036 p.s. 


0 
0.071 p.s. 


0 
8.7 p.s. 


0 
4.0 ps. 


v.1. 

v.1. 
1700 
2200 


Code: n.o.—not observed, p.s.—position sensitive, v.l.—very large. 


210 200 


0 0 
0.048 p.s. 0.006 p.s. 


0 0 
0.10 p.s. 


n.o. 


0.003 
0.005 


0 0 
n.o. n.0. 


® @ indicates that the dc magnetic field is perpendicular to the broad side of the X-band cavity; t that it is parallel 


general way. Nearly all experiments are done with the 
ferrite at the end of a dielectric rod which distorts the 
rf fields. The large effect of the dielectric rod can be 
demonstrated by the difference in the number of lines 
observed when a rod is used and when polyfoam is used. 
With the rod in position 1, nearly 20 lines are seen; 
without any rod only five are seen for a YIG sample at 


320 


0.0006 
0.032 


0.0004 
0.036 


300 


0.002 
0.26 


0.002 
0.39 


0 
n.o. 


X band. Intensities are also useful in distinguishing 
between certain modes; the sample is moved slightly 
and intensities are observed, i.e., those marked with a 
p will change radically and those not so marked will 
remain relatively constant. Thus, although the agree- 
ment between calculations and observations of intensity 
is poor, intensities are helpful in identifying modes. 
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This paper describes an effort made to evaluate the coherent atomic scattering factors for the lithium and 


hydride ions as they exist in the LiH crystal field 


The two electron wave functions chosen to describe these 


ions are each in turn optimized in the field of positive and negative point charges arranged as the corre- 
sponding ions are arranged in the crystal. Using the orbital exponents obtained from the minimization 


process, atomic scattering factor calculations are made in the usual way. 


The factors for Li* are unchanged. 


Interesting effects are noted for the H~ scattering factors. 
The energy of the ions in the field of point charges is related to the crystal cohesive energy. Specifically, 
neglecting the zero-point energy correction, the calculated open configuration results were —236.3 and 


— 227.4 kcal/mole when compared with computed and experimentally determined free H~ 
The experimental cohesive energy is —218.5 kcal/mole. 


ergies, respectively. 


reference en- 


Finally, it was noted that the H~ ion contracts in the crystal field. A possible explanation for this effect is 


given. 


I. INTRODUCTION 


HE atomic scattering factor or form factor may 
be thought of as a measure of the scattering due 
to the individual atoms. By nature and definition it is 
essentially an atomic property. Perhaps on the basis of 
this notion most of the recent effort expended in at- 
tempting to improve existing tables of these factors has 
been limited to using better atomic wave functions. To 
mention just a few examples, Thomas and Umeda! have 
recently published a very extensive table based on the 
Thomas-Fermi-Dirac model, Berghius? ef al. have com- 
puted Hartree-Fock self-consistent field (SCF) factors 
for a large number of atoms and Hurst, Miller, and 
Matsen** have considered radial correlation for a 
number of two-, three-, and four-electron systems. 

In view of the increasing interest of x-ray crystal- 
lographers in obtaining experimental information re- 
garding the nature of chemical bonding, it seems 
necessary that the effects of the crystal field on the 
scattering factor be more fully treated. With this goal, 
the present effort is to evaluate the coherent atomic 
scattering factors for the lithium and hydride ions as 
they exist in the lithium hydride crystal field. 


II. THE MODEL 


The model chosen for this problem is a central two- 
electron ion surrounded by an infinite lattice of positive 
and negative point charges arranged as the correspond- 
ing ions are arranged in the crystal. First the wave 
function for the hydride ion is minimized with respect 
to the energy in the field of point charges and then the 
orbital exponents obtained by this minimization are 


* This work is being reported under contract AT (11-1)-298 
with the U. S. Atomic Energy Commission. 

+ Part of this work was completed at the Theoretical Chemistry 
Laboratory of the University of Texas. 

1L, H. Thomas and K. Umeda, J. Chem. Phys. 26, 293 (1957) 

2 Berghius, Hannappel, Potters, Loopstra, MacGillavry, and 
Weenendaal, Acta Cryst. 8, 478 (1955). 

3 Hurst, Miller, and Matsen, Acta Cryst. 11, 320 (1958). 

4R. P. Hurst and F. A. Matsen, Acta Cryst. 12, 7 (1959). 


used in the scattering factor calculation. Finally, this 
process is repeated for the case that the Lit species is 
the central ion. Essentially, in this model the crystal is 
assumed to be entirely ionic with no exchange between 
charge clouds of adjacent ions. These assumptions are 
supported at least partially by three lines of indirect 
experimental evidence which suggest an ionic type 
model: 

(a) X-ray diffraction studies® of the lithium hydride 
crystal indicate that this crystal is of the well-known 
sodium chloride type, with lithium positive and hy- 
drogen negative. 

(b) The physical properties of crystalline lithium 
hydride are much like those of the halide salts of the 
alkali metals. For example, lithium hydride is a color- 
less, crystalline solid with a high melting point (680°C). 

(c) Electrolysis of molten lithium hydride yields 
hydrogen at the anode. 


III. METHODS AND CALCULATIONS 


A. Formulation of the Problem 


The wave function for the central ion is the so-called 
open configuration” function of the form®* 


A B BA 
¥(1,2)=( )+( ), (1a) 
a £B a £B 


where A and B are 1s hydrogenic atomic orbitals cen- 
tered on the central ion and having effective nuclear 
That is 


“cc 


charges a and 4, respectively. 
A=yY;(a)= (a m)te—27, (1b) 
and 


B=y,,(b) = (68/1) * (1c) 


5 For a summary of the properties of lithium hydride, see 
D. T. Hurd, Chemistry of the Hydrides (John Wiley & Sons, Inc., 
New York, 1952). 

E. A. Hylleraas, Z. Physik 54, 347 (1929). 
C. Eckart, Phys. Rev. 36, yr (1930). 
ing "a B(i)a(i) (2)B (2) 

(2!)4| BG)a(j) Peron 


6 
7 
8 
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This wave function was chosen as it allows for some 
radial correlation and enables one to obtain a reason- 
ably good energy, at least in atomic calculations, with- 
out an unreasonable amount of labor. In particular, 
recent calculations *" have shown that this type of 
function gives lower atomic energies than usually is 
obtained from the Hartree-Fock SCF method. The 
corresponding ‘“‘closed configuration” wavefunction is 
obtained from Eqs. (1) by restricting the orbital ex- 
ponents such that a=0. 
The Hamiltonian can be written as the sum 


Here Ho is the Hamiltonian for the two electrons in the 
field of the central ion, H; represents the perturbation 
terms due to the group of first nearest neighbors, H2 the 
perturbation due to the second nearest neighbors, etc. 
Thus, H» for electrons 7 and 7 of the central ions with 
nuclear charge Z is given in atomic units by 
Zz 
(3) 


The perturbation 7, due to the group of six neighbors 
nearest the central ion is given by 


1 1 1 1 
pet htt 1) 
r(1) ri(j) a ri (1) ri(j) B 


1 1 1 1 
(or) (Seach) 
ni(i) nlf)» ri(i) ni(j)Fs 


1 1 1 1 vA | 
+(—+ - ) +( ag see ) =0 . (4) 
ri(t) ni(j)F-. ri(t) ni(j)7 5 RJ 


In explanation of the notation employed it is necessary 
to specify the electron, the particular group of neighbors 
involved, and the particular member of that group of 
neighbors. Thus, to keep the notation consistent the 
two electrons are specified by the letters 7 and j, the 
group of neighbors by an Arabic subscript, and the 
member of the group of neighbors by a Greek subscript. 
In addition, p is the total charge on the central ion, 
1.e., p=1 for Lit and p= —1 for H-. Then, for example, 
pli/ri(t)+1/ni(7) Ja gives the interaction of the elec- 
trons with the a member of the group of first nearest 
neighbors and —6Zp/R, gives the energy of attraction 
or repulsion between these first nearest neighbors and 
the nucleus of the central ion. 

Since the approximate wave function [Eqs. (1) ] is 
antisymmetric with respect to electron interchange, one 
can replace the terms 1/r;(7)+1/ri(j) of Eq. (4) by 


® Harrison Shull and Per-Olov Léwdin, J. Chem. Phys. 25, 
1035 (1956). 
10 Hurst, Gray, Brigman, and Matsen, Mol. Phys. 1, 189 (1958). 
4 Brigman, Hurst, Gray, and Matsen, J. Chem. Phys. 29, 251 
(1958). 
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2/r,(i). Further, since the approximate wave function 
is spherically symmetric the perturbations due to the 
nearest neighbors are equivalent. Thus, we can omit 
the Greek subscripts and combine like terms to obtain, 


2 ZL 
1, 6p( o3 ). (5) 
r1(7) R, 


Similarly for the next 12 nearest neighbors, 


, 2 
H, = 129| “ . 
r(i) Re 


(0) 


This can be generalized by comparing with the well- 
known Madelung series. For a sodium chloride type of 
crystal, such as is considered here, the Coulombic 
energy E, due to a system of point charges is given in 
atomic units (a.u.) by 


—A TG = ke Ss 
rX\v1 w2 w3 


1/m™, m2. mz; mm, 
=— ( pp + -°- ). 
r ae) 


V1 V2 v3 w4 


Here r is the distance between nearest neighbors or half 
the length of the unit cell, A is the Madelung constant 
1.747558, and R,, is the distance from the central ion 
to the mth layer of neighbors having |m,| ions. Then, 
by comparison with Eq. (7), we have 


R,=r vm 


2 L 
H,=my, ( ———— } n>0O 
r,(1) R 


n 


and 


so that m,=6, m.= —12, m3=8, my= —6, --> etc. 
One might suppose that the energy E could be com- 


puted in the usual way from 


E fovsvar / Prva. 


This, however, is not practical due to the extremely 
poor convergence of the following sum comprising the 


(10) 


numerator: 


fen: [vita 
+ fvavart fwnaart-—. (11) 


This is to be expected as it is well known that special 
techniques are required to evaluate the Madelung 
constant. This convergence difficulty can be overcome 
by making use of the asymptotic form of the interaction 
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integrals. That is, since 


fvaevar / fovea: 


2m, 
ae | 2— (14+-aRn)e-2%*— (14+ bRy)e 20h 
NR, | 


128(ab)* (a+b) 
+ [1—(1+ — Ry )e won| 
(a+b)® 2 


m,pZ 
-- n>O 


a 
where JN is the normalization integral 
128(ab)* 
(a+b)é 


V=2 


we have for large R, 


m,p(2—Z) 
[vaea: / fovar— — 
R,, 
My, 
or fvtovar / [vvar —>——, 
R,, 


since when p= 1, Z=3, and when p= —1, Z=1. That is, 
at sufficiently large R, the interaction energy as com- 
puted from Eq. (12) is equal to that which would be 
obtained if the central ion were a point charge. 

Essentially then, in using this fact to obtain con- 
vergence of Eq. (11), the energy is initially computed 
from the assumption that all neighbors view the central 
ion as a point charge. Later, for those neighbors suffi- 
ciently close to the central ion that the interaction 
energy cannot be computed in this way the incorrect 
interaction energy is subtracted out and the correct 
value for the interaction energy as given by Eq. (12) 
is added in. 

This process is performed as follows. First Koo, the 
energy of the central ion by itself, is computed. Eoo is 


(14) 


given by 


Eoo= vttovar / [vvar= fviovar /, 


where 


(15) 


feted: — a Sa—Z)+5( 5b—Z) 


64(ab)* / ab ab(a*+3ab+b") 
+——(—-z)+ 
(a+b)*\a+b 


(a+b) 
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Next, the energy Eo, representing the energy of the 
central ion plus the Coulombic interaction energy that 
would result if the central ion were a point charge is 
computed from 


A 1 
Eo= Evot+ = (Z0x- = v). 
R N 


1 


(17) 


where A is the Madelung constant and £, is the Cou- 
lombic energy as given in Eq. (7). 

Next, EZ» is improved by correcting the interaction 
energy due to the group of first nearest neighbors. Thus, 
E, is obtained from Ey by subtracting out the incorrect 
value —m,/R,, which was taken as the interaction 
energy of these six nearest neighbors with the central 
ion, and putting in its place fVH,Wdr/ f/Wvdr. Here 
again H, is given by Eq. (5). Then £, is obtained from 


(pZ—1)N 1 
b= | Bon “——"+ 2901} | (18) 


1 


VY 
B= — f dr. 
r,(1) 


Similarly, by correcting the second nearest neighbor 
interaction energy one obtains E» from £, using 


where 


(19) 


(pZ—1) 1 
E.= [e+ | a N+2pB, b (20) 


and £; from 


(pZ—1) 1 
i= [ens SS N+2pB; | b 
N 


3 


(21) 


By induction one may show that in general 


(pZ—1) 1 
Bvsi=| EaXY— maf — v+2pBal | n>0. (22) 
R N 


n 


Again, the numbers m, are taken from the terms in the 
Madelung series [see Eq. (7), Rna=(n)!r, p is the total 
charge on the central ion, .V is the normalization con- 
stant given by Eq. (13), and B, is given by 


{2- (1+aR,)e~2*%»— (1+0R,)e- 2% 


R, Jes “lf (23) 


128(ab)? 
' [1-(14 
(a+6)® 
The iterations indicated by Eq. (22) were applied 
until E,-2, E,-1, and E, agreed with each other to at 
least six significant figures. This limiting value of En 
will hereafter be referred to as E. 


(a+b) 
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Two cases were considered, H~ as the central ion and 
Lit as the central ion. For both cases E was minimized 
with respect to the orbital exponents @ and 6 by a 
scheme previously developed for minimizing atomic 
wave functions.” Essentially, in this method a set of 
orbital exponents X,', X,°, X,°, ---, X1" are chosen and 
a calculation of the energy E is made. (In this case 
there are only two exponents a and 6.) Next, energy 
calculations are made using the orbital exponents Xo, 
X17, -+:X," and X,!, X1°, ---, Xi", where Xo'—X}! 
=—A and X,'—X,'=A and where A is an arbitrary 
difference roughly the same order of magnitude as the 
expected error in that orbital exponent. Then these re- 
sults are used to obtain an improved orbital exponent 
X,' from the equation 


Xj tX,' ALE(X1')— E(Xo0') ] 
(Xo) -2E(X,) + E(X2i)’ 


i 


“x 


1=1,2,---m. (24) 
Using this improved result for Y,', the next exponent 
X,° is improved and so forth until all the exponents 
have been improved. Finally, one begins again with the 
first exponent, gradually reducing A until no changes in 
the exponents are obtained. 

Using the optimized orbital exponents a and 6 ob- 
tained by the process just described, the atomic scatter- 
ing factors were computed in the usual way from?” 


f= fv 0 e'# mawrnydr | f wevar, (25) 
k 


256(ab)* 
[(a+6)?+p2 }?(a+b)? 
325! 
a 
(46°22)? 


1 32a! 
= 
Nt (4a?+y")? 


where JN is given by Eq. (13) and 


p=4r sinO/d (a.u.)7. 


B. Relation Between E and the 
Crystal Energy E,,, 


An important check on the correctness of this model 
is the comparison of the computed lattice energy Eory 
with the experimentally determined Born-Haber cycle 
energy. We will now consider how the energy E as 
computed in Sec. III-a is related to Eory. 

First of all we shall assign to each hydride ion a 
number in the range 1, 2,---,.V and to each lithium 
ion a number in the range V+-1, N+2, ---, 2N. Fur- 
ther, we shall denote the interaction between the ith 

2 The middle term on the right-hand side of Eq. (26) has previ- 


ously been incorrectly reported as 256(ab)4/{[(a+6)?+p2 P(a+b)?}. 
See reference 3. 
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and jth ions by ¢,;. Since a given ion cannot react with 
itself, it is convenient to define ¢,;;=0. 

Then, adopting these conventions, the total inter- 
action due to the 2N ions in the crystal is given by ¢, 
where 


(28) 


(30) 


Next, to isolate the types of interaction involved, 
Eq. (30) is regrouped to give 


aN N 2N 
o=} Lid gist > $i; ], (31) 
j=N+1 


i=l j=1 


(32) 


Neglecting surface effects, each lithium is equivalent 
to each other lithium ion and each hydride ion is 
equivalent to every other hydride ion so that Eq. (32) 
can be written 


N 2N 2N 
d ‘ N(3 » 3 brjy+ 5 Pk; +3 ‘> or; |, (33) 
j=1 j=N+4+1 j=N+1 
where 


RSN, r>QN. 


To clarify the meaning of this result, Eq. (33) can be 
written, 


N 2N 
gut S .-8)+ 5 i~L) 
7=1 j=N+1 
2N 
4S (L~-k). BO 


j=N+1 


The first and second terms on the right side of Eq. 
(34) represent the interaction of the kth hydride ion 
with the other hydride and lithium ions, respectively. 
Similarly, the last term gives the interaction of the rth 
lithium ion with the other lithium ions. The interactions 
are to be expressed in atomic units per mole thus 
eliminating the necessity of multiplying by NV. 
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TABLE I. Crystal energy results (in atomic units, 
except where otherwise specified). 


Open configuration 
a =1,0074; 6 =0.57146 


— 0.481560 
— 0.934296 
—0.886192 
— 0.898068 
— 0.896340 
—0.896711 
— 0.896208 
— 0.896399 
— 0.896416 
— 0.896396 
— 0.896404 
— 0.896400 
-0.896401 
—().896400 
—0.896401 
— 0.896401 
— 0.896401 
Eecry* (calc. H~) — 236.3 kcal/mole 
Ecry* (exp. H~) — 227.4 kcal/mole 
Born-Haber Eey® —218.5 kcal/mole 


Closed configuration 
a=b=0.772 


— 0.465445 
—0.918180 

— 0.886345 

— 0.891334 
—0.890852 

— 0.890924 

— 0.890855 

— 0.890874 
—().890875 
—().890874 

— 0.890874 

— 0.890874 

— 0.890874 

— 0.890874 
—().890874 

- 0.890874 

— (0.890874 

— 260.6 kcal/mole 
— 226.2 kcal/mole 


C2 a Oo mo 8 


Se Sh Se Se fs Ss Ss 8s Ss Ss Ss fs fs 
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essences 


Ey,=E 


*® The computed and experimental energies of the free H~ ions were taken 
from Shull and Léwdin [J. Chem. Phys. 25, 1036 (1956) ]. 
b Frederick Seitz, The Modern Theory of Solids (McGraw-Hill Book 
Company, Inc., New York, 1940), p. 390. 
Finally, Fury is given by 
Bay =AEy+AE t+9, 


or 


Pls =AEn+AE,+ } 


N 
> H.-H; 
1 


= 


2N 2N 
+> 4&W,.-L;4+3 > L-L;, (35) 


j=NH j=NH 


where AEy and AE, are the differences between the 
energies of these ions in the crystal field and the free 
ion energies. The manner Eq. (35) is actually applied 
to compute E.,y is best understood in terms of the 
numerical results, hence this explanation will be de- 
ferred to the next section. 


IV. RESULTS 


The energies E were obtained as is indicated by Eqs. 
(15)-(23) and the optimum orbital exponents a and 6 
were evaluated using Eq. (25). The calculations were 
made for the experimental lattice parameter r=ao/2 
= 3.86 a.u. All computations were made on an IBM 
CPC computer. 

In the case of the hydride ion the optimum orbital 
exponents in the crystal field are a=1.00746 and 
b=0.57146 for the open-configuration calculation and 
a=6=0.77242 for closed-configuration calculation. 
These values may be compared with the free hydride 
ion exponents a= 1.0392, b=0.28319, and a=b=0.6875 
for the open- and closed-configuration calculations, 
respectively. 

For the lithium ion the optimum orbital exponents in 
the crystal field are the same as those for the free ion, 
i.e., a= 3.2949 and b= 2.0789 for the open-configuration 
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calculation and a=$= 2.6875 for the closed-configura- 
tion calculation. For this ion the mean electron dis- 
tribution is sufficiently near the nucleus that £ is given 
by Eo [Eq. (17) ]. This means that to the accuracy of 
the calculation the lithium ion is a point charge and is 
not polarized by the crystal field. 

In view of these results it would seem most consistent 
with the model to take AE,=0 in Eq. (35) when com- 
puting the lattice energy Z.ry. Further, since the lithium 
ion is much smaller than the hydride ion, as is evidenced 
by the relative sizes of the orbital exponents, the Lit-H- 
interactions are best computed when the lithium is 
taken as the point charge rather than when the lithium 
is represented as a two-electron distribution and the 
hydride ion is taken as the point charge. Thus, in com- 
puting E.,y we shall not average the interaction energies 
obtained for H~ and Li* in the field as might seem sug- 
gested by Eq. (35). 

The differences Eny:—E, [see Eq. (22)] represent 
the correction due to the fact that the »+1 group of 
ions does not view the central ion as a point charge. 
Since this difference is always about zero for the case 
that Lit is the central ion, by applying Eq. (35) we can 
express E.ry in the following form: 

Eery = E,— En-+} (E2— E)+ (E3s— Ex) +3 (Es— Es) 
+ (E;— Es) +3(Es—Es)+ 5 (Es— Es) 
+ (Eo—Es)+>**. 


TABLE ITI. Atomic scattering factors for the hydride ion. 


(36) 


Hydrogen atom 
Field-free 


2.0000 1.0000 
1.9428 0.9863 
1.7851 0.9469 
1.5620 0.8863 
1.3137 0.8108 
1.0727 0.7271 
0.8586 0.6413 
0.6790 0.5581 
0.5339 0.4808 
0.4193 0.4111 
0.3300 0.3497 
0.2609 0.2966 
0.2074 0.2513 
0.1661 0.2128 
0.1339 0.1804 
0.1087 0.1532 
0.08894 0.1304 
0.07327 0.1113 
0.00078 0.09534 
0.05076 0.08190 
0.04266 0.07059 
0.03067 0.05299 
0.02254 0.04033 
0.01689 0.03110 
0.01288 0.02429 
0.009980 0.01919 
0.007843 0.01534 
0.006243 0.01238 
0.005028 0.01009 
0.004092 0.008299 
0.003362 0.006881 
0.002330 0.004838 
0.001663 0.003493 
0.001218 0.002581 


Sing/. Open configuration Closed configuration 
(A°) Crystal field Free ion Crystal field Free ion 
0.000 2.0000 2.0000 
0.025 1.9503 1.9545 
0.050 1.8136 1.8268 
0.075 1.6200 1.6403 
0.100 1.4028 1.4236 
0.125 1.1881 1.2028 
0.150 0.9913 0.9962 
0.175 0.8194 0.8140 
0.200 0.6739 0.6597 
0.225 0.5530 0.5325 
0.250 0.4538 0.4294 
0.275 0.3731 0.3469 
0.300 0.3075 0.2811 
0.325 0.2544 0.2287 
0.350 0.2113 0.1871 
0.375 0.1763 0.1538 
0.400 0.1478 0.1272 
0.425 0.1244 0.1059 
0.450 0.1053 0.08857 
0.475 0.08951 0.07452 
0.500 0.07644 0.06305 
0.550 0.05650 0.04585 
0.600 0.04247 0.03399 
0.650 0.03243 0.02566 
0.700 0.02512 0.01969 
0.750 0.01972 0.01533 
0.800 0.01567 0.01210 
0.850 0.01259 0.009662 
0.900 0.01022 0.007805 
0.950 0.008377 0.006368 
1.000 0.006925 0.005244 
1.100 0.004846 0.003646 
1.200 0.003486 0.002610 
1.300 0.002568 0.001915 


2.0000 
1.8591 
1.5659 
1.2865 
1.0638 
0.8867 
0.7417 
0.6207 
0.5193 
0.4344 
0.3635 
0.3044 
0.2554 
0.2148 
0.1811 
0.1531 
0.1299 
0.1106 
0.09455 
0.08110 
0.06982 
0.05233 
0.03979 
0.03067 
0.02394 
0.01892 
0.01512 
0.01221 
0.009949 
0.008183 
0.006785 
0.004772 
0.003446 
0.002547 
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Here the EZ, are computed from Eq. (22) with H- 
chosen as the central ion, Ey- is the energy of the free 
hydride ion, and the polarization energy of Lit, AEz, is 
taken to be zero. 

In Table I are summarized the crystal energy results 
for the open and closed configuration calculations. In 
Table II are given the scattering factors for H~ as com- 
puted from Eqs. (26) and (27). The factors for Lit have 
previously been published,’ and hence will not be given 
here. Finally, the factors for the hydride ion are com- 
pared graphically in Fig. 1. 


V. DISCUSSION 


Nonempirical calculations of the lattice energy of 
LiH have previously been made by Hylleraas'* and 
Lundquist."* Hylleraas obtained the result —219 kcal 
mole and Lundquist’s work gave —205 kcal/mole. In 
addition, Ewing and Seitz'® have considered the general 
symmetry problems of constructing a proper wave 
function for this crystal. 

In the present work the emphasis has not been on 
obtaining a good description of the lattice energy per se, 
rather it has been on attempting to approximate the 
charge clouds of the ions as they exist in the crystal 
so that the scattering factor calculations could be made. 
Nevertheless the open-configuration lattice energies are 
still in fair agreement with the Born-Haber cycle energy. 

In this work no correction has been made for the 
zero-point energy as the various treatments for this 
quantity have given widely differing results.’® Even 
with this correction the computed lattice energies still 
would be too large. This is as should be expected from 
the nature of the model used. It is reasonable to sup- 
pose, if the neighbor ions were replaced by distribution 
functions, that the lattice energies would be somewhat 
improved without radically changing the effective 
nuclear charge on hydrogen. 

Finally, it is of interest to note that the hydride 
ion contracts in the crystal field as is evidenced by the 
larger orbital exponents for this ion in the field as com- 
pared with those for the ion out of the field. Since the 
hydride ion is surrounded by six nearest neighbor 
positive charges, superficial examination might suggest 

13 E. A. Hylleraas, Z. Physik 63, 771 (1930). 

4Q. Lindquist, Arkiv Fysik 8, 177 (1954). 

18 Douglas H. Ewing and Frederick Seitz, Phys. Rev. 50, 160 
(1936). 

16 Thomas R. P. Gibb and C. E. Messer, Atomic Energy Com- 
mission Report NYO-3957, 1954 (unpublished). These authors 


give a comprehensive summary of the work done on lithium 
hydride, both theoretical and experimental, up to that time. 
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Fic. 1. Comparison of atomic scattering factors for H~. 


that the charge cloud would be spread out. It is well to 
note in this connection, however, that the magnitude of 
the interaction between these first nearest neighbor 
point charges and the electrons of H~ would be at a 
maximum if the central ion were a point charge. For 
this reason, the central hydride ion contracts until the 
interaction is offset by the increases in kinetic energy 
and electron-electron repulsion energies. This is analo- 
gous to Weinbaum’s"’ findings for the hydrogen mole- 
cule. In his treatment using a wave function consisting 
of a Heitler-London type covalent term plus an ionic 
structure, the optimum effective nuclear charge is 1.193 
for both structures together while the optimum effective 
nuclear charges are 1.0000 and 0.6875 for the free hy- 
drogen atom and ion, respectively. Here the presence of 
the other positive nucleus contracts the charge cloud. 
Weinbaum’s finding have been largely confirmed by the 
later work of Altmann and Cohen.'* 
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The accurate solution of the Schrédinger equation by means of a combination of the method of correlation 
factor and the method using superposition of configurations is discussed. For a many-electron system, the 


total wave function divided by the nodeless function g=g(rj2,r13,723° ° 


-) may be expanded in a series of 


Slater determinants built up from a complete one-electron set. For a two-electron system, this expansion 


becomes very simple and, by going over to principal orbitals, it may be 


particularly rapidly convergent form. 


The method is applied to the He-like ions (H~, He, 


a basis consisting of only three s-orbitals. 


“diagonalized” and brought to a 


Li*, and Be?*) by choosing g=1+-ar;2 and by using 
The energies obtained differ from the exact values only by about 


0.001-0.002 atomic units. Even the simpler wave functions (w)?(1+arj2) and (u,v)(1+ari2) are discussed, 
and the forms obtained by truncating the expansion of in principal orbitals are studied in greater detail. 


I. INTRODUCTION 


N the independent-particle model of a many-electron 
system, the interaction ofithe electrons is taken into 

account by an average potential field. Although this 
method gives a comparatively small relative error in 
the energy, the difference between the experimental 
and theoretical value is of the same order of magnitude 
as the energy change in a normal chemical reaction. 
Therefore, it is of great importance to refine the wave 
function by treating the ‘‘correlation effect” in a 
correct way, i.e., to take into account the fact that the 
electrons, because of their mutual Coulomb repulsion, 
try to avoid each other. 

In studying the correlation problem in the He atom, 
the method of “superposition of configurations” was 
first used practically by Hylleraas.' The slow 
vergence of the Legendre expansion, however, induced 
Hylleraas to include explicitly the interelectronic 
distance** r;5 in the wave function, and his successful 
results have had a very strong influence on the later 
computations. Hylleraas’ work on helium has been 
continued along several different lines. 

The method using a power-series expansion in the 
three variables s=r,;+re, u=rjyo, t=re—ri, has been 
extended to a high degree of accuracy in the energy 
eigenvalue.‘ Recently Kinoshita® has pointed out that 
one could just as well use a power series expansion in s, 
(u/s), and (¢/u), which implies a generalization to 
include negative powers of s and u. By means of a 


con- 


* The research reported in this paper has been sponsored in 
part by King Gustaf VI Adolf’s 70-Year Fund for Swedish 
Culture, the Knut and Alice Wallenberg’s Foundation, the 
Swedish Natural Science Research Council, and in part by the 
Aeronautical Research Laboratory, Wright Air noe ae 
Center of the Air Research and Development Command, S. 
Air Force, through its European Office under a contract aan 
U ppsala University. 

1 E. A. Hylleraas, Z. Physik 48, 469 (1928). 

2 E. A. Hylleraas, Z. Physik 54, 347 (1929). 

‘FE. A. Hylleraas, Z. Physik 65, 209 (1930). 

*S. Chandrasekhar and G. Herzberg, Phys. Rev. 98, 1050 
(1955); L. Wilets and I. J. Cherry, Phys. Rev. 103, 112 (1956). 

5 T, Kinoshita, Phys. Rev. 105, 1490 (1957). 


39-term function, he obtained the energy value 
E= 2.903 7225 a.u.ue, which is in very good agreement 
with the latest experimental results with the necessary 
relativistic corrections. 

It was early found® that Hylleraas’ expansion could 
not be a formal solution to the helium wave equation, 
but the inclusion of the negative powers has changed 
the situation.” Even the inclusion of logarithmic terms 
in the wave function has been discussed.* The discussion 
of the existence and analytical character of the exact 
eigenfunction for the ground state of helium is still 
going on.’ 

With respect to the energy, the method using 
“correlated”’ basic variables described and discussed 
in references 2—9 shows an excellent accuracy for 
helium, but unfortunately this method cannot easily 
be generalized to systems containing more than two 
electrons. In connection with the general theory of 
many-particle systems, the helium atom is otherwise of 
particular interest, since it provides a simple example 
on which various approaches may be tested before 
they are applied to more complicated systems. 

Considering generalizations to molecules and crystals 
the above-mentioned method! using “superposition of 
configurations” seems actually much more promising, 
since it is easily shown that every normalizable anti- 
symmetric wave function may be expanded in a series 
of Slater determinants built up from a complete set 
of one-electron functions." Because of the revived 

6 Bartlett, Gibbons, and Dunn, Phys. Rev. 47, 679 (1935); 
A.S. Coolidge and A. M. James, Phys. Rev. 51, 855 (1937). 

7P. Pluvinage, J. phys. radium 16, 675 (1955); G. Munschy 
and P. Pluvinage, J. phys. radium 18, 157 (1957); T. Kinoshita, 
Phys. Rev. 105, 1490 (1957). 

’T. H. Gronwall, Phys. Rev. 51, 655 (1937); J. H. Bartlett, 
Phys. Rev. 88, 525 (1952); 98, 1067 (1955); V. A. Fock, Izvest. 
Akad. Nauk S.S.S.R. Ser. Fiz. 18, 161 (1954); E. A. Hylleraas, 
Svensk Kem. Tidskr. 67, 372 (1955); E. A. Hylleraas and J. 
Midtdal, Phys. Rev. 103, 829 (1956). 


See also T. Kato, Trans. Am. Math. Soc. 70, 
Research Report No. CX-25, New York University, 
published). 

For a simple proof, see, e.g., P. Phys. Rev. 97, 
1474 (1955). 


212 (4951); 
1956 (un- 
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interest in this approach, the helium case has recently 
been reexamined in greater detail,!! and the results have 
confirmed the fairly slow convergence of the Legendre 
expansion.” The problem is to improve this situation. 
The independent-particle model has the advantage 
of having a high degree of physical visuality, and 
Hylleraas? showed that it was possible to introduce a 
great deal of correlation in this scheme by means of a 
“correlation factor” g= g(ri2) in the wave function 


W=u(ri)u(re)g (riz). (1) 


Choosing “ as a single exponential and g=1+arjo, 
Hylleraas obtained the surprisingly good energy" 
E=—2.8912 a.u.ye. Later even more general forms of 
u and g in (1) have been investigated." 

In this paper, we shall try to combine the method 
with correlation factor g with the more systematic 
approach using superposition of configurations. If 
£=2(P12,713,%23,°**) is a nodeless and symmetric func- 
tion of all the interelectronic distances, we can expand 
the antisymmetric function obtained by dividing the 
total wave function by g in a series of Slater determi- 
nants built up from a complete one-electron set, and 
the problem is then to choose the factor g so that the 


expansion converges as fast as possible. Hylleraas” 


numerical result indicates that, by using a conveniently 
chosen correlation factor g, one can essentially improve 
the convergence of the configurational expansion. In 
principle, the method is applicable to any many- 
electron system, but here we shall first test it on the 
series of He-like ions: H~, He, Li*, and Be?*. 


II. GENERAL DESCRIPTION OF THE METHOD 
TRANSFORMATION TO PRINCIPAL 
ORBITALS 


The nonrelativistic Schrédinger equation for the 
He-like ions has the form H,,.W=EW, where H,, 
=T.p+Vop and 

= 2% 
T= —4A:-4d2, Vop=-—-—+—. (2) 
71 9s; Tis 

All quantities are expressed in modified atomic units, 
(a.u.z). For a two-electron system, the wave function 
may be factorized into a space part and a spin part. 
Concentrating our interest on the space function 
W(r,,r2), we note that, for the ground state, it is sym- 
metric in the two coordinates. 


1 P, O. Léwdin and H. Shull, Phys. Rev. 101, 1730 (1956); 
R. E. Watson, Quarterly Progress Report of the Solid-State and 
Molecular Theory Group, Massachusetts Institute of Technology, 
October 15, 1956 (unpublished), p. 38; Tycko, Thomas, and King, 
Phys. Rev. 109, 369 (1958) ; H. Shull and P. O. Léwdin, Technical 
Note from Uppsala Quantum Chemistry Group, June 15, 1958 
(unpublished), J. Chem. Phys. (to be published). 

2 Compare also Green, Lewis, Mulder, Wyeth, and Woll, 
Phys. Rev. 93, 273 (1954). 

18 Reference 2, p. 356. 

4T, D. H. Baber and H. R. Hassé, Proc. Cambridge Phil. Soc. 
33, 253 (1937); P. Pluvinage, Ann. phys. 5, 145 (1950). 
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We introduce the correlation factor g=1+ar,. 
proposed by Hylleraas,? and we expand the symmetric 
function W(r,,r2)/(1+eri2) for a>0 in a discrete, 
complete, and orthonormal set of real one-electron 


functions y,(r) 


(3) 


W (r1,%2)/(1+arj2) = 7 Crs (tite). 
Ee 


By multiplying with (1+ ari.) we obtain the wave 
function 

W (1,82) = (Atari) SS Cee (tiyr(te). (4) 
The real coefficients Cy: (=Cx) form a Hermitean 
matrix C which can be diagonalized by a unitary 
matrix U: 


UtCU=4. (5) 


Introducing a complete orthonormal set of principal 
orbitals X; by the relation 
Xk = a Yall ails (6) 
we obtain 
W (1,82) = (1 +earj2) Sox AgXe(11)Xx(r2). (7) 
The principal orbitals are identical with the natural 
orbitals”:!® only in the special case a= 0. 
For convenience we introduce a few new notations: 
Oee=We (Ki) (re), 
prr= (1/V2) {Wa (rihu(r2) FYi(ri Were) }, 


and 


k#l, (8) 


Cur=Cre, Cu=V2C ua; kl. (9) 


Correspondingly (4) takes the form: 


W (11,2) = (1+ ari.) +» Cnr (t,t). (10) 


I<k 


Writing the functions g,; with /<k in lexicographic 
order, ¢11, 421, 22, $31, °**, We Can introduce a single 
index i [instead of the double index (&,/) ] indicating 
the place in this order: 


Pi=$P11, G2= G21, G3= G22, °**, (11) 
and correspondingly a;=C,:. This enables us to write 


W as a single sum: 

W (1,8) = (1+ ari.) >: agi (1,82). (12) 

To approximate the solution of the Schrédinger equa- 

tion by means of Ritz’s method, we shall use the 

nonorthogonal set ®;= (1+arj2)¢; having an overlap 
matrix A with the elements 

Aiyj= Ajj +20A5; +07A,;;, 


The 


(13) 
where A,j;° = Sf gi¢jrie"d0,d22. energy is 
sented by the matrix 


Hi; H,;°'+aH ,;" +a°H ;;° ’ 


repre- 


15 P, O. Léwdin and H. Shull, Phys. Rev. 101, 1730 (1956). 
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TABLE I. Ground-state energy of the He-like ions. 


E —Eexact 


+0.001 19 
+0.001 48 
+0.001 86 
+-0.001 95 


E “*Eexact”’ 


—(0).527 56* 
— 2.903 76° 
— 7.279 93°4+12 
- 13.655 43°+46 


—().526 37 
2.902 28 
7.278 07 
13.653 48 


H 
He 
Li’ 
Be?* 


*L. R. Heinrich, Astrophys. J. 99, 59 
» See reference 5. 
¢ Semiempirical, reference 19 


J estore 1d1 2, 


H, =| Kalddiad;+ olleoddedn, 


1944) 


where 


H;,° 


Hi = frveHoprae)dordes 


The coefficients a; in (12) are found by solving the 


system of linear equations 


Y ; (H,;—EA,;)a;=0, (16) 


and the eigenvalues E 
nantal equation 


are determined by the determi- 


det {H;—Ed,;} =0. (17) 


III. TRUNCATED BASIS: SCALING PROBLEM 
AND CHOICE OF PARAMETER 


In the numerical computation, it is not possible to 
use an infinite set {y;.}, so we are forced to truncate the 
one-electron basis to finite order M. This implies that 
the series (12) will contain only M(M-+1)/2 terms. 
This procedure can be dangerous, since the truncated 
set may not be appropriate for the physical problem 
under consideration. It may be ‘out of scale” with 
respect to the dimension of the system, and many 
fundamental relations, as for instance the virial 
theorem, are then no longer fulfilled. Following 
Hylleraas,? we shall adjust the truncated set by intro- 
ducing a scale factor 7, so that 


P ; (11,82) = n°? (81,782) = (1 +anri2) ¢i(nri,n8). (18) 


It is easily shown that A,;(y) =A,;(1) and further 


Ty(n)=7Ti;(1), Vij(n)=nVi;(1). (19) 


The characteristic roots of the truncated secular 
equation (17) will be functions of both of the parameters 


7 and a. Equation (16) may be written in matrix form: 


Ha= EAa, (20) 


where a is a column vector formed by the coefficients a;. 
Multiplying by the row vector a’, we obtain 
a'Ha 


(H),. (21) 


a'Aa 


Differentiation with respect to any parameter x leads 


A 


ND L. REDEI 


to the relation'®: 


OE oH 0A 
-( —E : 
OK OK OK’, 


Choosing k= and x=a respectively, we obtain 
OE /dn= 2n(T)st+(V)a; (23) 
OE da=2a(H® — EA), + (Ho —EA"),. (24) 
These relations are useful in the evaluation of Ey, in. 


IV. CHOICE OF BASIS AND EVALUATION OF 
THE MATRIX ELEMENTS 


As one-electron basis {~x}, we have chosen the 
discrete, complete, and orthogonal set, recently sug- 
gested by Shull and Léwdin"’: 


[nlm |= { (n+1+1)!}-3{ (n—1—1)!}3 


Mele aL ay 8 (7) Vin(0;¢), (25) 


where Ljyi,7' are the Laguerre polynomials of order 
(2/+-2) and Vim are normalized spherical harmonics. 

The evaluation of the matrix elements was carried 
out by means of a theorem?’ that, if f is a function of 
only the variables 7), r2, and riz, then 


[ flrvrsraddi 1d 
x x ritre 
sr? f f f f(rijrorie)rirniedridrodry,. (26) 
0 0 ri—r2| 


It is easily shown that, in using the basis (25), all the 
matrix elements involved may be expressed in terms of 
the quantities 


D H ritre2 
A (ran)= f { f gone 
0 0 a 


Xryre'ry2"dridrodrys, (27) 


which can be calculated by elementary methods. For 
details we refer to the Appendix. Since the energy 
depends on the two parameters, 7 and a, it is convenient 
to evaluate the matrices A,;‘"’, 7j;°, and V,;°" for 
n=(), 1, 2 separately. 

In the actual calculations, we have chosen a truncated 


TABLE IT. Optimum values of the parameters 7 and a. 


an 


0.3503 
0.2880 
0.2689 
0.2609 


a n 


0.458 0.7648 
0.146 1.9729 
0.0855 3.1456 
0.0607 4.29746 


H 
He 
Lit 
Be* 


16 For a detailed treatment of the scaling problem, see P. O. 
Léwdin, Technical Note from Uppsala Quantum Chemistry 
Group, January 20, 1958; J. Mol. Spectroscopy (to be published). 

17H. Shull and P. O. Léwdin, J. Chem. Phys. 23, 1362, 1565 
(1955); Phys. Rev. 101, 1730 (1956). 
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TABLE III. Coefficients a; in the expansion (12). Note that these functions are chosen so that a,=1; N= {|W |*do,dv2. 


ai a2 as 

H + 1.000000 
He + 1.000000 
Li* + 1.000000 
Be** + 1.000000 


— 0.099281 
—0.023678 
— 0.008957 
— 0.002832 


— 0.055653 
—0.128136 
— 0.148801 
—0.153931 


basis consisting of only three functions: [1s ], [2s ], [3s], 
where Yo9=(42)~!. This corresponds to an expansion 
(12) of six terms, and a secular determinant (17) of 
order six. 

The calculation of the lowest eigenvalue / and the 
associated eigenvector a;, was carried out by an 
iteration-variation procedure.'® The parameters 7 and 
a were varied independently until the optimum energy 
was found. 


V. RESULTS OF THE CALCULATIONS 


The results of the calculations are condensed in 
Tables I-V. Table I gives the lowest energy EF in 
comparison to the exact value Fexact associated with 
the nonrelativistic Hamiltonian (1). The latter is 
obtained either from accurate calculations (H~, He) 
or from spectroscopic data!® corrected for relativistic 
effects. All the results are expressed in modified atomic 
units. 

The parameters n and a corresponding to minimum 
energy are listed in Table II, and the associated coefh- 
cients a; are condensed in Table III. The transforma- 
tion to principal orbitals according to (6) is straight- 
forward and the A values are listed in Table IV. 

We notice how A; becomes more dominating in 
comparison to Az and A; as Z increases. This indicates 
that the radial correlation looses some of its importance 
as we go to higher nuclear charges. 

Finally in Table V we have given the unitary matrix 
U which transforms the set (1s), (2s), (3s), into the set 
X1, X2, and X; of principal orbitals. The high diagonal 
coefficients in the U matrices indicate that the original 
basis chosen does not differ very much from the 
principal orbitals in this case. 


TABLE IV. The values of the coefficients Ay in expansion 
(7) of a normalized wave function. 


Al Ae Aa 


+-0.4532 
+0.7888 
+0.8212 
+0.8666 


— 0.0454 
—0.0231 
—0.0163 
—(0).0126 


— 0.0038 
— 0.0033 
—0.0025 
— 0.0020 


18 P. O. Léwdin, Technical Note from the Uppsala Quantum 
Chemistry Group, April 23, 1958 (unpublished). 

19 Atomic Energy Levels, National Bureau of Standards Circular 
No. 467, edited by C. E. Moore (U. S. Government Printing 
Office, Washington, D. C., 1948), Vol. I. 


as as a6 N 
+0.006903 
+0.000082 
— 0.000594 
— 0.000876 


4.999788 
1.917904 
1.517154 
1.364091 


+0.002494 
— 0.003645 
— 0.002768 
— 0.002161 


+0.154719 
+0.051264 
+0.036321 
+0.029888 


VI. SIMPLER WAVE FUNCTIONS. TRUNCATION 
OF THE EXPANSION (7) 


In this section we would like to discuss the energy 
values obtained by interrupting the expansion (7) 
at different values of k.”° Truncating the sum to contain 
only a single term, we have 


W (r1,re) = (1+ arye2)A1X1(171) Xi (12). (28) 


Using the first principal orbital X; and the a value 
given in Sec. V, we obtain the energies listed in Table VI. 
The wave function (28) is of the general form 
(1+ ari2)u(ri)u(re). From the point of view of com- 
parison and generalization to more complicated systems, 
it is interesting to study the simplest possible functions 
u, namely 1s orbitals (simple exponentials) and SCF 
(self-consistent field) functions.”! 

The results of such calculation using 
functions « and varying a, are condensed in Table VII. 
We note the improvement in the energy as we vary a. 
Much better results are obtained by introducing a 
scale factor n according to Sec. III. The energy values 
are given in Table VIII. 

We also investigated the case when w is a sum of two 
exponentials : 


unscaled 


u(r) = Aye art 4 ve a (29) 


where in addition to the normalization constant and 
the scale factor, we have two variational parameters. 
The corresponding energies are given in Table IX. 

Let us now consider the expansion (7) truncated to 
contain the first two principal orbitals X; and X2. Since Ay 
and A» have opposite signs, we can write A1= a’, A2= —B 
and we obtain 


W = (1+ arj2) {a?X1(11)X1 (12) — b°X2(171)X2(1r2) } 
(1+arjs.)(u,v), (30) 
where 


(u,v) =u(r1)v(r2) + u(re)v(r1), (31) 
and 


u(r) =aX4(r)—bXa(r), 


aX1(r)+bXo(r). 


(32) 
u(r) 


Wave functions of the type (1+ari,) (u,v) have been 
previously investigated by Chandrasakher” who pointed 
out that excellent results are obtained for H~-, if # and 


Compare the corresponding treatment of the expansion in 
natural orbitals. See reference 15 

*1 For the He-like ions, we have used analytic SCF functions. 
P. O. Léwdin, Phys. Rev. 90, 120 (1953) ; Green, Lewis, and Woll, 
Phys. Rev. 93, 757 (1954). 

2S. Chandrasakher, Astrophys. J. 100, 176 (1944). 
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TABLE V. The unitary matrices U defined in (5). 


4+-0.993613 
+0.044852 
— 0.103546 


— 0.034676 
+0.994576 
+0.098060 


+0.107382 
— 0.093843 
+0.989779 


Li* 


—0.102543 
+-0.985725 
+0.133531 


+-(0).994409 
+-0.104985 
0.011366 


+0.025222 
0.131619 
+(0).990980 


TABLE VI. Energy corresponding to wave function (7) containing 
only the first principal orbital. 


E.) 


H —0.5174 
He — 2.8973 
Lit — 7.2733 
Be?* — 13.6488 


TABLE VII. Ground-state energies corresponding to the wave 
function (28) with u given by unscaled 1s orbital or SCF function. 


u =SCF function 


E 


u =1s-orbital, »=7 — & 
I 


a a 


“a opt. “a =0 “a opt. 
H - 7 —0.4964 
He —2.8477 -2.8748 
Lit 7 —7.2507 
Be?* a —13.6261 


0.246 
0.199 
0.188 
0.184 


—0.4878 
—2.8617 
—7.2364 
—13.6113 


—0.5022 
—2.8807 
—7.2566 
— 13.6320 


0.152 
0.156 
0.154 
0.153 


2 are approximated by single exponentials having 
different exponents. The case of He and Li* has been 
treated similarly by Green ef al.” 

In Table X are listed the energies corresponding to 
the first two principal orbitals. For comparison we have 
included also the results obtained by using single 
exponentials for « and v. The values for a=0 are taken 
from Shull and Léwdin.* 

We note that the two-term principal orbital result in 
the last column of Table X is better than the best 
corresponding exponential wave function with optimized 
a. This is so even though the a@ used in the truncated 
function is optimized with respect to the complete wave 
function and not with respect to the energy of the 
truncated basis. This seems to imply that, in the method 
using correlation factor, the principal orbitals play an 
important role similar to that of the natural orbitals 
in the case a=0. 


VII. CORRELATION EFFECTS. PROPERTIES 
OF THE WAVE FUNCTION 


Let us now study how the correlation effects are 
implied in the wave function treated in this paper. The 
introduction of the correlation factor g= (1+-ari2) means 
that, in the two-electron probability density, 


| W(11,r2) |?= (1+ a7.) as AgXx(11)Xx (re), (33) 
one will give pairs (r,r2) with large ri2 a higher proba- 


23H. Shull and P. O. Léwdin, J. Chem. Phys. 25, 1035 (1956). 


He 


0.038326 
+.0.090966 +-0,988809 
+.0,024899 —0.120967 


+.0.035624 
—0.118254 
— 0.992344 


+0.995542 


Be?* 


—0.106621 +0.020778 
—0.133800 
+0.990791 


+0.994083 
+0.108449 +0.985057 
—0.006202 +0.135261 


bility in comparison to pairs (1%,r2) with small rip. 
The importance of this “Coulomb hole” becomes clear, 
if we consider the special case |r| =|1r2| and vary rye. 
The factor g= (1+-arj2) is therefore of main importance 
in treating the angular correlation. 

In order to study the radial correlation, we place the 
two points r; and rf, on the same straight line through 
the nucleus and keep one of them fixed. In this case, the 
variation of the factor g= (1+ arj2) is very small around 
the point r12=0 in comparison to the large change in 
the second factor in the right-hand member of (33); 
and one can conclude that the essential part of the 
radial correlation must be embedded in the second 
factor. 

Let us now study the one-electron density defined 
by the relation 


vin)= f \(rars) *dv», (34) 


for a wave function of the form (7) and compare it 


TABLE VIII. Ground-state energies as in Table VII, but with 
scaling. n=scale factor. a=na optimized. 


u =scaled 1s-function u =scaled SCF function 


E n a E n 
—0.5088 
—2.8911 
—7.2682 

—13.6441 


1.2010 
1.0962 
1.0631 
1.0467 


0.493 
0.366 
0.337 
0.322 


—0.5164 
—2.8954 
—7.2712 


—13.6465 


1.2400 
1.0958 
1.0593 
1.0427 


TABLE IX. Ground-state energy corresponding 
to u=Aj,e"91"+-A 2€-@",” 


a a2 At A: E 


0.51086 1.13717 0.34290 1.42201 
1.56317. 2.49720 2.70716 2.56910 
2.60005 3.92698 6.79381 3.11156 
3.64318 5.64693 12.45402 2.98896 


—0.520500 

— 2.898063 

—7.273847 
— 13.64918 


X. Ground-state energies corresponding to wave functions 
of the form (u,v) (1+arj2). 


Simple exponentials 
a=0 


—0.5133 
— 2.8757 
—7.2490 
— 13.6230 


Two principal 


a optimized orbitals 


— 0.5259 —0.5262 
— 2.9014 — 2.9020 
—7.2772 —7.2778 

— 13.6531 
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Fic. 1. Radial elec- 
tron densities (4)?y (r)r? 
for (a) a correlated 
wave function, and (b) 
the SCF function. 
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with the same quantity in the Hartree-Fock approxi- 
mation. For this purpose, we have used an analytic 
self-consistent field function.?! The quantity y(r:)r/° for 
He has been plotted for both cases in Fig. 1. We note 
that the two curves have the same general shape. Their 
difference is everywhere less than 0.08 at every point. 
The “correlated” density is more contracted than the 
SCF curve, which shows a larger extension of the 
electronic cloud. This trend is also reflected in the 
quantities (r”),, defined by 


D 


™yw= f ¥(n)ni"dr. 
0 


The results for He are condensed in Table XI. 


TABLE XI. Average values (r”)s, for He for a correlated wave 
function based on Table III in comparison with the SCF values. 


(35) 


Correlated SCF 


wave function function 
0.897 0.930 


1.141 1.193 
1.901 1.944 


(Tay 
(r* ay 
(ray 


An investigation of the influence of correlation on 
the atomic “form factor” for He is now also inprogress. 


APPENDIX. CALCULATION OF MATRIX ELEMENTS 


In calculating the matrix elements, we put »=1 in 
the functions [n/m] defined by (25) for /=0. Each one 
of the products ¢;¢; may now be expressed in the form 


1 


Dd 5( pq; tj)riProte 2+), (A1) 


(4ar)? p.¢ 


lima 


Let L., be the nuclear attraction operator and C,, the 
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electronic Coulomb repulsion operator, so that 
L=—-Z/n—Z/ro, 
and V=L+C. Expressing the matrix elements in the 
quantity (27), one obtains 
Ai =5,;, 
Ai =} L (pg; 7) 
XA(p+1, g+1,n+1), n=1, 2. 
Li =—-Z YL b( pq; ij) (p+2)!(g+1)!/(2?tet4), 
Li = —nZ 2, b( pq; tj) 
XA (p, g+1, n+1), 
+ > b(pq; i7)A(p+1, g+1, 0), 
Cy = 2A, = 26;;, 
CP =A5;™. 


C=1/nyo, (A2) 


(A3) 


n= 1,2. 
Cc (0) — 
Wy 


(AS) 


The matrix elements of 7,, are slightly more compli- 
cated. It may be convenient to introduce also the 
expansion 


1 


~ DY b( pq; ij)riPrete 2+"), (A6) 


¢il op ¢j= 
( 4)? p=-1 q=-1 


The matrix 7;;° requires some consideration, but, by 
application of vector operator formulas, we obtain 


Ty™ =6ij+3 rl ¢iT op eit ¢jT op ¢i_|dvid02. (A7) 
This gives the result 
) = —> b(pq; ij) (p+2)!(g+2)!) 
Tj = —4} LD [0(p9; tj) +6(p9; jt) ] 
XA (p+1, g+1, 2), 
—4 & [b(pq; ij) +-b(p9; ji) J 
XA(p+1, g+1, 3) +54;, 


[(Qptat) 


T= 


and the evaluation is straightforward. 
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Unnatural Parity States in O'°. I 
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A detailed study of the de-excitation of gamma emitting states in O'* at 8.87, 10.94, and 11.06 Mev has 
been carried out using the N'*(He’,py)O"* reaction. Branching ratios and angular distribution measurements 
on both proton groups and gamma radiations strongly suggest assignments 2~, 0°, and 3*, respectively, 
although in the latter case the 2~ possibility is not excluded. The experimental results are compared with 
predictions of the alpha-particle and intermediate-coupling shell models. While considerable areas of 
agreement exist, serious discrepancies remain in both cases. The identification of the 0~, 10.94-Mev state 
precludes Dennison’s preferred “identification (a)’”’ in the alpha-particle model and fixes the exchange 
mixture in the shell model calculations; the O'* mixture closely resembles a Serber rather than the Rosenfeld 
mixture commonly in use in these shell model calculations. From the measured de-excitation branching 
ratio I',/I', for the 10.94-Mev state and the systematics of gamma-radiation and alpha-particle transition 
widths, an upper limit of ~2 X10 is obtained for the relative intensity of an opposite-parity component 


in the wave function of this state. 


INTRODUCTION 


HE 0! level structure has been the object of 

recent extensive investigation, both experimental 
and theoretical; these investigations have, in part at 
least, been motivated by the anticipation of particular 
symmetry effects resulting from the doubly-magic 
configuration of this nucleus. 

This paper and the following one’ present the 
results of a series of investigations carried out via the 
N"(He' py)O"® and N"(He*,pyy)O'® reactions. This 
paper will be concerned chiefly with the direct measure- 
ments on the proton and gamma-ray spectra and with 
proton-gamma coincidence measurements performed 
to elucidate the electromagnetic de-excitation of certain 
of the O'* states. These results, together with those to 
be presented in II on the gamma-gamma angular 
correlations, have been presented in summary 
previously.” 

The available experimental information up to 1955 
on the O'® nucleus has been summarized in the review 
article of Ajzenberg and Lauritsen.® In a detailed study 
of the N'®(8-)O' decay and the F!*(p,avy)O'* reaction 
Wilkinson, Toppel, and Alburger® have demonstrated 
the existence of a state in O'8 at 8.87 Mev to which they 


4 


make the assignment 2~. Measurements to be described 
herein and in II fix this assignment and, together with 
those of Bent and Kruse’ and of Wakatsuki ef al.° on 


! Kuehner, Litherland, Almqvist, Bromley, and Gove, following 
paper [Phys. Rev. 114, 775 (1959) ]; hereafter referred to as II. 

? Bromley, Ferguson, Gove, Litherland, and Almaqvist, Bull. 
Am. Phys. Soc. Ser. IT, 2, 51 (1957). 

3 Litherland, Almqvist, Bromley, Gove, and Ferguson, Bull. 
Am. Phys. Soc. Ser. II, 2, 51 (1957). 

*D. A. Bromley, in Proceedings of the Rehovoth Conference on 
Nuclear Structure, edited by H. J. Lipkin (North-Holland Publish- 
ing Company, Amsterdam, 1958). 

5A. Ajzenberg and T. Lauritsen, Revs. Modern Phys. 27, 77 
(1955). 

6 Wilkinson, Toppel, and Alburger, Phys. Rev. 101, 673 (1956). 

7R. D. Bent and T. H. Kruse, Phys. Rev. 108, 802 (1957). 

8 Wakatsuki, Hirao, Okada, and Muira, J. Phys. Soc. Japan 12, 
1178 (1957). 


the F(p,ay)O"'® reaction, provide further information 
on the gamma de-excitation of this state. 

Hornyak and Sherr,’ in a study of the inelastic 
scattering of 19-Mev protons on O!*, present evidence 
for a state having an appreciable gamma de-excitation 
width at 11.08+0.03 Mev excitation. Magnetic 
spectrograph measurements of Squires ef al.! located 
a state at 11.085+0.014 Mev. Because of its finite 
gamma width this state was presumed to have “un- 
natural” parity [i.e., = (—1)/*'] and therefore to be 
not identical with the level seen at roughly this excita- 
tion in the work of Bittner and Moffat! on elastic 
scattering of alpha particles from C®. 

Early measurements in this latoratory? on the 
energies of the de-excitation gamma radiation from the 
levels in the vicinity of 11 Mev were not consistent, 
within the extimated precision of the measurements, 
with the existence of only a single gamma-emitting 
level in this region. This difficulty was relsolved by Wiel, 
Jones, and Lidofsky” who measured thresholds in the 
N'°(d,n)O"® reaction corresponding to the presence of 
excited states in O'* at excitations of 10.935 +0.010 
and 11,061+0.015 Mev. Further measurements on the 
de-excitation of the lower of these levels have been 
made by Wakatsuki and co-workers* and by Bent and 
Kruse.’ The experimental data now available will be 
summarized later in this paper. 

One of the first theoretical treatments of the O'* 
level spectrum is that of Dennison based on the 
alpha-particle model; i.e., a semirigid tetrahedral 
structure consisting of the four alpha-particle sub- 
structures with harmonic relative binding. This first 
treatment was remarkably successful in correlating 
the available information on the low (T=0) levels. 
With the discovery and identification of further levels, 

9 W. F. Hornyak and R. Sherr, Phys. Rev. 100, 1409 (1955). 

1 Squires, Bockelman, and Buechner, Phys. Rev. 104, 413 
(1956). 

J. W. Bittner and R. D. Moffat, Phys. Rev. 96, 374 (1954). 


” Weil, Jones, and Lidofsky, Phys. Rev. 108, 800 (1957). 
31D). M. Dennison, Phys. Rev. 57, 454 (1940). 





UNNATURAL 


this model has been revised by Dennison™ and more 
recently extended to higher excitations by Kameny.!® 
While a remarkably good qualitative agreement has 
been obtained, there are outstanding difficulties with 
the model which will be discussed later in more detail. 

Elliott and Flowers!® have carried out a detailed, 
intermediate-coupling shell model calculation of the 
negative-parity level spectrum of O'* arising from the 
removal of a 1p nucleon from the closed p shell core 
into the p"d and p 2s configurations. A number of 
predictions arising from these calculations will be 
compared with the experimental data later in this 
paper. Although @ priori the alpha-particle model and 
the shell model appear to have little in common other 
than comparable agreement with the experimental 
observations, Perring and Skyrme" have succeeded in 
demonstrating that the wave functions for the ground 
and 6,06-Mev states in O'® given by the two models 
are essentially identical. Further investigation of the 
connection between these models would be of particular 
interest. 

It has generally been assumed that a simple shell 
model is inadequate to describe the low positive-parity 
states of O'® since multiple nucleon excitation would 
be required to give this parity. It has been customary, 
for example, to represent the 6.06-Mev O* state as a 
configuration wherein 2 nucleons were raised into the 
s and d shells; this, within the usual shell model frame- 
work, would require 10-15 Mev per nucleon and would 
appear to be an untenable assumption. Ferrell and 
Visscher!’ have noted that single nucleon excitation to 
the next higher negative-parity shell requires compar- 
able energy and have considered the interpretation of 
the positive-parity states on this basis together with 
the possibility of spheroidal deformation of the system. 

Morinaga” has investigated, in some detail, the 
consequences of assuming the ‘hole configuration” 
suggested by Christy and Fowler wherein four p 
nucleons are lifted simulataneously into the s and d 
shells, in an attempt to correlate the observational 
data on the positive-parity levels. Griffin,” using the 
method of Generator Coordinates, has examined the 
problem of the dilational and collective quadrupole 
excitations of the O'® structure to make predictions 
regarding the location of 0* and 2* levels, respectively. 

In experimental studies of the gamma-emitting or 
unnatural-parity states of O', the major difficulty is 
usually that of resolving the gamma transitions of 
interest from a high background of gamma radiation 


44D. M. Dennison, Phys. Rev. 96, 378 (1954). 

15S. L. Kameny, Phys. Rev. 103, 358 (1956). 

16 J. P. Elliott and B. H. Flowers, Proc. Roy. Soc. London 
A242, 57 (1957). 

17 J. K. Perring and T. H. R. Skyrme, Proc. Phys. Soc. London 
A69, 600 (1956). 

18R, A. Ferrell and W. M. 
(1956). 

19 H, Morinaga, Phys. Rev. 101, 254 (1956). 

”R. F. Christy and W. A. Fowler, Phys. Rev. 96, 851 (1954). 

21 J. J. Griffin, Phys. Rev. 108, 328 (1957). 
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Fic. 1. Schematic representation of the reactions 
induced by He* bombardment of N™. 


resulting from competing open channels. The N' 
(He’,py)O'* reaction is particularly suited to a study 
of these states since, as indicated in Fig. 1, almost all 
other channels, open for low bombarding energies, 
lead to final levels which are unstable to particle 
emission and which therefore do not contribute appreci- 
ably to the gamma radiation yield. This reaction has 
the further advantage that the high-energy proton 
groups leading to the states of interest are readily 
detected, permitting the study of (py) coincidences 
to establish de-excitation branching ratios. The high 
Q value, as listed below, also results in the attainment 
of high excitations in O'* with relatively low incident 
energies. The exceptions among the final levels formed 
are the 4.43-Mev level in C” formed in the N“(He’, pay) 
C® reaction via the higher states in O'§, or in the 
N"(He’,a,py)C” reaction via the higher states in N"™ 
and the ground states of N' and O which have 
0.511-Mev annihilation radiation with 
their positron decay. The Q values, as calculated from 
the mass tabulation of Mattauch ef al.,"* are the 
following: 
N"+ He’ > F!™* — F!"+ fy+ 15.826 Mev 

— F'6+-”—1,129 Mev 

— O'6+ p+ 15.231 Mev 

— 0+ d+ 1.861 Mev 

— O'+1—5.171 Mev 

— N®+a+10.029 Mev. 


associated 


Because of the high compound-system excitation and 
the large number of open particle channels, radiative 
capture of the incident He’ ions would not be expected 
to be detectable. A search for radiative He* capture in 
the particularly favorable case of He* on O'* has yielded 


2 Mattauch, Waldmann, Bieri, and Everling, Z. Naturforsch. 
11, 525 (1956); Annual Review of Nuclear Science (Annual 
Reviews, Inc., Palo Alto, California, 1956), Vol. 6. 

7). A. Bromley and A. R. Rutledge, Chalk River Report 
CRP-789 (unpublished). 
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negative results. Nonresonant, direct capture of He‘ by 
He’ has been observed”; in this case there are no open 


competing channels. 
EQUIPMENT 


Much of the experimental equipment used in this 
work has been described in previous publications. 
Proton groups were detected using CsI(TI) crystal 
spectrometers*® or a 180° Kellogg-type magnetic 
analyzer”; gamma spectrometers comprising 5-in. 
diameter by 4-in. long Nal(TI) crystals** were used. 
Conventional fast-slow coincidence circuits” have been 
used for both (py) and (yy) coincidence measurements 
with a coincidence resolving time 27~40 muysec; 
120- and 100- channel Hutchinson-Scarrott® type pulse- 
height analyzers have been used in recording the data. 
The “‘self-coincidence”’ feature previously reported” has 
been extensively used in establishing voltage gates for 
coincidence measurements. Total beam charge delivered 
to the targets was measured with a precision integrator 
circuit.”6 

As a result of the relatively low yields encountered in 
these studies and the consequent long run durations 
required coincidence studies, a simple two-dimensional 
display circuit has been developed for use with the 
multichanael analyzers. This system will be described 
in detail elsewhere®; in essence, its operation is to 
add an appropriate voltage pedestal to a given output 
pulse from one detector if, and only if, this pulse is in 
fast-coincidence with a pulse of selected amplitude in 
a second detector. A number of these pedestals may 
be adjusted in amplitude so that it is possible to display 
simultaneously on the multichannel analyzer the 
spectra from one detector in coincidence with a number 
of different voltage gates set on that from the other. 
The number of such simultaneous spectra is limited 
only by the maximum number of channels available 
and the minimum number required to resolve the 
structure in a particular coincidence spectrum. Examples 
of the use of this circuit appear later in Figs. 14 and 
15 where 3 and 2 simultaneous gates have been used, 
respectively. Not only does this use of the Pedestal 
Insertion Gate (PIG) circuit permit a more economical 
utilization of accelerator time but also it obviates the 
possibility of errors in relative normalization, beam 
integration, or target condition. 

In examining the particle angular distributions with 

* Bromley, Kuehner, and Almqvist, Bull. Am. Phys. Soc: 
Ser. IT, 3, 199 (1958), and to be published. 

*5H. D. Holmgren and R. L. Johnston, Bull. Am. Phys. Soc. 
Ser. II, 3, 26 (1958), and private communication. 

26 Bromley, Almqvist, Gove, Litherland, Paul, and Ferguson, 
Phys. Rev. 105, 957 (1957). 

27 Snyder, Rubin, Fowler, and Lauritsen, Rev. Sci. Instr. 21, 
852 (1950). 

*8 Litherland, Paul, Bartholomew, and Gove, Phys. Rev. 102, 
208 (1956). 

*” Graham, Bell, and Petch, Can. J. Phys. 30, 35 (1952). 

#®G. W. Hutchinson and G. G. Scarrott, Phil. Mag. 42, 792 


(1951). 
31 A. E. Litherland and D. A. Bromley (to be published). 
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the CsI spectrometers, a standard 17° tilted axis 
chamber® was used permitting detector rotation from 
— 145° to 0 to +145° in the laboratory system. With 
the Kellogg magnet a continuous rotation chamber* 
has been used which permits rotation of the detector 
in a horitontal plane from — 40° to + 145°. 


TARGET PREPARATION 


Targets of Wolfram and tantalum nitride have been 
used in these measurements. These have been produced 
by induction heating of cleaned 0.020- and 0.010-inch 
blanks in nitrogenous atmospheres. It has been found 
that boiling the target blanks in an aqueous solution 
of “‘Alconox’’* commercial cleaner followed by distilled 
water rinses provides substantial freedom from con- 
taminant layers. The technique evolved for the produc- 
tion of the nitride targets involves heating the blank to 
approximately 1200°C in an atmosphere of NH; and 
NH,OH for 10 seconds at an original gas pressure of 4 
inches Hg. It has been found that dry NHs, mixtures 
of N2 and He and pure Ne give progressively less 
satisfactory nitride formation. In the case of an NH; 
+NH,OH atmosphere the quoted 1200°C represents an 
optimum, but not particularly critical value; with an 
N2 atmosphere the temperature control is relatively 
critical and proper nitride formation appears to take 
place only in the range from 725 to 850°C. 

It is perhaps worth recording that nitrogen targets 
produced by induction nitriding of thin evaporated 
layers of Al, Mg, Sr, and Ca on heavy-element backings 
proved unsatisfactory because of low nitride as opposed 
to oxide formation. Evaporated Na(CN) targets gave 
high specific nitrogen concentration but had the major 
disadvantages of short life under bombardment and 
built-in carbon contamination. 

In order to examine the structure of the nitride 
surface and estimate the effective target thickness, the 
yield of 4.43-Mev radiation from the N!*(p,ay)C” 
reaction on the natural N'® component in the targets 
was examined in the vicinity of the 2~ resonance at 
898-kev bombarding energy.** Figure 2 is a typical 
yield curve so obtained. The fact that the yield step 
rises to its full height in a proton energy interval 
comparable to the measured 2.2-kev width of the 
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Fic. 2. Yield of 4.43- 
Mev radiation from the 
reaction N!5(p,ay)C® in 
the vicinity of the 898- 
kev resonance. 
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resonance indicates that the nitride target layer is 
quite uniform. Using the standard expression for a 
“thick” target yield step,”’ i.e., 


Y= (x/2)(oI'/e), 


where I’ is the resonance width,® o the cross section 
(800 mb),®° and ¢ the molecular stopping cross section 
for TaN! obtained from the N!® isotopic abundance*® 
and Whaling’s compilation® of stopping cross sections 
as 7.94X10-" kev cm’, the predicted yield step agrees 
with that observed to within a factor of three. The 
discrepancy is in the direction to be expected if the 
nitride layer were slightly diluted with Ta atoms as 
might indeed be expected. These measurements 
demonstrate, however, that the targets are quite 
uniform and essentially pure TaN. 

From the shape of the observed yield curves (e.g., 
Fig. 2), effective target thicknesses of ~50+20 kev 
were obtained for 900-kev protons. From this an areal 
density of TaN of ~(1.7+0.5)X10'8 molecules/cm? 
follows. This density is also consistent with N'(a,y) F'* 
measurements*® carried out using these same targets. 


TARGET CONTAMINANTS 


Again because of the low yields from He’ reactions on 
N"™ as compared to C”, the inevitable carbon target 
contamination posed a particularly severe problem. 
Additional pumping stages in the target line provided 
inadequate reduction of this contamination. In an 
attempt to minimize this buildup of carbon, provision 
was made to cement an electrical strip heater in intimate 
contact with the target backing, thus making it possible 
to hold the target at ~500°C during measurements. 
The heater was energized using a special transformer 
with Teflon insulation on the secondary winding to 
permit integration of the beam intercepted by the 
target. Figure 3 illustrates the effect of this heater on 
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Fic. 3. Buildup of carbon contaminant on a clean tantalum 
blank. The indicated 500°C temperatures were maintained with 
a resistance heater attached directly to the target backing. The 
ordinate scale represents the yieldof 2.31-Mev radiation from the 
C(He’,p)N™ reaction at 21-Mev bombarding energy. The time 
scale is measured from the initiation of bombardment. The target 
heater was not in use during the measurement with liquid nitrogen 
trapping. 


36 A. O. Nier, Phys. Rev. 77, 789 (1950). 

37 W. Whaling, in /Mandbuch der Physik 
Berlin, 1958), Vol. 34. 

38 Almqvist, Bromley, and Kuehner, Bull. Am. Phys. Soc. Ser. 
IT, 3, 27 (1958), and to be published. 
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Fic. 4. Schematic drawing of the target structure in use. 
All flange dimensions, etc., have been standardized to allow 
considerable flexibility in assembly. The ion beam J from the 
accelerator enters the basic block structure A, and its cross section 
is defined as or if required by the aperture block and retractable 
quartz viewer unit B. Following this, it traverses a liquid nitrogen 
trap G and enters an auxiliary target chamber E on which the 
target support mount C and the target shrouding liquid nitrogen 
trap F are mounted. Particles emitted from the target are detected 
in a CsI(TI) spectrometer assembly D; a similar monitor counter 
may be attached at /7. The aperture of the CsI spectrometer is 
defined by a tantalum baffle mounted directly over the 0.0004-in. 
aluminum foil which covers the crystal which is in turn optically 
coupled to an RCA-6655 2-in. photomultiplier by a thin film of 
silicone vacuum grease. A lead hood shields the crystal and 
photocathode region of the photomultiplier from low-energy 
gamma radiation; mu-metal and iron coaxial shield cylinders are 
provided for the photomultiplier itself. Additional auxiliary 
chambers similar to E are available which have complete cylindri- 
cal symmetry about a vertical axis through the target for use in 
(y—y) correlation measurements; one of these has been con- 
structed completely of Lucite to minimize the absorption of 
low-energy gamma radiation in the chamber walls. That shown is 
used for particle-gamma correlation measurements with the 
gamma spectrometer swinging out of the plane of the figure. In 
some correlation measurements reported in this paper the CsI 
spectrometer replaced the liquid nitrogen trap F to detect particles 
perpendicular to the plane of motion of the gamma spectrometer. 


carbon buildup; plotted is the yield of 2.3-Mev radiation 
from the C”(He*,py)N'® reaction as a function of time 
with a fixed 0,5-uwa beam of 2.10-Mev He’ ions incident 
on a clean tantalum target backing. The breaks in this 
curve were produced by periodically interrupting the 
heater current. It is of interest to note that there are 
apparently two quite distinct carbon components 
present; that which can be removed by reconnecting 
the heater is presumably due to the condensation of 
organic vapors on the target surface, while the remaining 
component may represent carbon driven into the target 
surface by the beam itself. 

It was found that the contaminant reduction resulting 
from the target heating was also inadequate, and 
following a suggestion of Butler® an additional trap 
attachment was designed for the standard target 
plumbing in use in order to shroud the target as 
completely as possible with surfaces maintained at 
liquid Ny temperature. This system is illustrated in 


89 J. W. Butler (private communication, 1956). 
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Fic. 5. Proton spectra from the N'*(He?,p)O"* reaction obtained 
in a CsI spectrometer both directly (A) and in coincidence with 
gamma radiation (B,C). 





Fig. 4. As shown in Fig. 3, installation of this trap 
produced an appreciable reduction in the rate of 
carbon buildup; simultaneous use of heater and trap 
resulted in an exorbitant consumption of liquid No» 
and little, if any, reduction in rate beyond that obtained 
with the trap alone. Use of the target heater was 
discontinued. 


EXPERIMENTAL RESULTS 
Proton Spectra 


Figure 5 shows proton spectra measured at 90° to 
the incident 2.1-Mev incident He* ion beam. Part A of 
the figure is the direct spectrum as measured with a 
CsI spectrometer; the ground-state proton group (po) 
does not appear since the system gain has been adjusted 
to put it above the upper end of the analyzing range. 
The instrumental resolution is clearly inadequate to 
resolve the closely spaced groups; ps corresponding to 
the 8.87-Mev state is resolved however as is ps corre- 
sponding to the 10.36-Mev state. Parts B and C of this 
figure show corresponding spectra from the same 
detector measured in coincidence with gamma radiation 
detected at 90° to the beam and 180° to the protons 
with energy greater than 700 kev and 4.5 Mev, respec- 
tively. In order to isolate the gamma-emitting states in 
O'®, these limits were chosen to be above the strong 
0.511-Mev annihilation radiation and the 4.43-Mev 
radiation from C™. Reference to the level diagram of 
Fig. 1 shows that the low-energy proton groups in 
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Part B are those leading to the formation of states 
which subsequently de-excite by alpha emission to the 
first excited state of C, The remaining peaks labelled 
ps and o,10 in the figure then correspond to the un- 
natural parity states at 8.87 and ~11 Mev; the 
resolution does not permit the separation of the two 
groups at the latter energy. The relative peak heights 
in parts B and C of this figure reflect the nature of the 
gamma de-excitation of the corresponding state or pair 
of states; the lack of gamma radiation from the 6.06- 
Mev state for example depresses the coincidence yield 
of the pio group. 

Figure 6 is an expanded proton spectrum similar to 
part B of Fig. 5 in coincidence with all gamma radiation 
with energy greater than 700 kev. As a check on the 
correctness of the deductions just noted, a voltage gate, 
shown shaded, was set on the composite proton peak 
corresponding to states in O!* at ~13-Mev excitation 
and the coincident gamma radiation spectrum, shown 
in the inset, was obtained. As anticipated, this shows 
only the 4.43-Mev radiation following alpha emission 
to the 2+ state at this energy in C” and the strong 
contaminant 2.31-Mev radiation from C”(He’, py) N™*.?6 

The voltage gate shown in this figure via the ‘‘self- 
gate”’ circuits is typical of those used in obtaining the 
(py) coincidence measurements on the ps; and Po, 10 
groups in that these were set and checked in coincidence 
with gamma radiation in order to more precisely locate 
the groups of interest. No evidence was found for any 
gamma de-excitation branch in coincidence with such a 
voltage gate set on ps to the 10.36-Mev state as might 
be expected from its 4+ assignment which allows 
alpha de-excitation in competition. 

Figure 7 shows the result of an examination of the 
region of the proton spectrum corresponding to 11-12 
Mev excitation in O'8 using a 180° Kellogg-type 
magnetic analyzer’ at 90° to a 2.7-Mev He’ beam. 
The ground and first excited state proton groups from 
the contaminant reaction C!”(He’,p)N"** are con- 
veniently close to the oxygen doublet and serve as 
calibration points. Assuming a Q value of 4.767 Mev 
for the C?/He’,p)N™ reaction as computed from the 
mass values* and Bockelman’s determination of the 
excitation of the first excited state of N", the po and 
pi groups from carbon have energies of 6.413 and 
4.258 Mev, respectively, at the bombarding energy 
and angle used. Using these values to calibrate the 
magnet energy scale, the peaks at A, B, C, and D 
correspond to excitations of 11.565, 11.286, 11.127, 
and 10.981 Mev, respectively; the Q value for the 
N"(He’,p)O'® reaction of 15.231 Mev has again been 
taken from the mass values.’ It should be borne in 
mind that the carbon target involved here is the very 
thin contaminant layer on the target surface; con- 
sequently the excitations just quoted must be corrected 


“ Bockelman, Brown, Buechner, and Sperduto, Phys. Rev. 92, 
665 (1953). 
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Fic. 6. Proton spec- 
trum coincident with all 
gamma radiation with 
E,>700 kev, showing a 
typical self-gate display 
of a coincidence voltage 
gate set on proton groups 
to states in O' near 12.5 
Mev and the coincident 
gamma spectrum (in- 
sert) from the N'(He', 
pay)C reaction. 
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downwards to correct for the effect of the thicker 
TaN® target layer. It would be extremely difficult to 
make a precise correction for this effect with the 
targets in use. It should be noted, however, that if 40 
kev is subtracted from all four excitations quoted 
(i.e., the calibration is shifted by that amount), the 
excitations corresponding to peaks A, B, and C would 
be in excellent agreement with the values 11.250 +0.020, 
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11.510+0.020, and 10.935+0.010 Mev as quoted by 
Bittner and Moffat! from C®(a,a)C" and Weil, Jones, 
and Lidofsky from N!5(d,n)O'% The excitation 
corresponding to peak C would be 11.087 Mev, appre- 
ciably higher than that of 11.061+0.015 Mev quoted 
by Weil et al.” Since the yield of neutrons to this state 
in the N!*(d,z)O"* reaction is very low, this discrepancy 
may not be a serious one. The present measurement 
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Fic. 7. Proton groups corresponding to excitations in the range 11-12 Mev in O'* obtained 
with a Kellogg-type 180° magnetic spectrometer. 
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Fic. 8. Angular distributions of proton groups from the reaction 
N'*(He’,p)O'®. Angles and intensities have been converted to the 
center of mass frame. 


would locate the second member of the doublet ~ 11 
Mev excitation at 11,087+0.020 Mev relative to the 
other higher levels in O'*; however, the doublet separa- 
tion is measured with somewhat greater accuracy as 
146+10 kev as compared to the value of 126+18 kev 
measured by Weil e/ a/."" The energy measurements of 
the gamma radiation are of course consistent with 
either excitation value, and for purposes of discussion 
the earlier values of 10.94 and 11.06 Mev have been 
retained for these unnatural parity states. The present 
measurements clearly corroborate the existence of the 
doublet. It should be emphasized that no direct evidence 
that the state observed in the N?°(d,n)O' 
reaction” is that from which de-excitation gamma 
radiation is observed ; the fact that the excitation energy 
reported here is in agreement with the results of 
Hornyak and Sherr’ and of Squires et al.° suggests 
the possibility that a triplet of states is present at 
~11 Mev in O' and that the level at 11.061 Mev is, in 
fact, the natural parity state observed by Bittner and 
Moffat" in the alpha-scattering measurements. 

The possibility of this or of additional states in this 
region of excitation in O'* is not precluded by the 


exists 


TABLE I. 90° Differential and total cross sections for the 
N'*(He’,p)O'* reaction to low states in O'* for 2.10-Mev incident 
He? ions. 


da/dw 
at 90 


Excitation oT 
(ub/sterad) (ub/sterad) 


in O'6 


Proton 


group (Jx)s 


po ground state : 4.6 58 
pPitpe 6.06+6.13 + 25. 317 
pst pa 6.92+7.12 30.8 387 
Ps 8.87 26.4 332 
petp: 9.58+-9.84 39.2 492 
ps 10.36 30.2 379 
Pot pro 10.944. 11.06 37.2 467 
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magnetic spectrometer results reported here; the 
statistical accuracy of the present data is not sufficiently 
great to suggest the interpretation of weak peaks such 
as that at E (which would correspond to an excitation 
in O'* of 10.817 +0.020 Mev) as evidence for the exist- 
ence of these states. 

Because of the low detection efficiency (710 
sphere)?’ as compared to the CsI spectrometers (0.4%)*6 
and the low yield from the N™ targets, no successful (py) 
coincidence measurements have been made using 
magnetic analysis of the protons. Further, the time 
which would have been required even for the measure- 
ment of the direct particle angular distributions was 
exorbitant; the magnet was therefore replaced with a 
CsI spectrometer in obtaining these distributions. 
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Fic. 9. Excitation curves for proton groups from the reaction 
N'*(He’,p)O!® measured at 90° to the incident He* beam. 


Data were obtained using only reflection geometry; 
while nitrogen targets were prepared by nitriding 
micro-inch nickel foils, it was found that these targets 
were relatively unstable under He*® bombardment and 
that the data were not reproducible from them. Con- 
sequently, only data obtained using TaN targets on 
thick Ta backings are presented. 

Figure 8 shows the results obtained ; the experimental 
data have been converted to center-of-mass angles and 
intensities. Within the experimental accuracy, only the 
ps angular distribution departs from isotropy and in 
this case by at most 20%. 

Figure 9 shows the 90° excitation function for a 
number of the proton groups to low states and un- 
resolved pairs of states in O'® as measured with a CsI 
spectrometer. Table I lists the differential and total 
cross sections for these groups as obtained from the 
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Fic. 10. Direct gamma 
radiation spectrum from He 
bombardment of N'. Ordi- 
nate expansion factors are 
shown on the figure. A 5-in. 
diameter and 4-in. deep Nal 
crystal at 90° to the incident 
He® beam was used to obtain 
this spectrum. 
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target areal density previously quoted, the integrated 
He’® current, and the measured efficiency of the proton 
detectors.** It should be emphasized .that direct beam 
integration is only possible where the possibility of 
significant deuteron contamination in the beam does 
not exist. The striking feature of these excitation curves 
is the lack of any marked resonance structure as 
compared to those for the C”(He*,p)N"™ reactions,” 
for example; it should be noted however that as a 
result of the target thickness ~100-kev sharp reso- 
onances, i.e., I'~ 10 kev, if closely spaced, would not be 
seen in these curves. The compound systems involved 
are F’ and O' at excitations around 18 and 14 Mev, 
respectively*; this lack of resonant structure has 
important consequences for the interpretation of the 
gamma-gamma correlation measurements to be discus- 
sed in II, as does the isotropy of the proton angular 
distributions shown in Fig. 9. 


Gamma Spectra 

Figure 10 is a typical direct spectrum of the gamma 
radiation associated with the N+ He’ reactions at a 
bombarding energy of 2.1 Mev. The spectrum is 
dominated by the 4.43-Mev radiation from the N™ 
(He*®,pay)C” reaction; the contaminant gamma rays 
from C®(He*,py)N" as indicated on the figure further 
masked the 0'!® gamma-ray yield so that no detailed 
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intensity measurements are possible on low-energy 
gamma radiation in the direct spectra. Similar measure- 
ments made at various angles to the incident beam 
demonstrated that again to within the experimental 
accuracy possible (+15%), all the N'"(He*,py)O'® 
gamma-ray angular distributions were isotropic, a 
result also of importance to the gamma-gamma corre- 
lation interpretation in IT. 

The direct spectra show a peak at 1.02 Mev corre- 
sponding to the simultaneous detection of two 0.511- 
Mev annihilation quanta and counts corresponding to 
gamma radiation of energy 8.87 and ~11.0 Mev. In 
both cases, because of the low intensities involved, it 
was necessary to investigate the “summation” contribu- 
tion to these counting rates as distinguished from true 
contributions corresponding to the de-excitation of 
states at these energies. These “summation” contribu- 
tions result when two member gamma radiations from 
the cascade de-excitation of the state in question enter 
the gamma spectrometer simultaneously and give a 
full-energy pulse. Clearly these contributions will be 
functions of the detector solid angles and of the y-y 
correlations involved in the cascade, vanishing, for 
example, if the cascade radiations are completely 
correlated at 180°. A general expression for this 
correction is derived in Appendix I in terms of the 
Legendre polynomial coefficients for the y-y correlation 
and the effective angular acceptance of the detectors. 
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Fic. 11. Gamma radiation spectra coincident with proton 
groups p2 and p;,4 in the N'*(He’,p)O" reaction. The bombarding 
energy used was 2.1 Mey 


For the energies and geometry involved in the 
direct spectrum measurements (Fig. 10), the effective 
acceptance half-angle 0) is ~18°. The factor Ne, 
appearing in the summation contribution Appendix 
I is simply the singles counting rate for the appropriate 
cascade gamma ray. The spectrometer efficiencies 
have been determined previously using calibrated 
sources and standard coincidence methods"? and have 
been extrapolated where necessary using the calcula- 
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Fic. 12. Gamma radiation spectrum coincident 
proton group fs to the 8.87-Mev state in O'*, obtained at a 
yombarding energy of 2.1 Mev. 
bombarding gy of 2.1M 


“1A. C. G. Mitchell, in Beta- and Gamma-Ray spectroscopy, 
edited by K. Siegbahn (North-Holland Publishing Company, 
Amsterdam, 1956). 

® H. E. Gove and A. E. Litherland (to be published). 
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tions of Wolicki, Jastrow, and Brooks.” Using Nev 
from the spectrum and the measured €)2 together with 
R (see Appendix I) obtained from the correlation 
coefficients listed in II, a summation contribution equal 
to 10% of the observed counts was calculated for the 
8.87-Mev transition; the calculations indicated that 
all counts corresponding to ~11 Mev could be attrib- 
uted to the summation process, leaving no evidence 
for a direct transition of this energy. To check these 
findings, it was noted that since the direct contribution 
was given by Ne, and the summation by Ney1€72, it 
was possible to separate the two by observing the 
counting rates for different ¢, obtained by varying the 
target-crystal separation. The accuracy of this pro- 
cedure is considerably reduced over that just described ; 
however, using the variation of e, with detector distance 
as computed by Wolicki et al.” for the 5-in. crystals, 
it was again found that all the 11-Mev counts and at 
most a small fraction of the 8.87-Mev counts could be 
attributed to summation. 
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Fic. 13. Gamma radiation spectrum coincident with the 


composite proton group to the 10.94- and 11.06-Mev states in 
O'* measured at 2.1-Mev incident energy. 


p-y Coincidence Measurements 


In order to study the de-excitation branching in 
detail, gamma radiation coincident with the appropriate 
proton groups feeding the states in question was 
examined with voltage gates set on the proton groups 
shown in Fig. 5. Figure 11 shows gamma radiation 
coincident with the groups i,2 and p;,4, respectively ; 
these were measured in order to obtain standard 
spectral shapes to use in analyzing later spectra 
involving cascade transitions through these states. 
Figures 12 and 13 show the spectra coincident with ps5 
and po,10, respectively. That in coincidence with ps5 
clearly shows the direct 8.87-Mev transition, the 
dominant 2.74-6.13 Mev cascade, and the weaker 
1.75-7.12 Mev cascade; the still weaker 1.95-6.92 Mev 
cascade which appears in the gamma-gamma measure- 
ments in II is masked here. The spectrum coincident 
with Po,i0 shows the dominant 3.82-7.12 Mev cascade 
from the 10.94-Mey state as well as the 4.93-6.13 and 

8 Wolicki, Jastrow, and Brooks, Naval Research Laboratory 
Report NRL-4833, 1956 (unpublished). 
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circuit in establishing the < 
de-excitation branching from 
the 10.94- and 11.06-Mev states 
in O'8, Inset is a section of the 
proton spectrum coincident 
with gamma radiation (A)— 
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voltage gates B and C set UJ 
simultaneously on this fs10 QL 
peak. Gate C includes pre 

dominantly protons to the 

10.94-Mev state and B those W 
to the 11.06-Mev state. The 
gamma transitions involved 

are shown on the inset level 


diagrams. 
oO 
O 


10 


100 


10.94 Mev 
STATE 


75 
a et Hep y)N" 
co 

50 








CHANNEL NUMBER 


a 
= 
ns 


120 130 


11.06 Mev 
STATE 


C'*(He:p y) N'* 




















‘ 


| ! | L | | 





32 


104 


| 
40° 46 36 G6& 2 60 86 S36 


CHANNEL NUMBER 


4.14-6.92 Mev cascades from the 11.06-Mev state. 
The existence of these states corresponding to the 
unresolved po,19 group is established by the magnet 
measurements discussed previously. The 2.19-Mev 
transition from the 11.06- to the 8.87-Mev states is 
apparent in this figure and does not appear either in 
the direct spectrum or in the y-y coincidence measure- 
ments in II because in each case it is masked by a 
stronger 2.31- or 2.74-Mev transition. 

Figure 14, obtained using the PIG circuit previously 
described," served as a check on the identification of 
the radiations involved in the de-excitation of the 
11-Mev states. As illustrated in the inset figure, voltage 
gates were set on the upper and lower halves of the 
unresolved proton group to the 10.94- and 11.06-Mev 
states measured in coincidence with all gamma radiation 
with /,2 700 kev in a large solid angle CsI detector.?® 
The low coincidence efficiency of the Kellogg magnet 
precluded its use in a coincidence measurement on the 
resolved groups of Fig. 6, necessitating the use of the 
CsI The two 50-channel are in 


detector, spectra 


coincidence with the voltage gates as shown. The 
spectrum coincident with the upper energy side of the 
proton group and consequently predominantly from 
the lower state at 10.94 Mev shows the 3.82-7.12 Mev 
cascade strongly, whereas that coincident with the 
lower energy side and hence from the 11.06-Mev state 
shows the 4.14-6.92 and 4.93-6.13 Mev cascades. 

Figure 15, also obtained with the PIG circuit,” 
shows the simultaneous presentation of the gamma 
spectra coincident with three different voltage gates 
set on the output of the proton detector. These proton 
groups and a typical gate are shown in Fig. 6. The 
proton detector was set in the plane of the y counter, 
i.e., 0,=90°, ¢,= 180°. The separation markers which 
are the result of the accidental coincidence opening of a 
gate allowing only the corresponding pedestal to appear 
on the pulse-height analyzer serve as a check on the 
resolution spread introduced by the pedestal. The 
output of a precision mercury relay pulser was used to 
check the linearity of three pulse channels.“ 

4 Bromley, Hamann, and Wall, Atomic Energy Commission 
Report NYO-6543, 1954 (unpublished), 





BROMLEY, GOVE, KUEHNER, 


32 
Ton 8 
SEPARATION 
MARKERS 


PARA 
MARKERS 


COUNTS PER CHANNEL 
> 
a 


| i . 
20+-0f//% “22, 
of, 
° 8 


JGNLINGWY LNdiNO w3STNd 


| 
F | ee r) 
16 24 32 40 48 56 64 72 60 68 96 104 | 0 
CHANNEL NUMBER 
Fic. 15. Use of the PIG circuit in the simultaneous measure 
ment of three (py) coincidence correlations. The voltage gates 
are set on the proton groups p3,4, Ps, and po, 10 as in Fig. 6. 


Figure 16 shows the angular correlation of the 
6.92- and 7.12-Mev complex measured in this way in 
coincidence with ps,4 and that of the 3.82- and 7.12-Mev 
gamma rays in coincidence with py, 1». It should be noted 
that the 7.12-Mev radiation is observed as the final 
stage of a (He’*,pyy) quadruple correlation with the 
third radiation unobserved. The intensities involved 
were not adequate to obtain the correlations for the 
weaker cascade transitions; however, it was evident 
from the spectra obtained that none of these had strong 
correlations. Figure 17 presents the py correlations for 
the 1.75-, 2.74-, and 6.13-Mev gamma radiation 
coincident with ps; here again the 6.13-Mev radiation 
is from the quadruple correlation with intermediate 
radiation unobserved. These data were obtained in a 
series of measurements using the full 120 channels to 
display the gamma spectra. The py correlation measure- 
tion measurements have been repeated with the proton 
detector axis perpendicular to the plane of motion of 
the gamma detector, i.e., 6,=90°, 6,=90° and isotropic 
correlations measured in all cases. 

The striking feature of all these (py) correlations 
is their apparent isotropy. The possible consequences of 
these symmetries will be discussed in detail in IT. 
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Fic. 16. Proton-gamma angular correlations obtained using the 
PIG circuit in coincidence with the p34 group (A) and the py 10 
group (B and C). 
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By fitting standard spectral shapes to the spectra 
obtained and making use of additional information 
from the y-y measurements of II on the relative 
intensities of the 1.75-7.12 and 1.95-6.92 Mev cascades 
from the 8.87-Mev state and of the 4.14-6.92 and 
4.93-6.13 cascades from the 11.06 state, the branching 
ratios shown in Fig. 18 have been obtained. These 
are also listed in Tables II, III, and IV which will be 
discussed in the following section. 

It has not been possible to carry out measurements 
on the yield of annihilation radiation, as in the case of 
He*® bombardment of C”,?6 to obtain values for the 
cross sections for the N'*(He*,a)N" and N'"(He?,d)O" 
reactions with significant accuracy, since these activities 
with half-lives of 10 minutes and 120 seconds, respec- 
tively,’ occur in the presence of the C" and O" activities 
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Fic. 17. Proton-gamma angular correlations in the de-excitation 
of the 8.87-Mev state in O'*. 


from bombardment of the carbon target contaminant 
with half-lives of 20 minutes and 72. seconds, 
respec tively.° 
DISCUSSION 
Branching Ratios 


The results of the branching ratio measurements are 
collected in Tables IT, III, and IV, for the 8.87, 10.94, 
and 11.06-Mev states in O'*, respectively. Since these 
states are unbound with respect to alpha emission to 
C”, the fact that they de-excite via gamma radiation 
strongly suggests that they all have unnatural parity, 
i.e., O-, 1+, 2-, 3+, etc. To the extent that parity is 
conserved in strong interactions, these states have 
vanishing widths for alpha-particle emission to the 
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TABLE II. De-excitation branching ratios for the 8.87-Mev state in O'. BR, represents the adjusted and normalized single-particle 
predictions, BR» the predictions of the intermediate-coupling calculations,* BR; the experimental results presented herein 
[N"(He3,py)O'8], BR, those of Bent and Kruse? [F(p,vy)O'*], BR; those of Wilkinson et al.¢ [F(p,y)O' and N!6(g-)O!*], and 


BRg those of Wakatsuki ef al.4 [F!9(p,ay)O'*]. 


E 


“y Multi- 
(Mev) (Jx)i (Jr)s 


polarity BRi 


5.23X 107% 1.70X 10 


5.42 1075 
1.00 


261 KIO"? 
0.432 
3.04X 10 
3.19 

2.68 X10 
0.113 
3.23X 1075 


0.65 


0.22 


0X10 


® See reference 16. » See reference 7 © See reference 6. 


BRe 


3X 10°? ( 
117X107 


1.00 (V.=40) 


(V.=40) 


BRsg BR4 BR BRe 


V.=40) 9.45X 10-2 7.0% 10"? <0.15 9.75X10"3 


(V.=50) 
<0.05 
1.00 1.00 


1.00 1.00 


6.76% 10 3.7X10°2 
0.189 0.11 


d See reference 8 


TABLE IIT. De-excitation branching ratios for the 10.94-Mev state in O'*. See caption to Table IT for legend 


Multi 


polarity 


BRi 


E 
(Mev) 


4.02 ‘ M2 1.00X 10™4 
3.82 V1 1.17 
2.07 E2 7.49X 10° 


1.00 


natural parity states of C’. A survey of the experimental 
evidence indicates upper limits on the intensity of 
parity-nonconserving components in these interactions 
ranging from 1X10~* to 3X10-*. The data presented 
herein will be examined in this respect later in this 
section. 

Detailed discussion of the 2~ assignment to the 
8.87-Mev state has been given by Wilkinson ef al.®; it 
will be demonstrated in IT that the y-y angular correla- 
tions establish this assignment uniquely. 

Since the 10.94-Mev state de-excites almost entirely 
via a cascade through the 17>, 7.12-Mev state, an 
assignment of O~ is strongly suggested although a 1* 
assignment is not completely excluded. The absence 
of a ground-state transition from a presumed 1* 
state a priori would appear to constitute good evidence 
against such an assignment. However, as noted by 
Elliott and Flowers,!® an M1 ground-state transition 
from a 1* state in the vicinity of 11 Mev would be 
expected to be inhibited by a factor ~ 10%, beyond the 
normal isotopic spin M1 inhibition, as a result of the 
predominantly different wave functions involved. 
The y-y correlation data of II provides additional strong 
evidence for the correctness of the 0~ assignment; 
the isotropic angular distribution of the 3.82-Mev 
gamma radiation is of course consistent with the 0 
assignment but cannot be construed as evidence for 
this assignment since, as noted previously, all the 
proton and gamma radiation angular distributions and 
(py) correlations observed are roughly isotropic. As 


1). H. Wilkinson, in Proceedings of the Rehovoth Conference 
on Nuclear Structure, edited H. J. Lipkin (North-Holland Publish 
ing Company, Amsterdam, 1958); Phys. Rev. 109, 1603, 1610 
and 1614 (1958). 


1.65 10™4 


3.84X 10°? 


BR 


<().02 
1.00 
<0.05 


1.00 (V.=40) 
0.03 (V.=40) 


will be discussed in detail in I, this behavior may well 
reflect the fact that owing to the high compound-system 
excitations, sufficient mixing exists to populate equally 
the magnetic substates of the O'* levels involved. 

The strong transition from the 11.06-Mev state to 
the 3 state at 6.13 Mev and the absence of the ground- 
state transition constitute evidence against assignments 
of O~ or 1*, respectively; that to the 2+ state at 6.92 
Mev makes a 4* or higher spin assignment highly 
improbable, leaving 2~ and 3* as reasonable possibilities. 
The y-y angular correlations, while suggesting 3*, do 
not completely preclude the possibility of 2~. Table IV 
therefore includes both possibilities. 

The tabulated transition widths I’, are the usual 
Weisskopf extreme-single-particle values‘® calculated 
for the indicated transitions. In the case of O'%, these 


11.06_ 
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Relative de-excitation widths for the 8.87-, 10.94-, 
and 11.06-Mevy states in O' 
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6). H. Wilkinson, Atomic Energy Research Establishment 
Report 7/R 2492, 1958 (unpublished). 
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TABLE IV. De-excitation branching ratios for the 11.06-Mev state in O'* assuming both 3* and 2> assignments 
for comparison. See caption to Table IT for legend. 


Multi 
polarity 


I 
(Mev ) 
M3 
El 
M2 
M1 
E2 
M2 


11.06 
4.93 


4.14 


M2 


1.57 107 


2.52 


9.04 10-5 
Fl 4.52 
4.80 1076 


BRi BR; BRe 
~4X 10 
1.00 


<0.02 
0.91 


5.71X 107° 
2.66 
1.00 1.00 


<0.05 
0.36 


7.43X10~% 
0.232 


~4X 1073 
1.00 


<0.02 
0.91 


8.69X 10-4 
0.698 


5.74X 10-5 


30.5 


1.00 


1.16K 104 


1.28 


0.646 


1.87X 10° 


0.220 


7.64X 10? 


1.00X 10 


have the numerical values, for r= (1.5 fermis) A}, 
Pyi=0.021E,', 

I yo=9.52X 10-8E,5, 
Vyy3= 2.74X 10-¥£,’, 


I g:=0.43E,?, 
T wo= 1.97 X10 ae 
I 23=5.89X 10 J Oa 


where I’) is expressed in ev and E, in Mev. 

Since the lowest T=1 level in O'* corresponding to 
the ground state of N'® is at 13 Mev,® all the states 
considered in this study have predominantly T=0. 
Consequently, because of the self-conjugate nature of 
this nucleus it would be expected that the usual 
isobaric spin inhibition factors would apply to £1 
transitions”; similarly the magnetic transitions are 
inhibited as discussed recently by Morpurgo*® and 
Warburton.” £2 transitions, on the other hand, would 
be expected to be enhanced by collective effects 
represented by effective neutron charge. In the discus- 
sion to follow, the possibility of appreciable isobaric 
impurities in the states involved has been ignored; 
the presence of the 2~ and 0~, T=1 analogs of the N'® 
ground state and first excited state® at ~13 Mev in 
0'6 will of course result in finite, albeit small, T=1 
mixing into the 8.87- and 10.94-Mev states. Wilkinson™ 
has estimated that in the case of the 8.87-Mev state 
10° <a?(1) <0.03, with the lower limit favored, where 
a’(1) is the relative intensity of the 7=1 admixture in 
this state. The location of the first 3+ T=1 state in 
Q'® has not been established. 

The geometric mean of the inhibition factors, as 
compared to the Weisskopf widths, tabulated by 
Wilkinson® for isotopic spin forbidden F1 transitions, 
is ~0.75X10~; and for purposes of comparison in this 
paper a value of 10% has been chosen. The inhibition 

7M. Gell-Mann and V. L. Telegdi, Phys. Rev. 91, 169 (1953 

‘SG. Morpurgo, Phys. Rev. 110, 721 (1958). 

®G. K. Warburton, Phys. Rev. Letters 1, 68 (1958). 


® W. Zimmerman, Phys. Rev. 104, 387 (1956). See also D. H 
Wilkinson, Phil. Mag. 1, 379 (1956). 


factor for magnetic transitions (MX) is given by**® 


[MetHnt+G/(X+1) |" 
p02 —G/4+1)) 


=8.3X10~ for M1 transitions 
= 1.6 10- for M2 transitions 


=2.0X10~ for M3 transitions, 


on the assumption that G=—1, the statistical mean 
value. 

If an effective charge ae is assumed for the neutron 
and (1+a)e for the protons, to take into account the 
core recoil, then the quadrupole moment Q~ (1+ 2a)e 
for T=0 transitions and the enhancement factor for 
#2 transitions is then (1+2a)*. From the mean life of 
the £2 de-excitation of the 872-kev state of O' of 
(2.5+1)X10-" second® and the rms nuclear radii as 
measured by high-energy electron scattering,” a 
value of a=0.64+0.16 is obtained, giving an enhance- 
ment factor equal to 5.2+1.5. This is in good accord 
with calculations of Barker® for the £2 enhancements 
to be expected for A=18 and A=19, A factor of 5.0 
has been assumed for convenience. 

Applying these correction factors to the Weisskopf 
widths listed in the tables and expressing the total 
width for each component relative to that of the most 
intense in the observed spectra, the branching ratios 
BR; are obtained as the corrected single-particle 
predictions. BR» lists the available branching-ratio 
predictions from the intermediate-coupling shell-model 
calculations of Elliott and Flowers.'® BR; lists the 
experimental branching ratios obtained here in the 
N"(He’,py)O'® measurements; BR, lists those of 
Bent and Kruse7; BRs5, those of Wilkinson, Toppel, and 
Alburger®; and BRg those of Wakatsuki ef al.* 


J. Thirion and V. L. Telegdi, Phys. Rev. 92, 1253 (1953). 
® R. Hofstadter, Revs. Modern Phys. 28, 214 (1956). 
53 F.C. Barker, Phil. Mag. 1, 329 (1956). 
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The data in Table II are in accord with the 2 
assignment to the 8.87-Mev state. Those in Table III 
strongly suggest a O~ assignment but cannot exclude 1+ 
completely. Assignments of 2~, 3* or higher are ex- 
cluded, however. 

It is of interest to note that the 11.06-Mev state 
appears to be fed very weakly, if at all, by the 
N®(d,ny)O'® and F!(p,ay)O'® reactions. The numbers 
quoted for BRg for the 11.06 state are very approximate 
and were obtained from relative intensity estimates 
given by Wakatsuki et al. As shown in Table IV, the 
branching ratios reported in this paper for the 11.06-, 
4,93-, and 4.14-Mev transitions are in roughly equally 
good accord with either a 2~ or 3+ assignment for the 
11.06-Mev state. On the other hand, those for the 
3.94- and 2.19-Mev transitions favor the assignment 
3* by at least an order of magnitude in both cases. 
Spin and parity assignments based on branching ratios 
alone are highly suspect, however; additional evidence 
suggesting the correctness of the 3* assignment will be 
adduced in IT. 

In these tables the branching ratio data from different 
sources show quite satisfactory internal consistency, 
the largest discrepancy being a factor ~2 in Table II. 
Again with the exception of this transition, the measured 
branching ratios accord remarkably well with the 
adjusted single-particle values for the assignments 
quoted. 


Parity Impurities 


From the observation of gamma radiation from the 
unnatural parity states in O'*, it is possible to arrive at 
an estimate of the T',/I’, branching from the 10.94-Mev 
state and thus of an upper limit on the intensity of the 
opposite-parity components in the wave function for 
this state. Because the proton group feeding the state 
is not clearly resolved in the direct spectrum, an 
indirect measurement of I'./I', has been necessary. 
From magnetic spectrometer measurements such as 
those shown in Fig. 7, it has been possible to determine 
the relative cross sections for formation of the states in 
the region of 11-Mev excitation and thus the fraction 
of the total counts in the voltage gate set on this section 
of the direct spectrum which are attributable to the 
formation of the 10.94-Mev state. From (py) coin- 
cidence spectra such as that shown in Fig. 13, measured 
in coincidence with this voltage gate, the corresponding 
yield of 3.82-Mev de-excitation radiation from the 
10.94-Mev state was obtained. The predicted yield of 
this radiation is given in terms of the number of 
coincident proton counts, the measured efficiency of 
the gamma this and the 
de-excitation branching ratio as 


N,=NpeLly/(Cotl'y)], 


spectrometer at energy, 


and the experimental value for the branching ratio is 


PARITY 
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given by 


ns N (experimental) 


4+, N,(experimental)e, 


From the experimental data l',/(I'+I'y) was obtained 
as 1.1+0.3, which would be consistent with ,/l',~0. 
For purposes of discussion, a value of I',/I', <0.20 
has been used. 

If the wave function for the 10.94-Mev state is 
written as 


Yo= oot Boy, 


then an estimate of the upper limit on the intensity 
of the opposite parity component, (8/a)’, follows from 


(B/a)?= (T,/T a’) (T2/Ty), 


where parity impurities in the 7.12-Mev state of O' 
and the ground state of C” are considered negligible 
and where I’, is the width for M1 de-excitation of the 
state via a cascade transition to the 7.12-Mev state, 
I.’ is the width which would be appropriate to the 
s-wave alpha de-excitation of a natural parity state at 
10.94 Mev in O', and l', the actual width for alpha 
decay of the state. 

From Wilkinson’s compilation,’® normal 
particle reduced widths center on a value of 0.05 single- 
particle unit. As noted previously, an isobaric spin 
inhibition factor ~8X10-* applies to M1 gamma 
radiation widths in O'* 48.4%; Wilkinson*® suggests that 
the most probable value for M1 widths is ~0.15 
Weisskopf unit. From Table III, I,, for the 3.82-Mev 
M1 transition is 1.17 ev; assuming ro= 1.45(A1!+-A,!) 
fermis in accord with available scattering data,™ the 
single-particle alpha reduced width is 7s)?=/?/MR? 
= 500 kev and, for assumed S wave a de-excitation to 
the C” ground state, 


alpha- 


) 


(0.057 ap?) = 200 kev.* 


F°? +G,° 


Inserting the values in the expression given above for 
(8/a)® results in an upper limit estimate of 


(B/a)? <2XK10~. 


It should be emphasized that, in view of the assumptions 
made in arriving at this limit, it should not be considered 
as established to better than an order of magnitude at 
most. This estimate is obtained for the 10.94-Mev 
state; less stringent limits follow for the 8.87- and 
11.06-Mev states, since in these cases the more complex 
gamma de-excitation results in a less direct extraction 
of a limit. It is interesting to note that this estimate 
is quite consistent with the limit of 4X 10~* previously 


4 Kerlee, Blair, and Farwell, Phys. Rev. 107, 1343 (1957). 
J. S. Blair, Phys. Rev. 108, 827 (1957). 

55, Bloch et al., Revs. Modern Phys. 23, 147 (1951); Sharp, 
Gove, and Paul, Chalk River Report TPI-70, 1953 (unpublished). 





BROMLEY, GOVE, KUEHNER, 











Fic. 19. Comparison of the relative widths for 8.87- and 
2.74-Mev transitions from the 8.87-Mev state in O'® with the 
intermediate-coupling shell-model calculations. A represents the 
upper limit established in reference 6, B is the result reported in 
this paper, C is that of reference 7, and D that of reference 8. 
V’, is the depth of the central potential assumed in the calculations, 


obtained.*® The estimate of 3X10-° obtained by 
Wilkinson®® for this limit, using the F'(p,yy)O"' 
(7.12 Mev) reaction, does not include an estimate of 
the M1 inhibition factor to be expected for AT=0 
transitions in O'848 Assuming a value of 100 for this 
inhibition, the quoted limit is increased to ~3X10~. 
A much less stringent limit is established by the 
previously noted nonobservation of de-excitation 
gamma radiaton from the 4*, 10.36-Mev state in O'* 
populated in the N'(He’,p)O'® reaction. 


Intermediate-Coupling Shell Model 


Figure 19 shows in more detail the comparison of the 
8.87/2.74 branching ratio with the predictions of 
Elliott and Flowers.® In this plot, V. is the depth of 
the central potential assumed in the calculations; the 
ratio of p tod shell spin-orbit-energy splitting has been 
fixed at 2.1 as determined from the O', N!®, and OY 
level spectra. The branching ratio reported here 
corresponds to 43<V,.<47 whereas that of Bent 
and Kruse’ corresponds to 38<V,<44, suggesting a 
value V.=43-44 Mev. This is in excellent agreement 
with V.=43 Mev which is required to give the correct 
separation between the ground and 3-, 6.13-Mev level 
in O'*16 the binding energy of the deuteron, and the 
level spectra in the mass 18%*.°7°5 and 19° systems as 
calculated using a similar model by Elliott and Flowers. 
It should be noted, however, that a value V.~20 Mev 
is not excluded by this figure. 

Elliott and Flowers state that the predicted 1.75/2.74 
branching ratio of 6X 10~ is remarkably independent of 
both V, and the ratio of the spin-orbit splittings 

56 N. Tanner, Phys. Rev. 107, 1203 (1958). 

57 Kuehner, Almqvist, and Bromley, Bull. Am. Phys. Soc. Ser. 
IT, 3, 27 (1958), and to be published. 

58 Bromley, Kuehner, and Almqvist, Bull. Am. Phys. Soc. Ser. 
II, 3, 27 (1958), and to be published 

8 FE. B. Paul, Phil. Mag. 2, 311 (1957) 

® J. P. Elliott and B. H. Flowers, Proc. Roy. Soc. London A229, 
536 (1955). 
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assumed; it is in disagreement with the experimental 
values by a factor ~3, These authors note, moreover, 
that the 1~, 7.12-Mev state involved here has large 
admixtures of higher configurations which would 
reduce the predicted branching ratio even further. 
On the other hand, it should be emphasized that in the 
calculations an almost pure E2 transition is indicated 
for the 1.75-Mev radiaton and a mixed M1-£2 transition 
for the 2.74-Mevy radiation. Elliott® notes that since 
the same effective charge was assumed for both p 
and ds particles, £2 widths of transition involving the 
p particles may well have been overestimated in the 
original calculations by factors perhaps up to 4 and 
that this effect would reduce the predicted branching 
ratio in the direction to bring it into accord with 
experiment. 

The branching ratios predicted by the intermediate- 
coupling model for the de-excitation of the 10.94-Mev 
state, with a O~ assignment, are shown in Table III 
(BR»)® and are in accord with the observations. 
With a O~ assignment to this state, it is possible to fix 
the exchange mixture in the potential appropriate to 
the O'* calculation with considerable accuracy. Elliott 
and Flowers!® have used the Rosenfeld / mixture with 
Wigner, Majorana, Heisenberg, and Bartlett force 
amplitudes W=0.13, M=—0.93, H=0.26 and B= 
—().46 in all the (sd) shell calculations.'®* In addition 
to the usual convention W+M-+ H+ B=—1, compari- 
son of the 4=18 and 19 calculations with the experi- 
mental data fixed W+M—H—B=—0.7 and W—-M 
—H+B=0.26 with V.=43 Mev as selected earlier. 
Using these restrictions, the exchange mixture may be 
expressed in terms of the singlet-singlet interaction, 
x=W—M+H—B. When the negative-parity level 
spectrum for O'® is calculated as a function of x, 
Elliott and Flowers'® find that only the 0~ states have 
strong dependence on the value of x; the lowest 0 
predicted excitation ranges from ~ 10.3 to 15 Mev for 
—3<x<+3. From the location of the O~ level at 
10.94 Mev, it follows that W=M=0.4, B=-—0O.1 
and H=0.2. This result is very similar to that found by 
Soper® in fitting the first six levels of Li®, namely 
W=0.4, M=0.3, B=0.2, and H~0.1; both are much 
closer to the Serber mixture, W¥=M=0.5, than to the 
Rosenfeld mixture normally assumed. Use of the “O'® 
mixture” may have interesting consequences in further 
detailed shell model calculations ; specifically it is known 
that an exchange mixture close to a Serber one appears 
to be required to give the proper relative T=1 and 
T=0 level spacings in F'5,°° 

It may be concluded from the results presented here 
and others to be presented in II that the intermediate- 
coupling shell model calculations, where applicable, 
give a satisfactory representation of the experimental 
data. It should be noted, however, that the 17 state at 


61 J. P. Elliott (private communication, 1958). 
62 J. M. Soper, Phil. Mag. 2, 1219 (1957). 
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9.58 Mev identified in the C?(a,a)C” measurements of 
Hill® has no counterpart in the predicted level spectrum, 
the second 1~ being predicted at 16.5 Mev. 

It may perhaps be significant, however, that the 
intermediate-coupling calculations both for'® O'* and 
for® ® FS predict, in general, the correct ordering for 
the levels in these nuclei although the excitation 
energies predicted are not in accord with the experi- 
mentally observed spectra at values of the intermediate- 
coupling parameters consistent with other data, i.e., 
V.=40 Mev in Elliott and Flowers calculations. In 
the O'® case a multiplicative factor of 0.85 applied 
to the predicted excitations achieves quite good agree- 
ment for the 3-, 1-, 2-, and O- states at 6.13, 7.12, 
8.87, and 10.94 Mev, respectively. The additional 1 
state at 9.58 Mev as noted is not predicted by the 
calculations. 

In the F!® calculations of Redlich® a similar multi- 
plicative factor of 0.58 is required to obtain agreement 
with the observed spectrum.** In those of Elliott and 
Flowers, no such simple factor suffices ; however, it has 
been noted by Elliott® that inclusion of the previously 
neglected surface-particle coupling terms appropriate 
to the quadrupole moment of O" brings the predicted 
spectrum into reasonable agreement with that observed 
without destroying the previously obtained agreement 
in the case of F'9,59 


Alpha-Particle Model 


No detailed calculations of transition widths have 
been carried out within the framework of the O' 
alpha-particle model. The integrals involved in these 
calculations are in many _ instances intractable®; 
because of other more obvious discrepancies it has not 
been considered worthwhile to investigate this problem 
in detail. The most recent study of this model is that 
of Kameny,'® based on the original Dennison’ model 
and identifications." On identification (a) (based on 
the O'8 states at 0, 6.06, 6.13, 7.12, and 9.84 Mev) the 
lowest predicted O- state is at 20.31 Mev. The identitica- 
tion of the 10.94-Mev state makes this assignment un- 
tenable, contrary to the original indications favoring (a) 
over (b). On identification (b) (based on the O'* states at 
0, 6.06, 6.13, 6.92, and 7.12 Mev) the lowest O~ state 
is predicted at 11.52 Mev. Since, in 0'*, the Coulomb 
forces would be expected to depress O~ and 1 
relative to 2~ and 3*,® this prediction accords well with 


states 


experiment. This model, predicts a 2* doublet in the 
vicinity of 12.97 Mev and the lowest 3+ level at 11.72 
Mev. Both a “tunneling” correction" corresponding to 
the interchange of 2 of the 4 alpha particles and the 
Coulomb corrections would be expected to increase the 
2- excitation relative to the 2*, suggesting that the 


6 R.W. Hill, Phys. Rev. 90, 845 (1953) 

6M. G. Redlich, Phys. Rev. 95, 448 (1954); 110, 468 (1958); 
and private communication, 1958. 

65 J. P. Elliott (private communication, 1957). 

66 J. Scott-Thomas (private communication, 1958). 
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2+ and 27 states at 11.51 and 12.51 or 12.95, 
tively, may represent this doublet. Consequently an 
assignment of 3* rather than 2~ to the level at 11.06 Mev 
would be in considerably better agreement with the 
alpha model. 

On identification (b), a 2* parity doublet is fixed by 
the base 2+ level at 6.92 Mev. Although in this case 
also the ‘‘tunneling” energy would be expected to split 
the doublet with the 2~ state at the higher excitation, 
Dennison" has estimated that the splitting should be 
in the kev region and thus inadequate to account for 
the presence of the 2~, 8.87-Mev level. This discrepancy 
is a serious one and despite the rather remarkable 
agreement obtained with the model in fitting other 
levels in the spectrum, suggests that it should be 
applied with considerable caution. Further work such 
as that of Perring and Skyrme” on the fundamental 
connections the alpha-particle and _ shell 
models will be of great interest. 


respec- 


between 


Collective Model 


The calculations to date on the collective models 
for the positive-parity states in O'® have been carried 
out on a restricted basis with major emphasis on the 
properties of the O* state at 6.06 Mev. All models which 
have been suggested to date'**! appear to be unable to 
predict a lifetime for this state in agreement with the 
experimental data. Nor does it appear possible to ac- 
commodate the higher level spectrum within the frame- 
work of any of the existing models, all of which predict 
much higher excitations for the 2+ and 4* levels than 
would be consistent with experiment. The possibility 
that the predicted levels are indeed present at higher 
excitations and that the lower levels represent more 
complex configurations cannot be excluded. 


CONCLUSION 


To conclude therefore, the observed unnatural parity 
levels and de-excitation in O!® eliminate the 
alpha-particle model identification (a) previously 
favored," leaving identification (b); while accounting 
for the 10.94- and 11.06-Mev levels in satisfactory 
fashion, this model has the serious discrepancy of 
omitting the level at 8.87 Mev. The O!'® exchange 
mixture is determined as much more similar to the 
Serber than to the Rosenfeld mixture normally used; 
the intermediate- coupling shell-model calculations 
give an adequate representation of the present data 
although there are remaining discrepancies in the 
level spectrum involving the location of the anomalous 
1~ levels.®.° The experimental results reported here do 
not bear directly on the validity of the collective model 


their 


for O'*, In all three models there are areas of agreement 
and in the case of the alpha-particle and intermediate- 
coupling shell models, isolated, but perhaps serious 
discrepancies. The most reasonable conclusion would 
appear to be that a complete description of the O'* leve 
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spectrum is not yet available; aspects of all three 
models may be required in the more complete treatment 
and theoretical treatment of the connections between 
the models'’*7-6 may well suggest the required mod- 
ifications. In the case of the 10.94-Mev level, the 
observation of gamma de-excitation in competition 
with the energetically possible alpha emission to C” 
permits an estimate of an upper limit on the relative 
intensity of the opposite-parity component in the state 
wave function ~2X 10~. 
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APPENDIX I. SUMMATION CORRECTIONS 


In obtaining relative intensities of weak gamma 
radiations in direct spectra, it is essential that correc- 
tions be applied for summation contributions to the 
full-energy pulse-height region resulting from simul- 
taneous detection of two cascade gamma radiations 
from the level in question in a single crystal with a 
resultant full-energy pulse. In the direct spectra such 
pulses are indistinguishable from those corresponding 
to a ground-state de-excitation transition from this 
level. 

As noted in the text, these contributions are clearly 
functions both of the effective solid angle of the 
detectors and of the y-y angular correlations for the 
cascade radiations; thus the summation contributions 
vanish if the radiations are uniquely correlated at 
180° and are maximum for a 0° correlation. 

If an isotropic y-y correlation is assumed, the 
summation contribution is given simply by 

So= Nev1€72, 
where NV is the number of times the level in question 
is formed and ¢, is the detector efficiency for the 
radiation energies involved. For a nonisotropic y-y 
correlation this becomes 

S= NeyieyoR, 
128 (1958), 


Roy. Soc. London A245, 


A245, 


67 J. P. Elliott, Proc. 
Part I. 

68 |. P. 
Part II. 


Elliott, Proc. Roy. Soc. London 562 (1958), 
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where the correction factor R is a function of the 
coefficients in the y-y correlation. The functional form 
of R is obtained as the ratio of the y-y correlation 
averaged over the effective detector aperture to its 
average over the sphere. 

In general, however, the y-y correlations (as in II 
for example) are measured with one gamma detector 
fixed at 90° to the incident beam and the other variable 
in angle; the correlations as quoted are expressed in 
terms of Legendre polynomials of the angle 6 between 
the moving counter and the beam direction: 


W,, 7 (0) — o n d2nP2,,(cos6). 


In obtaining R, however, the correlation is required as 
a function of the angle ¢=0+90° between the gamma 
detectors and a simple substitution gives 

Wy, 7/(%) =D n bon P2,(cosd), 


whence 


co 369 0 
R= (f W.'(@a(coss) / f W.(6)a(coss) ) 
1 1 


x ( 1 — cos) aa 


where 6 is the half-angle of the effective angular 
acceptance of the gamma detector. 

Carrying out these integrations on the assumption 
that n <2 and substituting in terms of the original y-y 
correlation expansion coefficients do, d2, and a4 results in 


(8+4x+ 16.679) 


8+8x+23y— (12x+40y)f (00) — 35yX g (0) 
ies actdibeminiiaecats ‘ati ti 


pT 


where 
f(0)=3(1—cos*0)/(1—cos6), 
g(0)=2(1—cos*#)/(1—cos6), 


X=d2/do, y=a4/do. 


In this expression it has been assumed that the 
circular cross section of the crystal spectrometer could 
be adequately approximated by an equivalent rec- 
tangular aperture ; the integrations over solid angles are, 
of course, much more complex without this approxima- 
tion and the error introduced by it is much smaller 
than the statistical errors involved. The effective 
aperture is clearly a function of the gamma radiation 
energy. As a working rule, it has been found convenient 
to use an aperture of lateral dimensions equal to the 
crystal diameter less twice the radiation length corre- 
sponding to the radiation in question. 
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Measurements on both proton and gamma angular distributions 
and on proton-gamma angular correlations from the N“(He', pyy) 
O'* reaction suggest that for an incident energy of 2.1 Mev and 
target thicknesses corresponding to between 200 and 350 kev for 
these He? ions, the excited states of O!* are formed with equally 
populated magnetic substates. A number of gamma-gamma 
angular correlations have been studied from this reaction; these 
support the hypothesis of equal substate populations for the 
8.87-, 10.94-, and 11.06-Mev states. On this hypothesis, the 
quadruple angular correlations studied reduce to effective double 
gamma-gamma correlations which are amenable to much simpler 
analysis. Using this hypothesis, gamma-gamma angular correla- 
tion data have been used in conjunction with the data on the 


I. INTRODUCTION 


HE excited states of O'® are of particular interest 

because of the unique symmetry properties of 
this nucleus from the points of view of both the shell 
model and the alpha-particle model. 

An experimental investigation of the levels of O'% 
at 8.87, 10.94, and 11.06 Mev using the N"(He',p)O'™* 
reaction is reported in this paper and in the previous 
paper,! which will be referred to as I. In paper I, direct 
measurements of the gamma-ray and proton spectra 
and proton-gamma coincidence measurements are re- 
ported, in addition to angular distributions of gamma 
rays and of protons and proton-gamma angular corre- 
lations. These data provide information concerning the 
excitation energies of these states as well as their modes 
of de-excitation. A comparison of the relative gamma- 
ray de-excitation probabilities with theoretical pre- 
dictions has enabled limits to be set on the spin and 


parity assignments to the above-mentioned levels of 
©’, As discussed in I, these considerations have sug- 


gested an assignment of 2~ to the level at 8.87 Mev, 
in agreement with measurements of Wilkinson et al., 
of either O~ or 1+ to the level at 10.94 Mev, and of 
2- or 3+ to the level at 11.06 Mev, in the former 
case favoring O~ and in the latter 3°. 

In this paper measurements of gamma-gamma 
angular correlations are reported which provide suffi- 
cient evidence to fix these assignments to 2~, 0", and 
3+ for the O'8 levels at 8.87, 10.94, and 11.06 Mev, 
respectively. Preliminary analyses of these measure- 
ments have previously been reported.*~° 

! Bromley, Gove, Kuehner, Litherland, and Almqvist, preceding 
paper [Phys. Rev. 114, 758 (1959) ]. i 

2 Wilkinson, Toppel, and Alburger, Phys. Rev. 101, 673 (1956). 

3 Bromley, Ferguson, Gove, Litherland, and Almqvist, Bull. 
Am. Phys. Soc. Ser. II, 2, 51 (1957). 

4 Litherland, Almqvist, Bromley, Gove, and Ferguson, Bull. 
Am. Phys. Soc. Ser. II, 2, 51 (1957). ' 

5 Kuehner, Litherland, Almqvist, Bromley, Ferguson, and Gove, 
Program of the Canadian Association of Physics Congress, 1957 
(unpublished), p. 10. 


relative gamma-ray de-excitation probabilities of the excited 
states of O'* to fix the spins and parities of the levels at 8.87, 
10.94, and 11.06 Mev as 2°, 0°, and 3*, respectively. In addition 
the multipole amplitude ratios have been obtained for a number 
of the transitions involved in the calculations; these are used to 
calculate M1 inhibition factors expected for AT=0 transitions 
in self-conjugate nuclei and these in turn are compared with the 
theoretical estimates for this inhibition. Where intermediate- 
coupling shell model predictions are available for the multipole 
mixtures they are also compared with the experimental results; 
an anomalously low value of the depth of the central potential 
used in these calculations is required for agreement. 


As reported in I, the direct angular distributions of 
protons from the N'(He*,p)O'™* reaction showed iso- 
tropy for all groups except that leading to the 8.87-Mev 
state. The measurements of direct angular distributions 
of gamma rays showed isotropy for all radiation ob- 
served in the direct spectra. As well, the proton-gamma 
coincidence angular correlations with the protons de- 
tected at each of two fixed angles to the incident beam 
were isotropic. Since the excitation functions presented 
in I showed no structure, it can be concluded that in 
the 200-350 kev energy range, corresponding to the 
thickness of the targets used, many compound-system 
states contributed to the reaction yield and that the 
observed reaction characteristics reflect appropriate 
averaging over the amplitudes corresponding to these 
states. The isotropic distributions and correlations 
listed above would be expected if s-wave He* capture 
dominated the reaction. The penetrabilities for s-, p-, 
d-, f-, and g-wave He’ incident on N" at an energy of 
2.1 Mev are in the ratios of 1.0, 0.80, 0.43, 0.15, and 
0.04, respectively; it is therefore to be expected that 
several waves will contribute appreciably to the ob- 
served reaction characteristics and that the hypothesis 
of predominant s-wave capture is not a tenable one. 

An alternate possibility which would be in accord 
with the experimental data follows from the observation 
that a large number of levels in the compound system 
were involved. Under these circumstances it might be 
expected that the magnetic substates of the levels in 
the final nucleus would be approximately equally 
populated. To the extent that this equality was ob- 
tained, the subsequent de-excitation of these levels 
would be identical with that encountered in a radio- 
active decay experiment. In particular, the (He®,pyy) 
quadruple angular correlations measured would reduce 
in terms of analysis, to the very much simpler double 
correlations involving only the two cascade gamma 
radiations and the parameters of the three levels 
connected by them. 


775 





LITHERLAND, 











Fic. 1. Schematic arrangement of apparatus. 


This hypothesis of equal populations would appear 
to be the simplest which accords with all the available 
data. In support of the hypothesis, it was found that 
the gamma-gamma angular correlations to be presented 
in this paper were functions only of the angular sepa- 
ration between the cascade gamma radiation detectors, 
independent of the angle between either detector and 
the incident beam. This situation is similar to that 
studied by Shafroth and Hanna,® who demonstrated 
that the quadruple correlation involving the 2.86-0.72 
Mev gamma-ray cascade in the Be*(d,zyy)B" reaction 
was, to a good approximation, independent of the 
direction of the incident deuteron beam. 

The fact that the angular distribution of the proton 
group corresponding to the formation of the 8.87-Mev 
state showed a small departure from isotropy, as 
reported in I, may suggest that the mixing occurring 
in the compound system, leading to the equal substate 
populations, is not complete. The measurements re- 
ported in I and those to be reported herein are believed 
adequate, however, to justify the use of the equal 
population hypothesis in reducing the measured quad- 
ruple correlations to effective double ones from which 
level assignments and transition multipole mixtures 
were deduced using ordinary simple correlation analysis. 
The agreement between results obtained in this way 
and those reported for example in I lends further 


support to this procedure; the extensive series of 
coincidence correlation measurements which would be 
required to investigate fully the validity of the equal 
population hypothesis was not considered to be justified 


at this time. 

The experimentally determined values of M1, E2 
multipole mixtures in some of the transitions in O'* 
which have resulted from the correlation studies have 
been used to test the validity of the M1 selection rule 
discussed by Morpurgo’ and Warburton.* The experi- 

6S. M. Shafroth and S. S. Hanna, Phys. Rev. 104, 399 (1956). 
[See also E. K. Warburton and H. J. Rose, Phys. Rev. 109, 1199 
(1958). ] 

7G. Morpurgo, Phys. Rev. 110, 721 (1958). 

SE. K. Warburton, Phys. Rev. Letters 1, 68 (1958). 
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mental values of the mixture ratios have also been 
compared with the predictions of the shell-model 
calculations of Elliott and Flowers.” 


II. EXPERIMENTAL EQUIPMENT 


A beam of 2.1-Mev He’ ions was used to bombard 
targets of nitrogen. The targets were prepared by 
induction heating of clean tantalum blanks in nitro- 
genous atmospheres forming a surface layer of TaN. 
For details of target preparation the reader is referred 
to I. Gamma radiation was detected in each of two 
5-inch diameter by 4-inch long sodium-iodide crystals 
coupled to Dumont-6364 photomultipliers. 

The counters were castor-mounted on a horizontal 
surface, allowing rotation about a vertical axis through 
the target. The target was held inside the accelerator 
vacuum system and was free to rotate about the same 
vertical axis. A drawing of the target assembly is 
contained in Fig. 4 of I. The He® beam, the counters 
and the target were in the same plane. A target chamber 
having cylindrical symmetry about the axis of rotation 
of the counters was used, resulting in a constant gamma- 
ray absorption for all angles. Two-inch lead shielding 
was located on all sides except the front of the crystals. 
Figure 1 is a schematic diagram of the geometrical 
arrangement. For some of the measurements a third 
gamma-ray counter assembly, similar to the other two, 
was located vertically above the target. For measure- 
ments with this counter the target was held so that the 
normal to its surface was at 45° to the horizontal. 

The counters were used in conjunction with combined 
“fast-slow” coincidence and pulse amplitude analysis 
circuits. The coincidence resolving time 7, as defined 
by Lewis and Wells," was 2X 10~* second. Pulse-height 
spectra of gamma rays detected in one crystal coincident 


’ 


with gamma-ray pulses of a selected amplitude range 
from the other crystal were displayed on a 100-channel 
pulse-height analyzer. 


III. EXPERIMENTAL RESULTS 
A. Experimental Program 


For each of the three levels at 8.87, 10.94, and 11.06 
Mev in O'*, at least one gamma-gamma correlation 
has been measured involving transitions via the well- 
known states at 6.13, 6.92, and 7.12 Mev, with assign- 
ments of 3~, 2+, and 1-, respectively, to the 0* ground 
state. The experimental program for each level has 
then involved first a study of the angular correla- 
tions relative to the incident beam direction carried 
out with the gamma detectors at a fixed angular 
separation to check on the validity of the equal popu- 
lation hypothesis. Following these measurements in 
each case the accessible angular correlations were 


®J. P. Elliott and B. H. Flowers, Proc. Roy. Soc. (London) 
A242, 57 (1957). 

7. A. D. Lewis and F. H. Wells, Millimicrosecond Pulse 
Techniques (Pergamon Press, Ltd., London, 1954), p. 244. 
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Fic. 2. Direct gamma- 
ray spectrum from the 
reaction N'(He', py)O!*, 
Radiation from con- 
taminant reactions is 
indicated. The incident 
energy was 2.1 Mev. 
The cross-hatched areas 
indicate typical voltage 
gate settings used for 
the coincidence meas 
urements. 
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measured in detail in two detection geometries which 
will be described later in this section. 

These results were then analyzed using double 
correlation theory! to give information on the spin and 
parity assignments to the upper states involved, the 
others being known, and on the multipole amplitude 
mixtures in a number of the cascade transitions. 

In this section the angular correlation measurements 
will be presented in sequence, grouped according to the 
upper state involved. 


B. Coincidence Spectra 


Figure 2 is the direct gamma-ray spectrum measured 
at 90° to the incident beam. The peaks corresponding 
to competing or contaminant reactions are indicated 
as well as those corresponding to transitions in O!°, 
The cross-hatched areas represent typical voltage gates 
used in the coincidence measurements. 

Figure 3(a) shows the spectrum of gamma radiation 
coincident with the 6.13-Mev radiation and Fig. 3(b) 
shows that coincident with the 7-Mev complex. The 


4 All calculations of gamma-gamma angular correlations were 
carried out using Sharp, Kennedy, Sears, and Hoyle, Chalk River 
Report CRT-556, issued as Atomic Energy of Canada, Ltd. 
Report AECL-97 (unpublished, or A. J. Ferguson and A. R. 
Rutledge, Chalk River Report CRP-615, issued as Atomic Energy 
of Canada, Ltd. Report AECL-420 (unpublished). 


80 100 
CHANNEL NUMBER 


inset level diagrams indicate the transitions involved. 
The peaks at 1.75 and 3.82 Mev in Fig. 3(a) are 
attributed entirely to the tail of the 7-Mev radiation 
which is included in the voltage gate set on the 6.13- 
Mev peak. 


C. 2.74-6.13 Mev Angular Correlation 
(8.87-Mev State) 


Measurements were made of the angular correlation 
of the 2.74- and the 6.13-Mev radiations in several 
geometrical arrangements. Figure 4 shows the results 
obtained with the geometries indicated in the inset 
diagrams. For purposes of discussion the geometry 
shown in Fig. 4(b), in which the primary gamma-ray 
is detected at a variable angle and the secondary 
gamma-ray angle is fixed at 90° to the beam, will be 
defined as geometry A and the geometry shown in 
Fig. 4(a), in which the secondary gamma-ray counter 
moves and the other is fixed at 90° to the beam, will be 
defined as geometry B. 

It should be noted that there is in fact a strong 
angular correlation, as evidenced by the curves shown 
in Figs. 4(a) and 4(b). As well, it is demonstrated that 
the angular correlation is the same, within the experi- 
mental accuracy, whether geometry A or geometry B 
is used. This is to be expected if the hypothesis of equal 
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Fic. 3. Pulse-height spectra of gamma radiation coincident 
with gamma-rays producing pulse heights corresponding to (a) 
~6 Mev and (b) ~7 Mev. The inset level diagrams show the 
transitions involved. These spectra were obtained by combining 
all the spectra measured for the angular correlation studies. 


populations is true, whereas if it were not true the 
angular correlations would in general be expected to 
be different. 

The geometrical arrangements used for the measure- 
ments shown in Figs. 4(c) and 4(d) differ from those 
used in Figs. 4(a) and 4(b) in that in each case the 
experiment can be regarded as one in which the He’ 
beam direction is varied while the gamma-ray counters 
are left stationary. These show isotropic angular 
distributions in support of the hypothesis. 

We feel that this evidence is sufficient to warrant 
the assumption of equal population of the 8.87-Mev 
state of O'® when produced in this way and the validity 
of analysis as a double correlation. Other evidence 
similar to this is presented below for other gamma- 
gamma angular correlations. 

The experimental points have been fitted with an 
expansion in even Legendre polynomials using a least- 
squares fitting program on the Chalk River Datatron. 
The curves shown correspond to these fitted expansions. 

A correction must be made to the resulting expansion 
coefficients as a result of the use of gamma-ray detectors 
of finite angular aperture. It has been shown” that no 
new orders of Legendre polynomials are introduced by 
the use of a finite geometry and that a separate cor- 
rection can be made to each coefficient in the expansion. 


2M. E. Rose, Phys. Rev. 91, 610 (1953). 
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Tables of finite-geometry corrections which apply to 
5-inch diameter by 4-inch long NalI(Tl) crystals at 
various distances from the source have been computed." 
For the distance used in these measurements, 6.25 
inches between the target and the front face of the 
crystal, the attenuation factors are (2’=0.85, 0"=0.57 
and Q.’?=0.36. Thus the corrected expansion coeffi- 
cients (unprimed) are expressed in terms of the uncor- 
rected coefficients (primed) as 

a;=a;'/Q?. 

It is assumed in the calculations of the attenuation 
coefficients that all the pulses produced in the crystal 
are detected and included in the analysis of the data. 
Since in practice only the full absorption peak is 
amenable to analysis, the values of Q,? obtained repre- 
sent lower limits and the resulting corrected values of 
the expansion coefficients are upper limits. However, 
simple arguments can be used to show that the effect 
of this assumption is small and that the coefficients are 
correct to within a few percent. All numerical results 
quoted in this paper have been corrected using the 
attenuation coefficients quoted above. 

Pt 


(a) 2.74 Mev | (c) 
t GAMMA Ray 


— ae 


274 Mev 
GAMMA Ray 
te 


| 
5 | 
He BEAM | 
a | He BEAM 
613 Mev minis. 
GAMMA Ray 


8 


4 

¢ ¥ 90° 

} ‘ 
 . \ 

- \ 613 Mev 

4 GAMMA Ray 


Ny 


COUNTS 








COINCIDENCE COUNTS 
3 
is} 


3 
36 
COINCIDENCE 


*e& + (0.032 0,07)e 


60° 


8 


- 2.74 Mev 
6/3 Mev 
3, © /GAMMA Ray 
He BEAM "y GAMMA Ray 
- 1 


} 
' 

613 Mev 
GAMMA Ray 


~~ 2.74 Mev 
GAMMA Ray 


COINCIDENCE COUNTS 
COUNTS 


COINCIDENCE 


wie)* ft (0.80 ¢ 0,09) F +10,23 2 0.14) 


| 





ie es _—EE 

-30° o° 30° 

@ 

Fic. 4. Gamma-gamma angular correlation measurements for 

the 2.74-Mev and the 6.13-Mev transitions. The geometry used 

is indicated in each case by the inset diagram. The least-squares 

fitted expansions in even orders of Legendre polynomials are 
included. 


'8H. E. Gove and A. R. Rutledge, Chalk River Report CRP- 
755 (unpublished). 

‘The tables of reference 16 extend only to Q,. The value for 
QO. was estimated from rough calculations. 
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TABLE I, Values of a2,/ao resulting from least-squares fitting of the expression W (0) =n d2nP2n(cosd) to the gamma-gamma angular 
correlation measurements. The energies, in Mev, of the gamma-rays involved are listed in the first column to identify the cascade. 
The rows marked A and B identify, respectively, geometry A and geometry B (these are defined in the text). Row C is the combined 
result for A and B. The errors listed in A and B are standard deviations resulting from only the statistical uncertainty, while those 
listed in C contain, as well, an estimate of the uncertainty introduced in the analysis. All of the a2,/ao values appearing in the table 


have been corrected for finite geometry. 


Gamma-gamma 
angular correlation ’ a2/do 


A 0.80+0.09 
6.13 B 0.75+0.04 
; 0.76+0.06 


0.43+0.11 
0.3740.22 
0.42+0.12 


0.57+0.06 
0.72+0.10 
0.61+0.09 


—0.17+0.16 
-0.47+0.15 
—0.33+0.11 


4.14-6.92 


The experimental values of the coefficients for this 
angular correlation, as well as the angular correlation 
measurements described below, are listed in Table I. 

Figure 5 is a plot of the calculated coefficients i an 
Legendre polynomial expansion for the 2.74-6.13 Mev 
angular correlation as a function of the inverse tangent 
of the amplitude ratio of the E2 component to the M1 
component in the 2.74-Mev radiation. The bands 
indicate the experimentally determined range within 
which the true value is expected to lie. The errors in 
this and subsequent figures are standard deviations and 
include the statistical uncertainty as well as an estimate 
of the uncertainty introduced in fitting standard spec- 
tral shapes to the measured spectra. As can be seen in 
Fig. 3(a) the 2.74-Mev peak is dominant in the spec- 
trum of gamma radiation in coincidence with the 6.13- 
Mev radiation so that the analysis is relatively straight- 
forward. A ratio of £2 amplitude to M1 amplitude 
lying between 1 and 2 is indicated, which leads to the 
value ~2+1 for the intensity ratio of E2 to M1 in the 
2.74-Mev gamma-ray transition. 

This result is obtained under the following two 
assumptions: (i) the 8.87-Mev state is formed with 
equally populated magnetic substates, and (ii) the 
assignment to the 8.87-Mev level is 2~. The first of 
these assumptions has been discussed above, where all 
of the experiments performed to check it have been in 
its favor. The second assumption, concerning the 2- 
assignment to the 8.87-Mev level, is reasonable even 
though the assignment is based entirely on transition 
probabilities.'* It is interesting to see if more precise 
conclusions can be drawn regarding this assignment to 
the 8.87-Mev state from the angular correlation data. 

Figure 6(a) shows the calculated coefficients for the 
angular correlation for an assumed 3* assignment to 
the 8.87-Mev level, while 6(b) shows the calculated 
coefficients for an assumed 1* assignment. As can be 


n=0, 1,2 


as/ao a6/ao 


0.23+0.14 
0.21+0.08 


0.22+0.10 0.74+0.06 0.18+0.11 0.18+0.15 


—0.14+0.25 
—0.24+0.21 
—0.17+0.16 


seen, in both cases the experimental data are not 
consistent with the calculations for any multipole 
mixture. The case of 1+ is perhaps the closest to being 
consistent, but the absence of a large negative Ps(cos@) 
term in the angular correlation (see Table I) eliminates 
this possibility as well. 


D. 1.75-7.12 Mev Angular Correlation 
(8.87-Mev State) 


The level at 8.87 Mev has a 15% branch to the 1 
state at 7.12 Mev.' As can be seen in Fig. 3(b), the 
radiation, with an energy of 1.75 Mev, stands out 
clearly in the coincidence spectrum, lending itself to 
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Fic. 5. Mixture diagram for the 2.74-6.13 Mev angular corre 
lation for an assumed spin of 2 for the 8.87-Mev state. [The 
angular correlation has the form W (0)=Z a2,P2,(cos@). The 
calculated values of the ratios d2,/ay are plotted as a function of 
the amplitude ratio of the higher to the lower multipole in the 
mixed radiation. The inset level diagram shows the transitions 
and spins involved. The experimental values of the ratios a2,/ao 
are shown as bands in the figure. The scale used for the abscissa 
is the tangent of a linear scale. ] 
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Fic. 6%-Mixture diagrams for the 2.74-6.13 Mev angular 
correlation for assumed spins for the 8.87-Mev level of (a) 3° 
and (b) 1*. For details see the caption to Fig. 5. 
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Fic. 7. Gamma-gamma angular correlation measurements for 
the 1.75- and 7.12-Mev transitions. The results for geometry A 
(closed circles) and the results for geometry B (open circles)pare 
plotted together. The inset level diagram shows the transitions 
involved. 
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analysis in a measurement of its angular correlation 
with the 7.12-Mev transition to the ground state. 
Measurements were made using the same techniques 
as described above. 

Figure 7 shows the results using geometry A (solid 
circles) and geometry B (open circles) plotted on the 
same diagram. The fitted curves are P»(cosé)+ (0.43 
+0.11)P2(cos#) for geometry A and Po(cos@)+ (0.37 
+0.22)P2(cosé) for geometry B. Thus, again there is 
no significant difference between the correlations meas- 
ured in the two geometries. The curve shown in Fig. 7 
corresponds to the fitted expansion for the combined 
data and has the form Po(cos@)+-0.42P2(cos@). 

Figure 8 is a mixture diagram for the case of spin 2 
and negative parity for the 8.87-Mev level. The experi- 
mentally determined value of a2/ao is shown as a band 
on the diagram. One concludes from this that if the 
state at 8.87 Mev is 2-, the transition to the 1~ state 
at 7.12 Mev is a mixture of E2 and M1 radiations with 
an amplitude ratio of quadrupole to dipole radiation of 
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Fic. 8. Mixture diagram for the 1.75-7.12 Mev angular corre 
lation for an assumed spin of 2~ for the 8.87-Mev level. For 
details see the caption to Fig. 5. 


~+0.2 or 2 +5, leading to the intensity ratio E2/M1 
of ~0.04 or 230. For this case no terms higher than 
P.(cos@) can occur since the intermediate spin is 1. 
Thus no choice between the two values of the intensity 
ratio can be made on experimental grounds. It will be 
shown later that the larger value of the ratio is to be 
preferred on theoretical grounds. 

As with the 2.74-6.13 Mev angular correlation, the 
results for the 1.75-7.12 Mev angular correlation can 
be compared with the calculated angular correlations 
for other possibilities for the assignment to the 8.87-Mev 
level. In this case considerable disagreement again 
eliminates the possibility of a 1* assignment; the 
maximum calculated value for the ratio a2/ao, which 
occurs for an almost equal mixture of M2 and E1 
radiation, is 0.13. This is more than two standard 
deviations away from the experimental value of 0.42 
+0.12. The measurements thus confirm the earlier 
assignment of 2~ to the 8.87-Mev level. 





UNNATURAL PARITY STATES IN O**, I] 





E. 3.82—7.12 Mev Angular Correlation ’ ' ’ 
(10.94-Mev State) (a) oe ae i Mev 


The measurements reported in I on the gamma-ray He_BEAM 


de-excitation of the state at 10.94 Mev have demon- 

strated that the only strong transition is that to the ee oe 
1~ level at 7.12 Mev. A limit of <1% for the ground- naan itel 
state transition has been set. This, at first sight, 
strongly suggests an assignment of O~ to the state at 3,82 - 7.12 
10.94 Mev; the possibility of 1* is unlikely because of 
the absence of an observed ground-state transition and 
higher spins are even more unlikely. However, it has 
been pointed out® that the M1 ground-state transition 
from a presumed 1* level at 10.94 Mev would be 
expected to be strongly inhibited due to the predomi- 
nantly different configurations of the initial and final 
States. 
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Fic. 10. Gamma-gamma angular correlation measurements for 
(a) the 3.82- and 7.12-Mev transitions and (b) the 4.14- and 
6.92-Mev transitions. The geometry used is indicated in the 
inset diagram 


One would like supporting evidence for this 0 
assignment from measurements other than branching 
ratios in order to feel reasonably confident of the 

p= Ag assignment. With this in mind, measurements were 

carried out on the angular correlation of the 3.82-Mev 

He BEAM radiation and the 7.12-Mev radiation. Independent of 

the previous assumption concerning the equal popu- 

lations of the magnetic substates of the O'® levels 

produced in this reaction, if the spin of the 10.94-Mev 

level is zero the angular correlation, which involves 

spin zero initial and final states and a spin 1 intermedi- 

ate state, can be calculated uniquely as P o(cos@) 
+0.5Ps(cos@). 

Measurements were carried out on this angular 
correlation in several geometries [see Fig. 9 and Fig. 
10(a) ]. As found previously, the results indicate that 
the angular correlation is independent of the He* beam 
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direction. 

The result for geometry A is Po(cosé)+ (0.57+0.06) 
P:(cos@) and that for geometry B is Po(cos@)+ (0.72 
-30 C +0.10)P2(cosé). The value of the coefficient of P2(cosé) 
when using the combined data from the two geometries 











Fic. 9. Gamma gamma angular correlation measurements for is 0.6140.09, where the error quoted for the combined 
the 3.82- and 7.12-Mev transitions. The geometry used is indicated 
in each case by the inset diagram. 


result contains an estimate of the error introduced in 
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Fic. 11. Gamma radiation coincident with the 6.92- and 
7.12-Mev radiation. The level diagram inset in Fig. 4(b) shows 
the transitions involved. These spectra were obtained in the 
angular correlation measurements using geometry A for (a) 
6=0° and (b) 6=90°. The opposite correlation of the 4.14-6.92 
Mev cascade compared to those of the 1.75-7.12 Mev and 3.82 
6.13 Mev cascades is demonstrated by these spectra. 


the analysis as well as the statistical contribution to 
the standard deviation. It is seen that the predicted 
value of 0.5 lies just outside the limits set by the 
experiment. It would be surprising if an overestimate 
of the attenuation coefficient used could account for 
more than a few percent of the ratio a2/a». However, 
it is quite possible that the error introduced in the 
subtraction of the contribution of the 4.14-Mev 
gamma-ray from the 3.82-Mev gamma-ray has been 
underestimated. Figure 11 shows the coincidence spec- 
tra obtained for 6=0° and 6=90°. The opposite corre- 
lation of the 4.14-Mev gamma ray, the tail of which 
has to be subtracted from under the 3.82-Mev peak, 
makes it even more important that this be done care- 
fully. In view of this uncertainty the measurement can 
be considered to be consistent with J=0 for the 
10.94-Mev state. 

As can be seen from the mixture diagram in Fig. 12, 
a spin assignment of 1 for the 10.94-Mev state is in 
serious disagreement with the data. On the other hand, 
either J/=2 or J=3 shows agreement for an intensity 
ratio of E2 to M1 radiation in the case of spin 2 of 
~0.2 or 20 and an intensity ratio of £3 to M2 radiation 
in the case of spin 3 of ~4. However, the branching 
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ratio data presented in I make the possibility of an 
assignment other than O~ or 1+ extremely unlikely. 
The gamma-gamma angular correlation measurement 
is inconsistent with J=1 and, although the agreement 
is not as good as might have been expected, is con- 
sistent with J=0. This measurement, taken together 
with the gamma-ray de-excitation data of I, strongly 
supports an assignment to the 10.94-Mev state of 0—. 


F. 4.14-6.92 Mev Angular Correlation 
(11.06-Mev State) 


The measurements reported in I establish two pre- 
dominant gamma-ray de-excitation branches for the 
state at 11.06 Mev, to the 2+ state at 6.92 Mev and 
to the 3~ state at 6.13 Mev. A weak transition to the 
2~ state at 8.87 Mev was observed. A limit of <1% 
was set on the gamma-ray de-excitation to the ground 
state. These data, while favoring a 3* assignment to 
the level at 11.06 Mev, do not completely exclude 2- 

In an attempt to establish this assignment measure- 
ments were carried out on the angular correlation of the 
4.14-Mev radiation to the 2+ state at 6.92 Mev and 
the coincident ground state transition. As previously, 
measurements were carried out in several geometries 
[see Fig. 10(b) and Fig. 13]. Again the data are 
consistent with the hypothesis of equally populated 
magnetic substates, though in this case, as a result of 
low counting rates and other uncertainties introduced 
in the analysis of the coincidence spectra (see Fig. 11), 
the errors which are assigned the data are large and the 
measurements are not in any sense a stringent test of 
the hypothesis. 

Figure 14(a) is a mixture diagram for the case of 
spin 2 and Fig. 14(b) is a mixture diagram for the case 


-of spin 3. As can be seen in Fig. 14(a), the experimental 


points do not correspond to the calculated coefficients 
for any E1, M2 mixture. The experimental a4/ao is 
approximately two standard deviations away from the 
predicted as/ao, for E1, M2 mixture ratios correspond- 
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Fic. 12. Mixture diagram for the 3.82-7.12 Mev angular 
correlation for an assumed 1* assignment to the level at 10.94 
Mev. For details see the caption to Fig. 5. 
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ing to the experimental a2/ao. Also the large ratio of 
M2 to E1 radiative widths implied is extremely unlikely 
in view of the fact that the M2 radiation, since this is 
a AT=0 transition in a self-conjugate nucleus, is 
expected to be inhibited by a factor the order of 100.7% 
For an equal £1, M2 mixture the £1 radiation would 
have to be inhibited by a factor the order of 10’, which 
is about 10* more than the mean inhibition for AT=0 
E1 transitions in the compilation of transition strengths 
of Wilkinson.'® 

On the other hand, if the 11.06-Mev state has /=3 
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Fic. 13. Gamma-gamma angular correlation measurements for 
the 4.14- and 6.92-Mev transitions. The geometry used is indicated 
in each case by the inset diagram. 
15D. H. Wilkinson, Phil. Mag. 1, 127 (1956); Proceedings of 
the Rehovoth Conference on Nuclear Structure, edited by H. J. 
Lipkin (North-Holland Publishing Company, Amsterdam, 1958), 
p. 175. 
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Fic. 14. Mixture diagrams for the 4.14-6.92 Mev angular 
correlation for assumed assignments to the 11.06-Mev level of 
(a) 2- and (b) 3*. For details see the caption to Fig. 5. 


[ Fig. 14(b) ] the experimental data and the calculations 
are in accord; an amplitude ratio of E2/M1 of ~0.3 
or 23 results from the analysis. As will be shown in 
the next section, the larger of these two ratios is that 
to be expected on theoretical grounds. 

This evidence, together with the data on the relative 
gamma-ray de-excitation probabilities of I, strongly 
suggests that the 11.06-Mev state has spin and parity 
3+. As discussed in I, the assignment 3-, which would 
accord equally well with the angular correlation data, 
is assumed to be excluded by the observation that 
I',>TI', in the state de-excitation. 


G. Summary 


The conclusions drawn from these measurements of 
gamma-gamma angular correlations depend critically 
on the validity of the hypothesis of equally populated 
magnetic substates for the excited states of O'* formed 
in the N"(He*,p)O'* reaction. The measurements 
carried out to check the hypothesis were all consistent 
with it. Furthermore, the fact that the conclusions 
drawn from the angular correlation measurements 
concerning the assignments to the states of O'® on this 
hypothesis are consistent with the conclusions drawn 
from measurements of gamma-ray transition proba- 
bilities lends additional strength to its validity. 
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Fic, 15. Level diagram for O'® showing the gamma-ray transi 
tions involved in the angular correlation measurements. The 
assignments shown for the levels at 8.87, 10.94, and 11.06 Mev 
have been established by these measurements and those reported 
in I. 


It has been shown that when this situation exists, a 
very powerful tool in nuclear spectroscopy is available 
in that a complicated quadruple angular correlation 
for which, in many cases, not enough is known to permit 
analysis can be reduced to a double angular correlation 
which is more likely to be amenable to analysis. It is 
suggested that in studies of this kind, when the yield 
curves show a lack of resonance structure, this possi- 
bility exists and that further tests should be carried 
out, such as measurements of gamma-gamma angular 
, correlations in which the angle between the gamma-ray 
detectors is held constant, to check whether this tech- 
nique is applicable. 

A compilation of the results of the angular correlation 
measurements is presented in Table I. The fitting was 
carried out in orders of Legendre polynomials up to the 
least of 27 or 2A, where j is the spin of the intermediate 
state and X is the higher of the two multipolarities 
being considered for the primary transition. The values 
in the rows marked C are the combination of the results 
for geometry A and geometry B. The errors for these 
numbers have been enlarged to include an estimate of 
the error introduced in the analysis of the coincidence 
spectra. All other errors quoted are the standard 
deviations arising from the statistical uncertainty. 

Figure 15 is a level diagram showing the gamma-ray 
transitions involved in the angular correlation measure- 
ments described above. The assignments to the levels 
at 8.87, 10.94, and 11.06 Mev have been confirmed by 
these measurements. Three of the four primary transi- 
tions are M1, £2 mixtures while the other, y;, must 
necessarily be a pure M1 transition. Table II lists these 
four transitions together with their energy and multi- 
pole character in columns 2 and 3, respectively. Column 
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4 lists the experimentally determined values for the 


intensity ratios of the £2 to the M1 component. 


IV. DISCUSSION 


Since O'* is a self-conjugate nucleus, the M1 selection 
rule discussed by Morpurgo’ will apply; an inhibition 
by a factor of 120 is predicted for M1 transitions with 
AT=0 in self-conjugate nuclei. It is possible to obtain 
estimates for this inhibition from the measured relative 
M1 and £2 transition strengths. The most probable 
values for M1 and £2 transition strengths, taken from 
Wilkinson’s!® compilation are 

P'(M1)=0.15T,,(M1) =0.15X0.021E,', 
and 

l'(£2) = 21, (£2)=2X1.2X 10-7 A4E,}, 
where [',, is the Weisskopf extreme single particle 
estimate of the level width. The units are ev when E, 
is expressed in Mev. Experimental values for the M1 
inhibition factor can be obtained using the formula 

Inhibition=[T'(M1)/T'(£2) JR 
= (325/E,’)R, 


TaBLE II. Column 1 identifies the gamma-ray transition in 
Fig. 16, while columns 2 and 3 list its energy and multipole 
character. Column 4 lists the measured E2/M1 intensity ratio. 
The M1 inhibition, which is listed in column 5, is obtained from 
the E2/M1 intensity ratio using the method described in the text. 


E2/M1 intensity 
ratio 


Gamma Energy 
ray (Mev) 


v1 2.74 M1+E2 2+1 

y2 1.75 M1+£2 ~0.04 or >30 
Y3 3.82 M1 
v4 4.14 M1+£2 


Multipolarity M1 inhibition 


86+43 
~4 or >3000 


~0.1 or >7 ~2 or > 130 


where R is the measured E2/M1 intensity ratio. Values 
of the inhibition calculated in this way are listed in 
column 5 of Table II. 

The best determined value of the mixture, for 71, 
leads to the inhibition 86+43, in agreement with the 
predicted value of 120. For y2 and y4 the M1, E2 
mixture is not uniquely determined. One would favor 
the larger E2/M1 intensity ratio for y, since this is not 
far from the predicted value, but for y2 either number 
is a factor of ~30 from the value expected. 

The intermediate-coupling shell model calculations 
for O'* of Elliott and Flowers’ give the E2/M1 intensity 
ratio for y; as a function of V, the depth of the central 
potential and, in effect, the intermediate-coupling 
parameter. This is plotted in Fig. 16 together with the 
experimental value. Agreement occurs for V.~20 Mev 
which is lower than values found from other data, e.g., 
V.~40 Mev which is required to fit the branching 
ratio data for the 8.87-Mev state to give correctly the 
energy of the 3~, 6.13-Mev level in O'®,’ and to fit the 
level spectra in the mass 18 and 19 systems.'® However, 

16 J. P. Elliott and B. H. Flowers, Proc. Roy. Soc. (London) 
A229, 536 (1955). 
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as Elliott and Flowers point out, intermediate coupling 
arises in two ways, through the two spin-orbit splittings 
of the p and d single-particle levels. There are conse- 
quently two coupling parameters. For simplicity of 
computation the calculations were made with one 
parameter, the ratio of the strengths of the spin-orbit 
forces, held constant. It was shown that this procedure 
is quite satisfactory for the computation of energy 
level positions but that transition probabilities some- 
times are quite sensitive to this ratio. However, for the 
case of the E£2/M1 intensity ratio for y:, additional 
calculations’? have shown that the variation of this 
ratio with the ratio of the strengths of the spin-orbit 
forces is very slow. Part of the discrepancy may be 
due to an overestimate of (£2) as a result of using 
the same effective charge on the p-particles as on the 
s-particles in estimating the collective enhancement of 
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Fic. 16. The value of the 1, £2 mixture obtained from the 
shell-model calculation of Elliott and Flowers is plotted as a 
function of the parameter V,. The experimental value of this 
mixture is shown. The inset level diagram indicates the transition 
under consideration as well as the secondary transition involved 
in the gamma-gamma angular correlation. 


the £2 transition. Elliott!” suggests that (£2) could 
easily have been overestimated, perhaps by a factor of 
up to 4. If this is the case, the measured E2/M1 
intensity ratio for y; requires V.~32+5 Mev for 
agreement. This is in reasonably good agreement with 
V.~40 Mev, found from other data. 

The shell-model calculations predict that 2 is almost 
purely quadrupole in character; for V.=40 Mev the 
calculated E2/M1 intensity ratio is 630. The variation 
of the calculated ratio is relatively slow; the ratio is 
260 for V.=25 Mev and 980 for V.=50 Mev." This 
is consistent with the larger of the measured values, 
i.e., > 30. If the value 630 is used to calculate the M1 


'7 J, P. Elliott (private communication). 
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inhibition, as done above, the value 63,000 is obtained. 
This number thus reflects an inhibition over and above 
the simple inhibition discussed by Morpurgo. Elliott 
and Flowers state that the transition is inhibited 
because the transition is predominantly one in which a 
single particle makes the transition 1d — 2s, and this is 
forbidden for magnetic dipole radiation. 

Since the shell-model calculations considered only 
excitations of a single nucleon from the 1p shell to the 
1d and 2s shells, no calculations are made for positive 
parity levels. Thus no calculations are available for the 
transition y4. The modified single-particle model calcu- 
lation, however, favors the larger E2/M1 intensity 
ratio for this transition. 

As discussed in I, calculations of transition proba- 
bilities for O'® within the framework of the alpha- 
particle model have not been performed because of 
their complexity. It is thus not possible to make 
comparisons of the measurements reported in this 
paper with that model. 


V. CONCLUSIONS 


It has been demonstrated in the case of the 
N"(He’ pyy)O'® reaction, for an incident energy of 
2.1 Mev, that gamma-gamma angular correlations 
which are in general quadruple correlations involving 
the angles of the incoming and outgoing particle 
momenta, as well as those of the two gamma-radiation 
propagation vectors, can be analyzed as double gamma- 
gamma angular correlations. This property was used to 
measure the spins of the levels of O'® involved, as well 
as the multipole character of the gamma-ray de-excita- 
tion of these states. These results may be summarized 
as follows: 

(a) The spins and parities of the levels at 8.87, 
10.94, and 11.06 Mev have been established as 2~, 0-, 
and 3*, respectively. 

(b) The measurements of M1, E2 mixtures have 
provided further evidence for the validity of the M1 
selection rule discussed by Morpurgo.’ 

(c) For the two transitions from the 8.87-Mev level 
for which measurements were carried out, the measured 
E2/M1 intensity ratios are consistent with the shell- 
model calculations; however, for the 2.74-Mev transi- 
tion from this state, an anomalously low value of the 
depth of the central potential, V.~20 Mev, is required 
to fit the data. 
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A theory of the (p,d) pickup reaction is described in which the nuclear interactions of the incoming and 
outgoing particles are considered. Two different formal expressions that give the transition amplitude are 
derived, and the wave functions in this amplitude are approximated by an optical-model procedure in which 
it is assumed that the initial- and final-state particles scatter elastically in the nucleus. Several closed forms 
for these optical-model wave functions are derived on the basis of a WKB approximation for a complex 
square-well scattering potential. The use of these wave functions, along with an approximation that gives 
the form of the transition amplitude in terms of Gaussian functions, allows a closed-form solution for the 
differential cross section. 

It is found that the elastic-scattering processes are not negligible, since they affect considerably the 
magnitude and the shape of the differential cross section. By comparing the theory with recent pickup 
experiments on C' at 95 and 145 Mev, one obtains a nuclear-momentum distribution that, unlike the Born 
approximation analysis, is in good agreement with the results of other determinations of momentum dis- 
tributions. It is found that a neutron number of from 4 to 6 neutrons and a momentum distribution of 


exp(— #/14) are required to fit the data. 


I. INTRODUCTION 
. I ‘HE theory of nuclear-rearrangement collisions 


has been developed and refined to a considerable 
degree over the past ten years due to both the “direct”’- 
interaction picture given by Serber' and the scattering 
formalism introduced by Lippmann and Schwinger.’ 
The two particular processes that have received perhaps 
the greatest amount of attention during this period are 
that of deuteron stripping, and its time reverse, 
deuteron pickup. The theoretical treatments of both 
these processes have enjoyed remarkable success with 
the models of Serber,’ Butler, and Chew and Gold- 
berger,® and there have recently been several investi- 
gations,** based on scattering formalism, which obtain 
more exact results than these earlier theories. Compre- 
hensive reviews of the current status of stripping reac- 
tions have been written by Huby” and by Butler." 

In extending the earlier theories such as the Butler 
theory for stripping or the Chew-Goldberger theory for 
pickup, one might wonder whether the nucleus has any 
appreciable effect on the incoming or the outgoing 
particles. Certainly one would expect these particles to 


* This work was performed under the auspices of the U. S. 
Atomic Energy Commission. It is based on the dissertation 
presented in partial fulfillment of the requirements for the degree 
of Doctor of Philosophy in Physics in the Graduate Division of 
the University of California at Berkeley. 

''R. Serber, Phys. Rev. 72, 1114 (1947). 

2 B. Lippmann and J. Schwinger, Phys. Rev. 79, 469 (1950). 

3 R. Serber, Phys. Rev. 72, 1008 (1947). 

*S. T. Butler, Proc. Roy. Soc. (London) 208, 559 (1951); and 
Bhatia, Huang, Huby, and Newns, Phil. Mag. 43, 485 (1952). 

5G. F. Chew and M. L. Goldberger, Phys. Rev. 77, 470 (1950). 

° E. Gerjouy, Phys. Rev. 91, 645 (1953). 

7™N.C. Francis and K. M. Watson, Phys. Rev. 93, 313 (1954). 

®M. Gell-Mann and M. L. Goldberger, Phys. Rev. 91, 398 
(1953). It should be noted that in their Eq. (4.4) the first term, 
xa‘t?, should read ya“). 

®W. Tobocman and M. H. Kalos, Phys. Rev. 97, 132 (1955). 

© R. Huby, Progr. in Nuclear Phys. 3, 177 (1953). 

"S. T. Butler and O. H. Hittmair, Nuclear Stripping Reactions 
(John Wiley & Sons, Inc., New York, 1957). 


scatter from the nucleus and change the observed 
angular distributions. The Butler and Chew-Goldberger 
theories assume that the nucleus is completely trans- 
parent both to incoming and to outgoing nucleons. 
This presumably accounts for the fact that the Butler 
cross sections are larger than the experimental results, 
since the nucleon mean free path at Butler’s energies is 
small compared with nuclear dimensions, and absorp- 
tion effects should not be negligible. At high energies, 
where the nucleon mean free path is long, it would be 
expected that the nucleon-nucleus scattering contribu- 
tions would not only affect the magnitude of the cross 
section, but also alter the angular distribution of the 
observed stripped neutrons. 

To include the aforementioned scattering contribu- 
tions and give an exact treatment of the pickup reaction 
is by no means easy. The first step, to derive an exact 
formal expression that is believed to represent the 
process, is made possible with the results of the 
Lippmann-Schwinger formalism. However, the exact 
calculation of such an expression is usually impossible, 
since the simple Born-approximation description is no 
longer applicable, and one must either use higher orders 
in Born approximation, or, better, describe the distorted 
states by means of the results of multiple-scattering 
theory.” In either case, there is the additional mathe- 
matical problem of evaluating the matrix elements, 
since the integrals that appear are usually quite 
formidable. Thus it would be desirable to find a formal 
description of the scattering of particles that is reason- 
ably exact and at the same time not too difficult to 
handle mathematically. 

Among the various methods that aim for this goal, 
the optical-model approach of Fernbach, Serber, and 
Taylor appears to be a good approximation to use in 
rearrangement collisions. (If this method is used, one 


2K. M. Watson, Phys. Rev. 105, 1388 (1957). 
‘8 Fernbach, Serber, and Taylor, Phys. Rev. 75, 1352 (1949). 
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must show that the inelastic processes comprise a small 
part of the total scattering contributions to the matrix 
element.) This approach to the stripping problem has 
been suggested by Francis and Watson’ and calculations 
for low-energy processes have been made by Cheston,'4 
who also considered polarization effects. 

For the sake of clarity, the specific process under 
consideration here is that in which a proton picks up a 
bound neutron to form a deuteron, leaving the final 
nucleus in the ground state or in a low excited state. 
Then, following Chew and Goldberger, the differential 
cross section depends on two factors: (a) the probability 
that the neutron to be picked up has a momentum 
k,, in the initial nucleus, and (b) the probability that 
this momentum, k,, combined with the incident 
proton momentum through the mutual interaction, 
Vip, can be found in a deuteron. By describing the 
nuclear scattering of the incident proton and outgoing 
deuteron, the optical model referred to above adds 
another factor to the Chew-Goldberger expression for 
the differential cross section—the probability that the 
incident proton (outgoing deuteron) has elastically 
scattered into a different momentum state before (after) 
the neutron is picked up. Implicit in this factor is the 
probability that the particle may be absorbed by the 
nuclear medium. It is assumed in the following discus- 
sion that the energy of the incident proton is high, so 
that the surface reflection and refraction, as well as the 
effects of the nuclear Coulomb potential, can be 
neglected. 

Part II shows the development of the matrix element 
that describes the pickup process. The optical-model 
restriction that the incoming and outgoing particles 
scatter coherently is imposed, and it will be shown that 
the Chew-Goldberger expression can be obtained as a 
special case of the more general matrix element 
presented. 

General forms for the wave functions that can be 
used to describe the elastic scattering in a central 
nuclear potential are developed in Part III. The 
derivation is based on a WKB approximation to obtain 
results that are as easy to handle mathematically as 
the Born approximation’s plane waves. Finally the 
differential cross section is obtained in closed form by 
using Gaussian expressions to approximate the functions 
in the matrix element. 

In Part IV, calculations are made to fit the theory 
with recent pickup experiments on C”.'®'® [t is shown 
that by the inclusion of particle interactions with the 
nucleus, a fit can be obtained without using the high 
neutron momenta that are required in the Chew- 
Goldberger analysis. Furthermore, since the optical 
model accounts for particle absorption, Part IV shows 


144 W. B. Cheston, Phys. Rev. 96, 1590 (1954), and J. Sawicki, 
Phys. Rev. 106, 172 (1957). 

185 W. Selove, Phys. Rev. 101, 231 (1956). 

16 P. F. Cooper, thesis, Harvard University, 1958 (unpublished). 
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that a reasonable value is obtained for the magnitude of 
the cross section. 

An alternative expression for the matrix element that 
describes the pickup process is given in the Appendix. 
A form is obtained that duplicates Francis and Watson’s 
results, which were derived by applying time reversal to 
the stripping process. This form is compared with that 
of Part II. 


II. FORMALISM 


In order to obtain information on the cross section, 
energy, spin, etc. of the deuterons produced from nuclei 
bombarded with protons, it is most convenient to use 
the scattering formalism introduced by Lippmann and 
Schwinger. This formalism provides a method for 
obtaining the transition-matrix elements that contain 
the desired information about the final-state deuterons 
in terms of the initial conditions (momentum, spin, etc.) 
on the incoming proton-nucleus system. It is necessary 
first to define explicitly the noninteracting initial and 
final states in order to describe the operations that later 
lead to the transition matrix. 

Consider an initial state consisting of a proton, whose 
momentum is ky in the center-of-mass system, in- 
cident on a nucleus which is described by a wave 
function xo(t4). Here t4 represents the coordinates of 
the A nuclear particles, and the subscript 0 designates 
a nucleus in its ground state. For clarity of notation, all 
spin indices have been suppressed for the present. The 
wave function for the proton-nucleus system, 


$i (24,0 p)=xo( tae '?, (1) 


is the solution of the Schrédinger wave equation 


(Ho+ T+ T+ V. oi (4,0 p)= E(t Tp); (2) 


where Hy is the total Hamiltonian for A—1 nucleons, 
and 7, and 7, are the kinetic energy operators for the 
neutron and proton respectively. The neutron to be 
picked up is bound to the core of A—1 nucleons by the 
potential V,. 

The final state, which consists of a free deuteron of 
momentum #K, and A—1 nucleons in some nuclear 
state n, is described by the wave function 


(24,8 p)=Xn(t4-1)Pa(roe™ ®, (3) 
which is the solution of 
(Hot+ T+ T pt V np)bs(44,Fp) = Esbs(24,¥p), ( t) 


where ®,(r) is the wave function of the bound deuteron, 
and V,,» is the neutron-proton potential. 

The total wave function, ¥, which describes the 
complete interacting proton-nucleus system is the 
solution of the wave equation involving the total 
Hamiltonian, H: 


Hy= (Hot+ Tat Tot Vat V ot V np ¥= Ey. (5) 
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The potential V, of Eq. (5) describes the interaction of 
the proton with the A—1 core nucleons. 

Following Lippmann and Schwinger, we can write 
the expression for the solution of Eq. (5) corresponding 
to incoming plane waves and outgoing spherical waves: 


yo 


CV pt Vag) 16:, (6) 


+ —(VirtVnp 


avH— V,, 
where the notation has been condensed by setting 
a) =E;—H —T,—T,+1¢. 
The transition amplitude is then 
(y 


We may use Eq. (8) and proceed to derive the same 
form for the transition amplitude that was obtained 
in a different way by Francis and Watson. This deriva- 
tion can be found in the Appendix. Although the result- 
ant transition matrix can now be used to obtain the 
desired information about the outgoing deuteron states, 
there are two objec tions that may be raised concerning 


T 5, VotVap d;). (8) 


its form: 


(a) Within the limits of the optical-model approxi- 
mations, Francis and Watson’s result is still not an 
exact expression, owing to the additional approximation 
that neglects the last V,,, interaction in the scattering 
of the incoming proton from the 4 nucleons. 

(b) The final-state wave function defined in their 
Eq. (27) and in Eq. (56) here (see Appendix) appears 
rather unsymmetric in that it represents an outgoing 
deuteron in which only the neutron interacts with the 
residual nucleus. It would be desirable, then, to find a 
new form for the transition matrix which requires no 
approximations beyond the optical-model assumptions 
and represents the outgoing-deuteron state so that both 
the neutron and proton interact symmetrically with 
the residual nucleus.” An expression that fulfills both 
of these requirements has been partially developed by 
Gell-Mann and Goldberger® and is derived below. 

We define a wave function x representing an 
incoming proton wave in which the proton interacts 
with the core only through the potential V,: 


, (9) 


V xt 


Here x‘*? is related to the total wave function Y* by 


‘7 The author would like to express his appreciation to Professor 
Geoffrey Chew for bringing up this point, and to Dr. Leonard 
Rodberg for his help and interest in the derivation. 


GREIDER 
the integral equation 


Vex. (10) 


Vnp— Pp 


= 


aH—V,— 
By substitution of Eq. (9) into Eq. (8), we obtain 


TP yi= (WO | Vap tV>|x) 


—f P| (VaptV >) Vix B. (11) 


aH—YV,, 
Rearranging terms, we have 


Tyi= (WO | Vanp|x™) 


+ y' 1—(Vapt V5) e 


aH—VY,, 

Using Eq. (6a), we finally obtain 
Pyi= (y' 
which is equal to 


Pyi= (Y' 


Equation (13) is the same as Eq. (4.4) of Gell-Mann and 
Goldberger.’ The first term in Eq. (13) gives the transi- 
tion amplitude for the pickup process occurring via 
the V,,, interaction. The incident proton interacts with 
all nucleons except the neutron to be picked up, and 
both the neutron and proton in the emerging deuteron 
interact with the residual core nucleons. The second 
term in Eq. (13) gives the amplitude for proton scatter- 
ing from the nucleus via the interaction V, with just the 
A—1 nucleons of the core. This term, therefore, should 
not lead to final-state deuterons, since the deuteron 
binding potential, V’,,,, does not appear in the final-state 
wave function, x‘~’. A formal proof that this term is 
indeed zero has been given by Lippmann.'* Thus, we 


Vnplx)+ (| Volx™), 


V npl|x* )+ (x V »| di). (13) 


obtain 


T= (14) 


We may now make our optical-model approximations : 


Vnp Ad 


=i + wm, (15) 


~yc“ 


: x OF pX 
a" V,, 


=gor+ é we 
i a J Vie Ucn' 


VO SHe' 
X(Vcptt+Venl)dy, (16) 
which yield our desired symmetric expression, 


T i= (We ; Vaplxe* hs 


18 B, Lippmann, Phys. Rev. 102, 254 (1956). 
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The optical model operators Uc, and Uc, are defined 
to be diagonal with respect to the energy of the core. 
They describe only elastic proton- and neutron-nucleus 
interactions, respectively, and can be deduced from 
multiple-scattering theory, or may be replaced by the 
phenomenological optical potential of Fernbach, Serber, 
and Taylor." 

There are several qualitative arguments that support 
this approximation. First, the Pauli exclusion principle 
forbids ‘‘hard”’ nucleon-nucleon scatterings in a nucleus 
except for those that leave the particle in unoccupied 
momentum states beyond the Fermi sphere. Conse- 
quently, the inelastic collisions that do occur must be 
associated with large momentum transfers at large 
scattering angles, and can thus be experimentally 
separated from elastic effects which describe the 
scattering at small angles. Secondly, the experimental 
fact that the pickup process usually leaves the final 
nucleus in its ground state gives a strong argument for 
neglecting inelastic scatterings. For a particle incident 
on a nucleus in its ground state, there are many channels 
open for inelastic scatterings to excited states where the 
density of states is large, but there are few channels 
back to the ground state. Thus it is improbable that an 
inelastically scattered particle will find its way back to 
a state of low or zero excitation. Finally, one may argue 
that the inelastic scattering of the outgoing deuteron 
will not contribute to the pickup cross section, since it 
tends to break up the deuteron. This is because such 
inelastic effects arise from ‘“‘hard”’ scatterings of the 
individual neutron and proton in the deuteron. Unless 
these two particles scatter coherently in ‘“hard”’ inter- 
actions, the small deuteron binding energy should not 
be expected to keep them together. An approximate 
estimate!’ of the inelastic corrections to the cross section 
gives a value on the order of 1/100 the magnitude of the 
elastic terms. It will be assumed in the rest of this 
paper that, for the purposes of describing the pickup 
reaction, the elastic-scattering approximations give an 
adequate and reasonably accurate description of the 
true scattering. 

The differences between Eq. (56) [or Eq. (27) of 
Francis and Watson] and Eq. (17) are now apparent. 
The initial state of the former describes a wave of 
incoming protons interacting with all 4 nucleons of the 
initial nucleus, while the latter represents interactions 
with only the A4—1 nucleons of the core. But, to com- 
pensate for this difference, the final-state wave function 
of Eq. (56) has only neutron interactions, whereas the 
corresponding wave function of Eq. (17) has both 
neutron and proton interactions. Therefore some of the 
proton interactions that seem to be missing in the initial 
state of Eq. (17) are included in its final state. Thus it 
is evident that, within the optical-model approxi- 
mations, Eq. (17) is more exact and more aesthetically 
appealing than Eq. (56). 


19 This was carried out following the method of reference 12. 
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On the other hand, for practical reasons, Eq. (56) 
may in many cases offer a more suitable form for 
numerical calculations. If we approximate the deuteron 
as a single coherent particle, the optical parameter 
Ucn used in Eq. (56) is much better known than VUcua, 
the deuteron optical potential, which would be required 
in Eq. (17). One would then conclude that Eq. (17) is 
formally a more desirable form for the transition 
amplitude, but practical necessities may often favor the 
use of Eq. (56). 


III. EVALUATION OF THE MATRIX ELEMENT 
FOR CENTRAL POTENTIAL INTERACTIONS 


It is now necessary to find manageable forms of the 
optical-model wave functions of Part II so that the 
required integrations may be performed without exces- 
sive difficulty. In this section some explicit forms for the 
wave functions xc+? and wc? are derived. Separating 
the nuclear and proton coordinates in Eq. (2), we 
obtain an equation for the proton wave function (with 
V p=Vep): 


t 


\ 2m 


Vr +Vcp(lp) — Fm Wat 0, (18) 
where 1.2 have 

Epo=h?k?/2m. 
Solvii Eq. (18) in a one-dimensional WKB approxi- 
mation, we obtain 


r 


; 
= {2m Epo—Vep(x) ]} dx}. (19) 


1 


Yo(x)~ exp| 


We make the substitutions 
ko= (2mE py)? /h, 
and 
ny (x)Ro=[2m(Epp—Vep(x)) |i/h, (20) 
where 


n;2(x)=1—Ucy(x)/Evo, (20a) 


defines the index of refraction in the nuclear medium. 
Equation (19) becomes 


Wolx)~ exp| ito f ny(x)dx ' 


To find the three-dimensional form of ¥(r,), we need 
to assume some distribution and shape for Ucp(rp). For 
the case of a hard spherical nucleus, we may write for 
r<Ro: 


(21) 


Ucp(r)=Vo, and m(r)=m, 


and for r> Ro: 
m(r)=1, 


Uc,(r) =), and 


which, for an incoming wave parallel to the x axis, 
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become, respectively, 


for x<—(Rie—Pr sin’6)?, m(x)=1, 


and (22a) 


for x>—(Re—r’ sin?6)!, 24(x)=n1. 


Substituting x=rcos#, we can evaluate Eq. (21) to 


obtain a closed form solution for Wo(r) : 


Wo(r) =exp{iniko-r+i(m;—1)ko(Re—?r sin’6)*}. (23) 


We note that Eq. (23) obtains the classical result for a 
particle following a trajectory through a spherical 
region that is characterized by an index of refraction n. 
The fact that the classical expression is obtained is not 
surprising, since we have used the WKB solution of 
zero order in h. 

By approximating #’ sin’é<R,*, we 
easily integrable expression, 


arrive at an 


Po(r)~exp{i(m,—1)koRot+imko-r}, (24) 


which has the same form as the scattering wave 
functions of Hart and Montroll” if one neglects the 
internal reflected wave. For n<0.10, one obtains results 
from Eq. (24) that compare favorably to more exact 
numerical calculations that use Eq. (23). For larger 
values of m, Eq. (23) may be approximated by 


Yo(r)~exp{ inky: r+i(m—1)ko 
X[Ro—r(1— | cosé}) }}, 


(25) 


which is, however, a less manageable function than that 
of Eq. (24). 

In the outside region, r>Ro, the wave function is 
merely exp(iko-r). The small contribution of the trans- 
mitted wave has been neglected here. 

We now turn to the problem of obtaining a form for 
the final-state wave function of Eq. (17) or Eq. (56) of 
the Appendix. If we use Eq. (56) we write the wave 
equation for Qc,‘~'¢,;, specifying the coordinates 
explicitly: 


[ Ho(ea-+Tr(R)4+7.(2)+V np (r)+Ven! (4,) — Fiz ] 
KQen bs (4,Rye4-1)=0, (26) 


where E,,;= (#?K?/4M)— By, and By is the magnitude of 
the deuteron binding energy. In order to solve Eq. (26), 
we assume R>>r, so that we have 


Ven' (fn) = Ven (R—1/2)—U ce," (R). (27) 


This means that we approximate the deuteron as 
behaving like a single coherent particle in the nucleus, 
or, more exactly, we assume that the average neutron- 
proton separation in the deuteron is small compared 
with the nuclear dimensions. If we use the transition 
matrix of Eq. (17), and assume that the deuteron 
propagates as a single particle, then Eq. (26) is changed 
by replacing Ven' (tn) by Uca'(R), and the approxima- 


*” R. Hart and E. Montroll, J. Appl. Phys. 22, 376 (1951), and 
E. Montroll and J. M. Greenberg, Phys. Rev. 86, 889 (1952). 
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tion of Eq. (27) is no longer necessary. We may simplify 
the notation then by letting Uc'(R) stand for either 
Ven (R) or Vea (R). 

Following our method for the proton wave function, 
we separate the nuclear and deuteron coordinates, and 
subtract the equation for the bound state of the 
deuteron. We are left with 


h? 
- —Va?+VUct—(Eys— Ba) (R)=0, (28) 


4m 


which can be solved by the WKB method outlined 
above. However, the form will not be quite the same as 
the result in Eq. (23), since Qc‘~’¢, or Y~ is a solution 
that is asymptotic to outgoing plane waves at infinity 
and to incoming spherical waves.? For a spherically 
symmetric, square-well potential, we find 


Yo' os )(R)=exp{ine’ K-R—i(n,'—1)K 
X (Re? — R? sin’6)*}, (29) 


where 


(ng’)?=1—VUct/Ea, (30) 


and 


Ea=h’K*/4M. (31) 
The approximations of Eqs. (24) and (25) may then 
be applied to Eq. (29) in order to obtain an easily 
integrable expression for the outgoing deuteron wave 
function. 

It should be pointed out that, for small 7, wave func- 
tions of the form of Eq. (24) can be handled with no 
more difficulty than the plane waves of the Born 
approximation. These wave functions may now be 
substituted into Eq. (17) or (56), in order to find the 
transition amplitude, 7;;, for the pickup process. 

The differential cross section is 

da 3 m* K A(A—1) 
=>" | Ty: 3 (32) 
dQ =£ 42nh' ky (A+1)? 


The factor of } is due to spin statistics, and the sum is 
over all final states. The sum can be written 


> T 5; == P| (x (e4-1)Pal(r)yo' (R) 
7 


; 


x | V np(¥) | xi(ta ly r,)Wot (r,)) # 


| 
yur = fds, en *(R) 


XValt)xi(t4—1, tr)Wo(Fp)| . (33) 
| 


We need next to evaluate the integral, M, inside the 
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absolute value signs. By allowing V,p(r) to operate on 
@,(r), we obtain [ (h?/m)V?—B, \@.(r), in accordance 
with the Schrédinger equation for the deuteron ground 
state. Therefore we denote 


1 
V np(t)Pa(r) = P(r) = fa (k)e*', (34) 
(2x)? 


and we use the partial Fourier transform of the initial 
state nuclear wave function: 


fos 1|xi(*4-1, fn) |? 


(27) 


1 2 
_ fhe, xl knee , (35) 


where x;(k,) is assumed to be the square root of the 
neutron momentum density distribution in the nucleus. 
Using these expressions in Eq. (33), we have for M, 


1 
M=— fax w(k) f dk, xi(K,) 
(1)3 


x far € i(2k—2kn Ry, /(R) 


x fur, ef @k-kw) tm) H(r,), (36) 


It should be pointed out here that Eq. (36) reduces to 
the Born-approximation expression of the Chew-Gold- 
berger theory for m;=n2.=1. Since the incoming proton 
is then represented by a plane wave, the integral over 
r, gives a delta function, 6(2k—k,+ko), and the 
integral over R gives 6(2k—2k,+K), which permits 
immediate evaluation of the integrals. 

Since some effort has been spent to obtain integrable 
wave functions for use in the matrix element, it would 
obviously be desirable to continue further and use ana- 
lytic expressions in Eq. (36) that allow its solution in 
closed form. To accomplish this, we have assumed 
Gaussian forms for the factors in the integrand, 


x(k,)=C exp] —c( ko +—“hs) | 


where we have accounted for nuclear recoil by defining 
the parameters 


(37) 


g=(A—1)/A; p=(A4+1)/A. (38) 


Assuming a Hulthén wave function for the deuteron, 
we find 
lr oh 1 


&(k) = A—(a’?— 8") X ; 
(27)! m k?+,? 


(39) 
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TABLE I. Optical-model parameters for the process C#(p,d)C". 


Vcd or Ven 
(Mev) cm 


—20 —15% 3.4 14 
—20 —15 3.4 14 


Neutron 
number 


4to6 
4to6 


RoX10°"8 Eo 
(Mev) 


Eiab 
(Mev) 
95 —25 —15% 
—13 —18 


Ucp 
(Mev) 


where we can approximate 


1 1 
~—[0.902 exp(—0.729k?/B") 
+p? BP 
+0.0971 exp(—0.0313k?/6") ], (40) 
and we have chosen 6= 6.2a. 

Finally, the integrations over r, and R give spherical 
Bessel functions, which also may be approximated by a 
sum of Gaussian functions. The first-order spherical 
Bessel function may be written 


ji(x)/x~} {exp (—0.11 127) 
—().121exp[—0.290(a—5.20)?] 


+0,038exp[ —0.460(«—9.00)?]}, (41) 


which is accurate to x10. It turns out that at the 
energies under consideration, j:(«)/x is required only 
for values of x less than 3; therefore the first term of 
Eq. (41) is sufficiently accurate. 

The integral of Eq. (36) now becomes very simple if 
we substitute the approximations of Eqs. (37) through 
(41). Our matrix element will be the sum of several 
integrals over both k and k,, of the form 


r\} 
fa exp(—dk?+2k- R) =exp (i? 0( ) ye EZ) 
1 


( 


where the vector ® is a linear combination of the 
incoming proton momentum ky and the outgoing 
deuteron momentum K. The actual values of WW and d 
in Eq. (42) depend on the parameters given in Eqs. (37) 
through (41) for the particular Gaussian considered. 
Then these Gaussian terms, when summed, constitute 
the solution of Eq. (36). Finally, Eq. (32) allows the 
calculation of the differential cross section. 


IV. COMPARISON OF THE CENTRAL POTENTIAL 
THEORY WITH EXPERIMENT 


Measurements of the deuteron-pickup cross section 
have been reported by Selove’® and by Cooper,'® who 
have obtained angular distributions for the process 
C?(p,d)C", at 95 and 145 Mev, respectively. The 
results of the optical-model analysis are obtained by 
using the parameters listed in Table I, and the resulting 
angular distributions are shown in Curve A in Figs. 1 
and 2. The values of the nucleon optical potentials are 
taken from Glassgold.”’ It should be noticed from Eq. 
(30) that m’*= ny if Oey is in the form shown in Table I 


21 A. Glassgold, Revs. Modern Phys. 30, 419 (1958). 
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above, i.e., a real and an imaginary part. This follows 


from the fact that 2.’ was obtained from Uc,'. Thus if 
no’ is merely the complex conjugate of m2, then 2’* is 


equal to no. 

To obtain the results shown in Figs. 1 and 2, the 
nuclear radius was chosen to be 1.54'X10~-" cm, and 
the nuclear momentum distribution of the initial 
neutron state was of the form exp(—E/E») [see 
Eq. (37) ]. Table I shows that the fit at both energies 
was obtained with Hy=14 Mev, which is in general 
agreement with the scattering results of Wilcox and 
Moyer,” and Cladis, Hess, and Moyer.” Selove reported 
that in order to fit the Born approximation (Chew- 
Goldberger) theory to the results of his pickup experi- 
ments he required high-momentum components in the 
nucleon momentum distribution, which had the form 
exp(— £/7)+0.15 exp(— £/50).'° These high-momen- 
tum components (£y)=50 Mev) were needed to re- 
produce the observed wide-angle distribution of deu- 
terons. In the Born-approximation theory, the deuteron 
momentum is just the sum of the incident-proton 
momentum and the bound-state neutron momentum. 
In order to observe deuterons at appreciably large 
angles, therefore, one must have a nucleus that contains 
neutrons whose energy is about as large as the incident- 
proton energy. 

Such energetic neutrons are not required in theory 
presented here, since the wide-angle distribution of 
deuterons can be obtained by allowing the incident and 
final particles to scatter in the nuclear field. For 
example, an incident proton may scattered 
through a considerable angle with respect to the initial 
ky direction before it encounters the neutron. Conse- 
quently, after the pickup of a low-energy neutron from 
inside the nucleus, a deuteron may emerge at an even 
larger angle. By further allowing this deuteron to 


have 


2 J. M. Wilcox and B. J. Moyer, Phys. Rev. 99, 875 (1955). 
3 Cladis, Hess, and Moyer, Phys. Rev. 87, 425 (1952). 
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scatter while leaving the nucleus, one can obtain very 
broad angular distributions. 

If one integrates the neutron momentum-density 
distribution over all momentum space, he obtains the 
number of neutrons that are effective in the pickup 
reaction. This number depends on the value of the 
constant C in Eq. (37), where C is usually chosen so 
that the magnitude of the theoretical cross section fits 
the experimental results. In the fit to the experimental 
data shown in Curves A, a neutron number from four to 
six is required at both 95 Mev and 145 Mev. These 
results, which approximately account for the six 
neutrons in C”, are in striking contrast to the 0.061 
neutron obtained by Selove, and the 0.76 neutron 
obtained by Chew and Goldberger in their Born- 
approximation analyses. The reason for the large 
differences is, of course, the inclusion of absorption 
effects in the optical-model theory. 

Curve B in Figs. 1 and 2 shows the result of neglecting 
the deuteron potential, ie., of setting m.=1. The 
general shape of the differential cross section is obtained 
by considering only the interaction of the proton with 
the nucleus,™ but the diffraction dip at about 20° can 
only be obtained by allowing the deuteron to interact 
with the nucleus through the potential Ucv (Curve 41). 
Furthermore, the normalization of Curve B gives a 
neutron number in the carbon nucleus of about 0.4 
neutrons at 95 Mev and about 1.0 neutrons at 145 Mev. 
These values are smaller than the corresponding 
numbers for #1, since in ignoring the deuteron 
absorption by the nucleus, we obtain matrix elements 
whose magnitude is too large. 

Curve C shows the result of the Born-approximation 
analysis®!® (2.=n,=1) for kp=14 Mev. The normaliza- 
tion here requires a neutron number of about 0.25 
neutrons at both 95 and 145 Mev. These values are 
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C! with Cooper’s 
data. Curve A is 
obtained by using 
the parameters listed 
in Table I. Curve 
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4 For a somewhat different calculation using this approximation 


see Kenneth R. Greider, University of California Radiation 
Laboratory Report UCRL-8357, July 7, 1958 (unpublished). 
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smaller than either those for Curves A or B because no 
nuclear interactions and hence no absorption is con- 
sidered. It should be pointed out that the Born approxi- 
mation does predict the gross features of the process, 
and can obtain reasonable results for small angles. 

It is not quite clear what exact value of the deuteron 
potential, Uca, is required to fit the experimental curve, 
because the numbers listed in Table I are only one set 
of several that obtain a reasonable fit. However, an 
upper limit may be obtained, since for a good fit, both 
the real and imaginary parts of Uca must fall between 0 
and —20 Mev. If the matrix element of Eq. (56) is 
used to calculate the cross section, then the deuteron 
potential is just Uc,, the potential felt by the neutron in 
the deuteron. Values of Uc, within the limits mentioned 
above are quite consistent with information on nucleon- 
nucleus potentials.”! However, if the matrix element of 
Eq. (17) is used, then one requires values for Uca which 
are not readily available in the literature. 

It appears that in a first approximation, the effective 
deuteron optical potential should be merely the sum of 
the neutron and proton potentials. However, in at- 
tempts to fit deuteron scattering data,”> such a simple 
sum is not adequate for the deuteron potential, as 
higher-order effects are not negligible. These effects 
describe the coherent scattering of both neutron and 
proton by the nucleus, and thus tend to lower consider- 
ably the effective deuteron potential from the value 
given merely by the sum of the single-particle potentials. 
In this case the value of Uca required in the present 
analysis could be compatible with the actual effective 
deuteron potential. 

It should be mentioned that because of the nature of 
the approximations used in this treatment of the pickup 
process, it is unlikely that any exact information can be 
obtained for the deuteron potential. The general effect 
of the square-well approximation is small, as can be seen 
by averaging the scattering amplitudes for several 
values of the radius parameter, Rp. But still it can lead 
to a change in the required deuteron potential by about 
5 Mev. More important, as one requires a larger 
deuteron potential on the order of the deuteron kinetic 
energy, the requirement that ”)~1 is no longer met, 
and the wave function of Eq. (29) is no longer valid. In 
order to avoid these difficulties, a more exact treatment 
would be necessary in which one would use wave 
functions of the form of Eq. (23), and (or) higher 
orders in WKB approximation. Certainly, a numerical 
integration of the matrix element would be inevitable. 

However, discounting the failure of the theory with 
regard to the points mentioned above, it is felt that by 
an optical-model analysis as presented here, one can 
adequately describe the nuclear scattering effects in 
rearrangement collisions such as the pickup process. It 
should also be quite apparent from the results here that 
the neglect of the initial- and final-state scattering 


25H. P. Stapp, Phys. Rev. 107, 607 (1957). 
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contributions to the matrix element is not justified at 
these energies, if one is interested in finding accurate 
information concerning the details of nuclear structure. 
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APPENDIX: ALTERNATIVE DERIVATION OF 
THE TRANSITION MATRIX 


We may rewrite Eq. (6) as 


V., Pi 


VY =@i+ 


1 
Vw, (43) 


aH — Vio Va 


and verify that it satisfies Eqs. (2) and (5) by direct 
substitution. The Green’s function in Eq. (43) repre- 
sents outgoing deuterons in which the neutron interacts 
with the core through the potential V,. We can there- 
fore define a wave function ®,‘~ to describe this: 


?, 0 =2, bs =hst+ V ,'®,, (44) 


a 


( 


where 


Now by expanding (@%’—V,,—V,)"' of Eq. (43) in 
the usual way in outgoing deuteron states (in which the 
neutron interacts with the core), we obtain the exact 
transition-matrix element for the pickup process: 


V np Oi) + (On | Voly). 


It should be noted that no approximations have been 
used in deriving Eq. (46). This transition amplitude, 
however, is not a very tractable expression as yet, since 
only the functional forms of V,,, and ¢, are reasonably 
well known. We begin with the optical-model approxi- 
mations by replacing the last term of Eq. (46) by an 
expression that describes only elastic or coherent 


T i= (q' (46) 


scatterings of the proton in the nucleus: 
V |W )—Vep|Qep 9s), (47) 


where we have 





794 KENNETH 
and Uc, and Qe, are defined to be diagonal with 
respect to the energy of the core. [See discussion in 
Sec. II. ] 

Since, in Eq. (48), a‘*’— V, is diagonal and represents 
states of all A nucleons, Uc, then gives the elastic 
proton interactions with all A nucleons. It might be 
argued therefore that to make Eq. (47) more exact, we 
should have an additional term, V,,~°, on the left 
side, since V, includes the proton interaction with 
only A—1 nucleons. We can justify Eq. (47) by 
expanding yy‘? and seeing that the proton interacts 
through V,+V,, for all but the last scattering, in 
which V ,, is absent (i.e., the neutron does not interact). 
If A is large we can assume that the omission of the 
neutron from the A nucleons in the last scattering will 
not affect the elastic description of the proton scattering. 
Substituting Eq. (47) into (46), we obtain the transition 
matrix 


T := (®,, V np\ Dit (On |Vep|Qep:). (49) 
We may now condense Eq. (49) into a more compact 
expression. We note from Eqs. (2), (4), (7), (44), and 
(48) the relations 


os= —1epy, (50a) 
(a) — V,)o;= 169i, 
i= 1€d,. 


In Eqs. (50), we have used Ey=F;. Using (50a) and 
(50b) in the first term of Eq. (49), we obtain 


;)—1€(o;|¢,). 


(a— — Vap— Va" )Qy' 
(50b) 


(a —Vn—Vep)Qep (50c) 


(P,,' Le g;)= ie(P,,' (51) 
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Likewise, using (50c) and (50a) in the second term of 
Eq. (49), we obtain 
(®,,‘ |Vep|Qep* i) 

= (®,,' yy V np|Qep* pi)tie(py Qcp pi) 


~ie(@,|,). (52) 


Substituting Eqs. (51) and (52) into (49), we find 


T= (Q,° by} V we Qe pt p:) 

tiel (p7|Qep bi) — (| 3) J, 
or 
(53) 


T ;;= (22, py | View Qe pt d:), 


since the term involving the factor ze is asymptotically 
zero for final-state deuterons.'* 

Our second elastic-scattering approximation is to 
replace ®,~’, defined by Eq. (44), by c,~, where 


Pon =Qen Oy, (54) 


describes a wave of deuterons in which the neutron 
interacts elastically with the core nucleons, and where 


1 


Ven'. (55) 


Qc, ’=1+ 


i Vap— Vent 


Here Qe,“ and Ven are optical-model operators 
similar to Qc,% and Uc, of Eq. (48). We finally 
obtain the transition matrix, 


T = (QenS bs | V np|Qep' : p;), (56) 


which is the same as Eq. (27) of Francis and Watson.’ 
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Deviation from the ¢ Approximation in First Forbidden ¢ Decay* 
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The failure of the £ approximation in which only the first nonvanishing term is kept in the expansion 
in descending powers of the Coulomb energy factor is due to either the cancellation or selection rule effect. 
The latter may be due to K or 7 forbiddennesses. In order to distinguish these three possibilities experi- 
mentally, the two transitions, 3(8)2(7)0 and 2(8)2(7)0, are discussed. The present data on Sb'* and Rb* 
are insufficient to permit drawing a definite conclusion. Similar arguments can be extended to other 8 
decays. To get more information, the general energy and angular dependences are given in convenient form 
for various observables, and are shown numerically for Sb'*. Certain 6-y correlation experiments, espe- 
cially the B-circularly polarized y correlation and the transverse 6 polarization, are proposed for a variety 
of special 8 decays, e.g., Ga”, Y%, and so on. It is also concluded that the unique shape energy spectrum 
does not necessarily correspond to a unique forbidden transition. An example is Eu'®?. Measurements of 
8-y correlations are useful in order to decide this correspondence. Other 8 decays, which may be characterized 


by the cancellation, are Ag, Re!®*, and Tm!”. 


1. INTRODUCTION 


OST of the nonunique first forbidden transitions 
have an allowed shape 6-ray energy spectrum, 
which is given by the statistical density of the lepton 
field. This has been explained by the fact that the shape 
correction factor, C(W), is constant in the £ approxima- 
tion, in which only the first nonvanishing term is kept 
in the expansion in decending powers of the Coulomb 
energy factor £, (=aZ/2p).! Here a@Z is the fine structure 
constant times the nuclear charge (Z) and p is the 
nuclear radius. In many cases, the £ approximation 
seems to be valid.? In this paper, we shall discuss the 
cases where the & approximation seems to lose some 
validity. These cases offer valuable relations among the 
nuclear matrix elements. 

As is well known, the 6 spectrum in RaE decay shows 
an energy-dependent shape correction factor.* Yamada 
explained this deviation from the allowed shape by 
assuming that the leading term may be small, because 
of near-cancellations among the unknown nuclear 
matrix elements.’ We shall call this presumed behavior 
the “cancellation effect”. If the maximum energy (W») 
of B ray is very high so that Wo>&(~10) in units of 
h=c=m,.=1,° we may observe the nonallowed shape 
energy spectrum, because each higher order term in the 
& expansion includes one higher power of W, the 6-ray 


* Supported in part by the National Science Foundation. 
7 On leave from Tokyo Metropolitan University, Setagaya, 
Tokyo. 


1E. J. Konopinski and G. E. Uhlenbeck, Phys. Rev. 60, 308 
(1941); H. M. Mahmoud and E. J. Konopinski, Phys. Rev. 88, 
1266 (1952). The sign of @ in this paper is opposite to theirs; see 
the Table II and its footnote of reference 7. 

2 See, for example, T. Kotani and M. H. Ross, Phys. Rev. 113, 
622 (1959). 

3. A. Plassman and L. M. Langer, Phys. Rev. 96, 1593 (1954). 

4M. Yamada, Progr. Theoret. Phys. (Kyoto) 10, 252 (1953). 

5 For nuclei with small Z, this — becomes smaller than 10, but 
actually, instead of £, we may have to introduce another factor, 
say ¢’, which may not become small. [See the definition of nuclear 
parameters (2), and also T. Kotani and M. H. Ross, Phys. Rev. 
Letters 1, 140 (1958). ] We shall use the notation ¢ for both & and 
é’, if it is not necessary to distinguish them. 


energy. The analysis for this case is essentially the same 
as for the case where the cancellation effect is important. 
Therefore, we shall not treat these cases separately. 

On the other hand, the unique forbidden transition 
has a unique energy spectrum, say the unique shape 
correction factor (the so-called a type). We have only 
one nuclear matrix element, the so-called B;; term. 
Even in the nonunique first forbidden transition, there 
may be a possibility that the contribution from other 
nuclear matrix elements involved in this decay is much 
smaller than that from the B;; term, say for example, 
\S't/S Bi;\?< (W?/12#). In this case we could expect 
behavior similar to that in the unique transition, e.g., 
a large ft value for the nonunique transition. In order 
to explain such special situations, it is necessary to 
introduce a selection rule to inhibit contributions from 
matrix elements other than B;;. Let us call this the 
“selection rule effect.” In Sec. 2, such selection rules 
will be reviewed briefly and we shall discuss how to 
distinguish them. 

Let us consider experiments necessary to decide 
which, among the cancellation and selection rule effects, 
is essential in some B decay. The observation of the 
selection rule effect by searching only for a deviation 
from the allowed spectrum is difficult, unless the reduc- 
tion factor due to this effect is of order of 107 or more.® 
We may expect this kind of deviation in some 6 decays, 
where W, is large, for example, Ga”, As’®, Y”, Sb!**, 
Lal, and Eu'™. It is also generally difficult to observe 
the cancellation effect, because such a deviation is a 
small correction to a main term, except a few cases like 
RaE. In any case, there is an ambiguity in distinguish- 


6 The Coulomb correction to the B-ray wave function with 
j=l++4 is small, of order (aZ)? (or aZp), where j, /, and } are the 
total, orbital, and spin angular momentum, respectively, while 
the large Coulomb correction to the wave with j=/—} is of order 
£. Therefore, if the 8 ray has the py wave as the lowest / partial 
wave, the terms associated with & should vanish. This is the case 
for the unique forbidden transition, because the wave function 
representing both the 8 ray and the neutrino is at least a combina 
tion of the py and sy waves. 
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ing these effects from each other by using the energy 
spectrum alone. We shall discuss this in Sec. 3. The 
cancellation effect also makes it possible to observe a 
deviation from the (p/W) character of the longitudinal 
polarization, P;, of 8 ray.’'* Here p?>= W?—1. However, 
we cannot expect a large deviation generally, because 
this is proportional to (1/W). A large deviation due 
to the selection rule effect cannot be expected again, 
because the unique forbidden transition has the char- 
acter | P,|=p/W. 

A large ft value suggests the possibility of finding a 
decay which has deviations from the allowed shape and 
from | P| =(p/W), but it is not an unambiguous indi- 
cation. The lack of validity of the & approximation 
means a relatively large ft value, but such a large ft 
value would also be obtained when all nuclear matrix 
elements are smaller than the matrix element in the 
unique decay for some special reason in the nuclear 
structure. (See, for example, King and Peaslee.’) 

The observation of these deviations means detection 
of a small contribution due to the second or higher order 
term in the £ expansion. We have a chance of observing 
directly such a contribution, if there is a y ray following 
the 8 ray. One of the simplest of such observables is the 
8-y directional correlation. Its correlation coefficient (€) 
is given by the ratio of the second term (£) to the first 
one (£) in the descending £ expansion in the nonunique 
forbidden 8 decay. Since € has an energy dependence 
proportional to (p~*/W) in the & approximation, the 
order of magnitude of e(p?/W)~! is normally expected 
to be of order (1/£) (~ 1/10). [Strictly, it is less than 
(1/£) because of an additional small constant due to an 
angular momentum addition coefficient ; see (29). |] The 
cancellation effect gives rise to e of order (1/) or 
larger, because of the smaller value of the first term 
in the € expansion. On the other hand, in the unique 8 
decay, e« has a unique energy dependence,’ and is of 
order unity. [Strictly, it is less than unity; see (24). ] 
Thus, either the cancellation or selection rule effect 
gives a relatively large coefficient (€) for the B-y direc- 
tional correlation, It is still difficult to draw the con- 
clusion which of these two effects is more important. 
This will be discussed in Secs. 3 and 4. Anyhow, the 
measurement of € gives us an important test for the 
reliability of the € approximation. 

A measurement of the 6-y circular polarization corre- 
lation (w) for the same decay gives a helpful datum, 
although it is again a correction to the first term in the 
€ expansion which has to be measured.’ In particular, 
the angular (or energy) dependence of the coefficient 
w is more sensitive in distinguishing these two effects 
than the 6-y directional correlation. In addition, meas- 


7T. Kotani and M. H. Ross, Progr. Theoret. Phys. (Kyoto) 
20, 643 (1958). 

’ Bincer, Church, and Weneser, Phys. Rev. Letters 1, 95 (1958); 
W. Biihring and J. Heintze, Phys. Rev. Letters 1, 176 (1958); 
Geiger, Ewan, Graham, and MacKenzie, Phys. Rev. 112, 1684 
(1958). 

*R. W. King and D. C. Peaslee, Phys. Rev. 94, 1284 (1954). 
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urement of the transverse polarization of the 6 ray is 
useful to get a clear-cut distinction, because the B,; 
term which is enhanced by the selection rule effect does 
not contribute to any transverse polarization of the B 
ray at all.? The Sb™ decay will be discussed in Sec. 3, 
as an example to show these characteristics explicitly. 
Since theoretical expressions are so complicated for 
determining the relative magnitudes among the nuclear 
matrix elements, the general energy and angular de- 
pendences of certain observables are given in the Appen- 
dix in convenient forms by assuming some approxima- 
tion. They are the energy spectrum, longitudinal 
polarization, and various 8-y correlations, with and 
without the measurement of B- and y-ray polarization. 


2. CANCELLATION AND SELECTION 
RULE EFFECTS 


We shall consider quantitatively how we can dis- 
tinguish various effects by which the £ approximation 
loses its validity. 

The rank of nuclear matrix elements (A) appearing 
in each 8 decay has to satisfy the following relation 


Jo—Ji| <A SK Toth, (1) 


where Jo and J; stand for the initial and final nuclear 
spins in the 8 decay. As is wellknown, the main con- 
tribution is given by nuclear matrix elements with 
three \’s, namely A=0, 1, and 2. They are as follows: 


qw=C4 fe fr 


fo=Ca | ine for A=0, 


nx= y for A=1, 


m=Cu f By for 


Here the so-called Konopinski-Uhlenbeck approxima- 
tion is used. (See Table II of reference 7.) The nuclear 
parameters, “, v, w, x, y, and z, are the ratios of the 
various matrix elements compared to a standard matrix 
element, 7, so that ||? can be taken out as a common 
factor in the transition probability. The magnitude of 
n|? is determined only from the ft value [see Eq. (22) ]. 
In the case where (Jo+J;) 2 2, it is convenient to take 
the B;; term as n, where 


In *=|C4 JB) (3) 
| 


The factor &’ appearing in the definitions of v and y, is 


A=2. 


introduced so that y and v are of order unity. Other 
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notation is standard.!:"” Here we assume only the com- 
bination of the V and A interactions and the two com- 
ponent theory of the neutrino (C4=C4’ and Cy=Cy’). 
Instead of the relativistic nuclear matrix elements, 
Jiys and fia, namely v and y, we shall introduce two 
combinations of nuclear parameters, 
V = t/0+ tw, for 
—r ‘ 
Y= y—é(u+-x), for 
All terms which include the factor & can be replaced by 
these combinations. Strictly, the parameters in the & 
expansion should be Y and V, instead of é. 
The £ approximation corresponds to the assumption 
that 


(4a) 
(4b) 


\=0, 
A=1. 


VI~/YV | (~8)>/|w|~]ul~ la] ~]2}. (5) 
The cancellation effect means, for example, that &’y in 
Y, Eq. (4b), is nearly equal to £(u+). Thus, this effect 
makes either V or Y (or both) be of order of the other 
nuclear parameters: That is, 
Vi or [¥[2lwl|~lul~ |x| ~ (2. (6) 
Let us consider the characteristics of two possibilities 
to account for the selection rule effect, by which the 
parameter z becomes the same order of, or larger than, 
V and Y. One of them is K forbiddenness introduced by 
Alaga, Alder, Bohr, and Mottelson," AK being the 
projection of the nuclear total angular momentum (J) 
on the nuclear axis of symmetry. Another is due to the 
configuration character of the Mayer-Jensen shell model. 
This was suggested by Morita and Yamada,” King 
and Peaslee,? and more recently Johnson and King." 
We shall call it ‘7 forbiddenness,” 7 being the total 
angular momentum of a nucleon in a shell. 
According to the Bohr-Mottelson model, we have one 
more selection rule for A, besides the total angular 
momentum selection rule, (1); namely, 


Ky— Ky =AK<\A\< Ky + Ki, (7) 


for a transition from a state with quantum number 
(Ko, Jo, mo) to another state with (Ay,J1,71), where 7 
stands for the parity. The regions established especially 
well for this nuclear model are 150<A<190 and 
A>225.""* The application of this forbiddenness is 
discussed by Alaga, for nuclei with A>150,!* and in 
general by Voikhanskii.'* There is no clear experimental 
evidence for the applicability of the Bohr-Mottelson 
model to the nuclei with A < 150, but some lighter nuclei 
may deform so that the A forbiddenness is applicable. 

10 T. D. Lee and C. N. Yang, Phys. Rev. 104, 254 (1956). 

1 Alaga, Alder, Bohr, and Mottelson, Kgl. Danske Videnskab. 
Selskab, Mat.-fys. Medd. 29, No. 9 (1955). 

12M. Morita and M. Yamada, Progr. Theoret. Phys. (Kyoto) 
10, 641 (1953), and 8, 449 (1952). 

18 C, E. Johnson and R. W. King (private communication). 

44 Alder, Bohr, Huus, Mottelson, and Winther, Revs. Modern 
Phys. 28, 432 (1956). 

18 G. Alaga, Phys. Rev. 100, 432 (1955). 

16M. E. Voikhanskii, J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 
1054 (1957) [translation: Soviet Phys. JETP 6, 812 (1958) ]. 
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We shall introduce the quantum number K for the 
Sb™ decay as an example. This transition is character- 
ized as from (3, 3, —) to (0, 2, +). The possible ’s are 
1 and 2. Thus, this transition is forbidden by the K 
selection rule, Eq. (7), i.e., K forbiddenness occurs.” 
The perturbation effects on the wave functions of 
deformed nuclei give K’= K +1 as the first order correc- 
tions to the original state with K."'5 It was suggested 
that the nuclear matrix element with A= 2, namely the 
B,; term, may have a contribution to the 3(8)2(y)0 
transition as a first approximation." The second and 
third order contributions, by the perturbation effect, 
are given by matrix elements with A=1 and A=0, 
respectively, if both of them are consistent with (1). 
Accordingly, we have relations like 


and (8) 


if there is no large cancellation in Y. Since Y includes 
the large numerical factor £, we cannot say which of z 
and Y is larger, unless the reduction factors due to the 
K forbiddenness and its perturbation are known. 
Anyhow, this type of forbiddenness could well explain 
the large ft value for the Sb” decay, log(ft)~ 10.5. 
The essential point of the j forbiddenness is the 
following: Consider the nuclei which are in the region 
of 50< Z,N < 82, Z and N being the numbers of protoris 
and neutrons. The Sb! nuclei belongs to this group. 
According to the Mayer-Jensen shell model, the 
nucleons outside of the major closed shell, Z= N=50, 
belong to the M12, £72, d5/2, d3y2, and s states. Among 
these states, only the first A11/2 state has an odd parity. 
Since we are considering a 6 decay with parity change, 
the number of nucleons which occupy the / state has 
to be changed by one unit during the 6 decay. Thus, the 
change of j is at least 2, Aj22, and the available 
nuclear matrix element with A=2 makes the main 
contribution.” In this 7 forbiddenness, we have the 


condition 


x|, |u|, and jw}. (9) 
We cannot say anything about the relative magnitudes 
of V, Y, and z. In this case, we need additional explana- 
tions for the relatively large ft value of the Sb’ 


17 Of course, the nuclear matrix elements with \>3 are com 
patible with the selection rule (7). For example, we have $;j,* for 
\=3.! The ratio of this term to the ordinary one is of order 
’p?(< 1/100). It seems that we need not take into account such a 
term to know the relative magnitudes of V, Y, x, u, w, and z in the 
first approximation unless the selection rule effect is so perfect 
that the reduction factor due to this is of order 1/100. The con 
tribution from the \=3 terms can be tested by measuring the 
cos@ term in the 8-y correlation, e.g., €, in (23). 

18C, Marty, Nuclear Phys. 1, 85 (1956). The author thanks 
Dr. J. Russell for calling his attention to this paper. 

19M. Morita and R. S. Morita, Phys. Rev. 109, 2048 (1958). 
Their notation A, X, and Y corresponds to w, V, and ¥ in this 
paper, respectively. 

%” The author wishes to express his sincere thanks to Dr. M 
Morita and Professor M. H. Ross for discussing this point. 
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decay.”"” It is worthwhile to note that the same argu- 
ment can be extended to the regions like 28< Z,N < 50 
and 82¢Z,N<126, but cannot be applied to nuceli 
where N and Z belong to different major shells, except 
for some lighter nuclei. 

Thus, in order to see the typical effects due to both 
selection rules, it may be convenient to examine the 
following special case suggested by Matumoto, Morita, 
and Yamada”; 


20, Y¥0,V+0, but x=u=w=0. (10) 


We shall call this the “modified B;; approximation.” 
The requirements for the application of this approxima- 
tion will be discussed in Sec. 4 for the special case, 
2-(B)2*(y)Or. 

It is clear that we have to know the relative order of 
magnitude of nuclear parameters to distinguish the 
cancellation effect from the selection rule effect, because 
the relation (6) due to the former effect differs from 
Eqs. (8), (9), and especially (10), due to the latter effect. 

It is also of interest to look for some 8 decay in which 
to compare K and j forbiddennesses. Aside from not 
helping to explain the large ft value for Sb, 7 forbid- 
denness requires that the protons and neutrons belong 
to the same major shell, while K forbiddenness does not. 
Let us consider some 6 decays which may have the same 
decay scheme, say 3-(8)2+(7)0*. Among them, the 
nuclei, Ga”(Z= 31 and N=41) and Sb'4(Z=51, N=73) 
satisfy such a requirement, but La! and Eu!®.!* do not. 
If the selection rule effect is confirmed for all these 
decays, it may support the validity of the K forbidden- 
ness. Besides the above difference, K forbiddenness 
suggests an inequality relation, | Y|> |V|, while 7 for- 
biddenness does not. Therefore, a study of 8 decay with 
Jo=Ji21 would distinguish them. Some quantitative 
characteristics of the 2-(8)2+(y)0* transitions will be 
discussed as examples in Sec. 4. 


3. THE 3(3)2(y)0 TRANSITIONS 


We shall show the general character of the various 
observable quantities for 8 decay with the decay scheme 
3(8)2(7)0, and discuss useful experiments to distinguish 
the cancellation and selection rule effects and also the 
two possibilities for the latter effect. The 8 decays with 
this decay scheme and the experimental results reported 
up to date are summarized in Table I. 

We shall use the Sb'* decay as an example to see the 
qualitative features. Unfortunately, the spin and parity 
of the ground state of Sb'‘ have not yet been measured. 
We shall assume a 3~ state. (The results based on the 
assumption of a 3* state or others will be discussed at 

*1 We may get such a ratio by assuming the seniority number 
as a good quantum number. For example, see C. Schwartz and 
A. de-Shalit, Phys. Rev. 94, 1257 (1954) and also Eqs. (19) to 
(22) of reference 22. 

® Matumoto, Morita, and Yamada, Bull. Kobayasi Inst. Phys. 
Research (in Japanese) 5, 210 (1955). Some of the results are 
described brietly in Sec. 4 of reference 19. Their s and r correspond 
to (—Y) and J, respectively. 
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the end of this section.) It is clear that the £ approxima- 
tion cannot be applied to this case, because of the 
nonallowed shape energy spectrum and of the relatively 
large B-y directional correlation coefficient. Thus, 
in the Konopinski-Uhlenbeck approximation, we should 
use 4 unknown parameters, say Y, x, u, and z (and 
V=w=0). 

We choose the following four sets of parameters as 
examples to explore the character of various effects: 


Set (I): Y=0, 

Set (II): ¥=0.27, 
Set (III): Y=1.8, 
Set (IV): : Yy=5,5, 


u=x=0; 
u=x=0; 
u=—0.1, x=0.75; 


u=—0.3, 


x=0.7. 
We have chosen z= 1 in accordance with (3). In set (I), 
we have only one nuclear matrix element, B;;, which is 
determined by the ft value. Since this set corresponds 
to the unique decay where there is no unknown param- 
eter, unique numerical values are given for every 
observable quantity. The experimental value of |e] is 
a little larger than the theoretical value given by set (1), 
as shown in Fig. 2. In consequence, Morita and Morita” 
proposed a modified set in which z=1, Y~(£/50) and 
u~x~ (1/50).** Our set (IL) corresponds most closely 
to their proposal. These two sets should be considered 
as examples of the selection rule effect, especially of the 
modified B;; approximation. As an example of the 
cancellation effect, set (IV) is chosen. The small 
Y-values in set (IV) is due to some cancellation among 
y, u, and x, while the small Y-value in sets (I) and (II) 
is given by the small values of y, u, and x themselves. 
Set (IIT) is chosen as an example intermediate between 
the two extreme cases (I) and (IV). For a set with 
negative Y, it is difficult to obtain any increasing shape 
correction factor, C’(W), and at the same time, a 
negative e. 

We shall now discuss various observables and show 
them numerically in five figures, which are calculated 
by assuming the Konopinski-Uhlenbeck approximation. 

The shape correction factor, C(W).—The typical energy 
dependence can be expressed as follows: 


C(W)=kC'(W), 
C’(W)=1+aW-+ (b/W)+cW?. 


(11) 
(12) 


The adjustable parameters, k, a, 6, and c, are certain 
combinations of various nuclear parameters, as given 
in (A3) to (A8) of the Appendix. They are independent 


% The 8-circularly polarization y coefficient, w, was measured 
by H. Appel and H. Schopper [Z. Physik 149, 103 (1957) ]. Their 
result is w=0.13+0.06 at 6=(150°-155°) in the Sb! decay. 
Assuming W=5, Morita and Morita! proposed the set (II) to 
explain this result and the experimental value of ¢«. According 
to a private communication from Schopper, however, the measure- 
ment was done at W =2. Since we do not know the details of the 
decay scheme of Sb!, these experimental data do not give useful 
information about the B-ray group with Wo=5.5. The author 
would like to express his thanks to Professor H. Schopper for this 
information. 
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TABLE I. Some examples of 8-decay from an odd-odd nucleus to an even-even nucleus. Parentheses stand for ambiguous values. 
A and N mean allowed- and nonallowed-shape energy spectra, respectively. The final column shows the energy at which the B-y correla- 
tion coefficient (e€) was measured. 


Element Decay scheme log (ft) Wo(mc?) Spectrum e(p?/W)- 


~ B<N,Z<50 
33As™4 (2) 2-0 a ’ 
33As76 2-2-0 28 as é +0.01 W =4.9> 
37RbD** 2-2-0 9e Ae N +0.11 W =1.61 


50<N,Z<82 
sib! 7.6° 3: Ae (+0.04) 
531 !%4 7.38 j 
531!26 7.9 : y +0.054 


6.9: ; —(0).018 
7.5! : d —(.012 
7.9" 

8.08 

7.1m 

7.5! 4 d +0.012 


9.08 
10.5" 
9.1° 
11.7? 
12.1P 


Nr —0.07 


wurbs 
s 


Na 
(A)P 


hd bd bY bO 


wus 
—¢ ? t 
co 3S 


Ams —().04 ’ = 2.08 
Nt +0.035 ’ = 2.0 


93 
8.0 


~ 
7 


69 1m! 70 


75Re}86 


ht bh 
NR bh 


oo 
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of the energy W in the Konopinski-Uhlenbeck — gives a simple result, 
24 Sapo : ee en (15) 
n the & approximation, 

According to the experimental results of Langer, 
Lazar, and Moffat,‘ the shape correction factor shown 
by a symbol, EXP, in Fig. 1 gives a better fit than the 
unique shape correction factor [corresponding to set 
(I) ]. Set (IV) reproduces this experimental result, but it 
will be shown that the 6-y correlation experiment re- 
quires a smaller Y. It is rather difficult to explain the 
C(W)= (1/12) [(Wo—-W)?+ip? experimental correction factor by assuming a smaller 

+k,[1+a,.W+(b/W)+c,W?]. (14) Y, as, for example, with set (III). The B-ray spectrum 
for Sb!*4 is measured only in the narrow region from the 
maximum energy (W =5.5) to W=4.2, where the 
second 8 spectrum starts. The second 6-ray transition 
also has a large ft value, and so its energy spectrum 


RO: C(W)=1. and. c=b=c=0. (13) 


If the cancellation effect plays an important role, as 
in set (IV), the parameters a, 6, and ¢ cannot be 
neglected. If the selection rule effect is essential, it is 
convenient to rewrite (12) as follows: 


The Ai here, and dA» in (18) below, contain Coulomb 
corrections of (aZW/p)? and are tabulated in Tables I 
and II of reference 2. In the Konopinski-Uhlenbeck 
approximation, A;=1. The adjustable parameters k,, 
d,, and c, are independent of W to order (a@Zp). In an 
extreme case like set (I), i.e., in the unique transition, 
k,=0. The modified B,; approximation like set (II) 4 Langer, Lazar, and Mofiat, Phys. Rev. 91, 338 (1953). 


perhaps has some deviation from the allowed shape. 
In addition, we should treat the maximum energy Wy 
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as an adjustable parameter. From these considerations, 
we may say that the present experimental result is not 
inconsistent with the C’(W) given by the other sets. 
[See Fig. 6 of reference 24. | 

The B-y directional correlation (e). 
has the form 


The distribution 


N(W,A) (16) 


1+ €(3 cos*é— ), 
where @ is the angle between 8 and y, and 


e= (p?/W)(R3+eW)(C'(W) J. (17) 


In the Konopinski-Uhlenbeck approximation, both Rs 
and e¢ are independent of W’, and are defined in (A16) 
and (A17), respectively. The use of C’(W), Eq. (12), 
makes the definition of « more convenient than C(W), 
because the parameter k cannot be determined from 
the energy spectrum alone, except for the case where 
the modified B;; approximation is accepted. In the 


» 


latter case," 

c= (p/W)[Rs+eW JLk/C(W)], - 
oe (18b) 
ek= — (X/42), 


k= Y2+ (We?—A)/12, 


—\»(V/7), 
(18c) 
(18d) 


where A; and C(W) are defined in (14) and (15). 

Since the parameters R; and e are given, respectively, 
by the ratios of the second and third terms to the first 
term (essentially &) in the expansion, the experimental 
values of R; and e give an important measure of 
reliability of this expansion. For this purpose, it is 
better to know the energy dependence of e(~?/W), 
instead of ¢€ itself or of a(W)=N(W,r)— (W,r/2). 

At present, we have two different experimental 
results, as shown in Fig. 2.”°.6 Morita and Yamada find 
that the modified B;; approximation may be applicable.” 
We see this situation in Fig. 2. The general tendency 

26 1). T. Stevenson and M. Deutsch, Phys. Rev. 83, 1202 (1951). 

26 FE. K. Darby and W. Opechowski, Phys. Rev. 83, 676 (1951) ; 
Kloepper, Lennox, and Wiedenbeck, Phys. Rev. 88, 695 (1952). 
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is that, as |V'| decreases, |€) increases. In the extreme 
case like set (I), say Y=x=u=0, |e! is somewhat 
smaller than its maximum value. Thus, we shall find, 
in general, two sets of parameters with different Y 
values, like sets (II) and (III). We cannot choose a 
single set of parameters from the data on the energy 
spectrum and the §-y correlation, unless the applica- 
bility of the modified B;; approximation is confirmed. 
We need get some information from other observables. 

The B-circularly polarized y correlation (w).—The 
value of w is a constant, —4, in the £ approximation 
which corresponds to Y= + ~, as shown in Fig. 3. Then, 
w| increases with decreasing Y. At some Y value, |w 
begins to decrease and finally reaches the value given 
by the set (I) with Y=0, which has a positive sign for 
large angles, 6, between B and y. This coefficient w 
depends strongly on the angle (Fig. 3) and somewhat 
on the B-ray energy W (Fig. 4). Useful experimental 
data on w for the purposes of this section have not yet 
been reported.” 
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The polarization measurement of the 8B ray.—A simple 
Y dependence is expected to appear in the measurement 
of the transverse polarization (P7) of the B ray, because 
the B;; term makes no contribution, as mentioned in 
the introduction. The transverse 6 polarization in the 
plane of the 6 and y rays (P7,)) is shown in Fig. 5. The 
longitudinal polarization (P,), with or without coin- 
cidence with the y ray, deviates little from (— p/W) for 
any of these sets, because of the small 6 (and R3) and 
the factor W—. 

The ft value.—We are also interested in knowing the 
absolute magnitude of the standard nuclear matrix 
element, /B;;, in this case. Since the energy spectrum 
is not an allowed shape, we need modify the usual 
definition of (ft), which Moszkowski introduced for the 
8 decay with allowed shape.”’ Let us define the following 
notation: 

W 


fc(Z) f dWE (ZW) pW (Wo—-WYC(W). (19) 
1 


27S. A. Moszkowski, Phys. Rev. 82, 35 (1951). 
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In Moszkowski’s definition, the shape correction factor 
C(W), (11), is assumed to be unity, giving fo(Z). The 
corrected ft value is given by 

log( fet) =log(ft)+logl fe(Z)/ fo(Z) ]. (20) 
Here log( ft) is the experimental value in Moszkowski’s 
definition, as normally given in the literature. For Sb!™, 
the log(ft) is about 10.5.4 The correction factor is 
calculated for each set by assuming Z=0 and Wo=5.5: 
(I) (i) (HD 
0.09 0.12 0.54 


Set 
logl fe (0)/ fo(0)] 


(IV) 


a7. (24) 
Thus, the corrected value, log(fct), is about 10.6 or 
more, 

The (fet) value is related to the standard nuclear 
matrix element, |7 ”, as follows: 


9 


(fet) = In2/|n 


Fic. 3. The 6-cir 
cularly polarized ¥ 
correlation coeffi 
cient, w, as a func- 
tion of cos@, the angle 
between the 8 and 4 
rays. w is symmet 
ric with regard to + 3 


- oe 
6=90°, and is calcu (¥eO.27) ~~ 


lated at W=5. 
—=—— 





___€-app.(¥=@) 


(¥*5.5) 
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On the other hand, in the unique forbidden transition, 
the experimental result is’? 


log( fit)~ (8—9). 


Here /; stand for the special case of fe with k,=0 in 
(14). The absolute value of n(=!C4fB;;|) in the Sb"* 
decay is smaller (by about 10~') than that in the usual 
unique first forbidden transition. 

We can conclude that the measurements of the 
transverse polarization of the 8 ray and the 6-circularly 
polarized y correlation are necessary to determine a 
set of nuclear parameters, Y, u, x, and z. However, 
within the present limitations of the data, we may say 
that all nuclear matrix elements appearing in the Sb”! 
decay should be small, because of the extremely large 
(fct) value. We must consider ways of accounting for 


28 J. P. Davidson, Phys. Rev. 82, 48 (1951). 
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this. The A forbiddenness seems to be preferable for 
this point. However, it should be noted that the relative 
magnitude of B,;; terms in the nonunique and unique 
transitions depends sensitively on the nuclear structure, 
and the B,; term in Sb"! may be abnormally small for 
some special reason, so that all present data discussed 
here are consistent with the j forbiddenness or even 
set (IIL) which may represent the cancellation effect. 
We also find another interesting result. From Fig. 1, 
a unique shape spectrum given by set (I) can be ob- 
tained even in this nonunique transition, e.g., set (IIT). 
Even set (IV) with the relatively large VY value, V~ (46), 
can give a similar correction factor by changing the 
values of w and x. Thus, the unique shape correction 
factor, by itself, does not necessarily indicate a unique 


Pa 
0.01 


-0.02} _ 


Fic. 5. The B-y -0,.04 
correlation with the 
transverse polariza 
tion of the 8 ray in 
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forbidden transition. An example of this is Eu.” It is 
necessary to have additional evidence such as B-y 
correlation data to decide whether a B decay is a unique 
forbidden transition. 

The Eu!” decay has the following aspects: (a) a 
unique shape energy spectrum,’ and (b) a large ft 
value, log( ft)=12.3. The spin of the ground state of 
Eu!” has recently been measured to be Jo=3,” and its 
decay scheme be 3~(8)2+(y)0*. A similar situation may 
occur in the Eu! decay. 

Both Eu nuclei lie just at the edge of the region where 
the Bohr-Mottelson collective model is well confirmed 
and K forbiddenness seems to be applicable. It is a little 
surprising that the log( ft) values for all inner B-ray 
groups of both Eu nuclei are larger than 9.*" We may 
understand this fact by assuming the perturbation 
effect for the K forbiddenness. Therefore, quantitative 
results for each observable should be characterized by 
the modified B;; approximation with V =0, e.g., set (IL). 

Since the parities of the ground states of Eu'® and 
Eu! are unknown, there is room to assume the decay 
scheme 3+(8)2+(7)0*. If this is so, the decay is essen- 
tially an allowed transition with AJ=1 and no parity 
change. It is then quite difficult to understand the 
large (ft) value. Even if the K forbiddenness is applied 
to reduce the matrix element with A\=1, this reduction 
factor has to be of order 10~* which seems to be un- 
realistic. However, we should consider some experiment 


by which this possibility can be excluded. If such a 
large reduction factor is given, we have a competition 


between nuclear matrix elements with A=1 and 3, 
which are of the same order of magnitude. The latter 
gives a unique second forbidden transition. The 6-y 
directional correlation is expressed in the following form, 


N(W,6) = 14+ €2.P2(cosé)+ €,P4(cos). (23) 
Here both e’s are equal to zero for \=1 and are known 
energy-dependent coefficients for \=3," and P; is a 
Legendre polynomial. Thus, the 6-y correlation for the 
3+(B)2+(y)O* transition is different from that for 
3-(B)2+(y)0*, because the ratio of €4 to € is of order 
unity for the former case, but it is fairly small for the 
latter case. The argument mentioned here can be 
extended to the Ga”, Sb!4, and La™ decays. Direct spin 
measurements of the ground states of Sb! and Lal 
have not yet been made. However, the decay schemes 
4+(8)2+(7)0* seem to be unfavorable for the Sb’! decay 
because of the characteristics of the B-y correlation, as 


* Bhattacherjee, Nainan, Raman, and Salai, Nuovo cimento 7, 
501 (1958). 

® Abraham, Kedzie, and Jeffries, Phys. Rev. 108, 58 (1957); 
Manenkov, Prokhorov, Trukhliaev, and Iakovlov, Doklady Akad. 
Nauk. S. S. S. R. 112, 623 (1957) [translation: Soviet Phys. 
“Doklady” 2, 64 (1957) ]. 

31 Cork, Brice, Helmer, and Sarason, Phys. Rev. 107, 1621 
(1957); J. O. Juliano and F. S. Stephens, Jr., Phys. Rev. 108, 341 
(1957); G. D. Hickman and M. L. Wiedenbeck, Phys. Rev. 111, 
539 (1958). 

%M. Morita, Progr. Theoret. Phys. (Kyoto) 14, 27 (1955). 
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discussed by Morita and Yamada.” Concerning the 
La! decay, we do not yet have any useful data.* 

The La" decay is important to distinguish K and 7 
forbiddennesses, as mentioned in the previous section, 
if the ground state is a 3~ state. But it is worthwhile to 
note that the number either of protons or neutrons in 
Ga™, Sb‘, and La™ differs only by unity from a closed 
shell, so that, if the selection rule effect occurs here, it 
may be due to some mechanism other than 7 or K 
forbiddenness. 

4. THE 2($)2(y)0 TRANSITIONS 

Many §-decays with this decay scheme are known. 
Some of them are listed in Table I. These 8 decays have 
six unknown nuclear matrix elements, as shown in (2). 

Let us consider the results expected from the selection 
rule effect. If the selection rule is perfect, i.e., if only 
the B,; term has a contribution, the energy spectrum 
should have a unique shape, and the 8-y directional 
correlation should be negative: 


e= — (3/28)dip?/[(Wo—W)?+Aip? J. 


The experimental data show, as summarized in Table 
II, that the deviation from the allowed shape is not 
large and many of these 6 decays have positive e’s. 
Thus, we should take into account the contribution 
from the other nuclear matrix elements. If there is 
about 10% correction due to the mixture of other 
states, the contributions from the V and Y terms can 
be the same order of, or larger than, that from the B,; 
term, because of the large Coulomb energy factor & in 
V and Y. King and Peaslee® conclude from their analysis 
of the log( ft) values for these 2~(8)2* transitions that 
the deviation from j forbiddenness is about 30% and 
that most of these transitions have a nearly-allowed- 
shape energy spectrum as a result of this correction. As 
stated in Sec. 2, K forbiddenness requires |V| <|Y], 
while 7 forbiddenness does not. It is of interest to know 
the relative magnitudes of V and Y. 

We shall first examine the general behavior given by 
the modified B;; approximation (10). This approxima- 
tion has to satisfy at least the following requirements: 

(I) |V| and | Y| <&(~10). 

(II) If there is any deviation from the allowed shape 
energy spectrum, the minimum value for the shape 
correction factor is given by a condition 


W=iWo, 


in the case of low-Z nuclei. This is seen easily from the 
shape correction factor in this approximation, 


C(W) = (1/12) [(We—d1)—2WoW 
+ (1+) W2]4+V2+ V2. 


33 Bolotin, Pruett, Roggenkamp, and Wilkinson, Phys. Rev. 99, 
62 (1955); F. Ajzenberg-Selove, Nuovo cimento 4, 2 (1956). The 
author would like to express his thanks to Professor R. G. Wilkin- 
son for this information. Note added in proof.—The energy spec- 
trum and #-y correlation for the La!° decay have been measured 
by the Indiana group. The results are consistent with the decay 
scheme, 47 (8)2*(y)0* for La™, 


(24) 


(25) 


(26) 
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The Coulomb correction factor \; is nearly equal to 
unity for the low-Z nuclei. (See Table I of reference 2.) 

(III) The B-y directional correlation coefficient « 
(18a) should have a negative e. This is because R3 and e 
are defined by 


R3k=dLY— (8 3) PV | 1/56)}, 
ek= — (X1/112) <0, 
k=V?+ Y?+ (1/12)(We—A1) 21. 


Furthermore, the 8-circularly polarized y correlation 
coefficient has the following character: 

(IV) The coefficient w, in general, has a fairly large 
energy dependence, if | V| >| V| and ¥ is of order unity. 
The angular dependence of w is not so large, in contrast 
with the decay 3-(8)2*(7)0*, i.e., Fig. 3, unless Wo is 
so high that the term with a coefficient p? becomes im- 
portant. This is also seen from the expression for a, 
itself, whichis givenin (A18) to (A24) in the Appendix." 

The longitudinal polarization (Pz) is (—p/W) in 
this approximation, but this measurement in coincidence 
with the y ray (P17) or the transverse polarization (Pr) 
will supply a check for the experimental value of Rs 
in (27a). 

We can see that even in the modified B;; approxima- 
tion which has only two unknown parameters it is, in 
principle, impossible to obtain one definite solution for 
V and Y from the measurements of both the energy 
spectrum and the 6-y correlation coefficient. The spec- 
trum measurement gives us a limit for the value of 
(V?+ Y?), namely the value of & in (27c). The parameter 
e in (27b) is used only as a test for this value of k. The 
experimental values of k and R; give at least two com- 
binations of different V and Y values, because V and Y 
appear quadratically. Thus, it should be emphasized 
that the measurement of w is generally important to 
distinguish K and 7 forbiddenness. 

Now let us choose the Rb** decay as an example. 
The energy spectrum is probably a nonallowed shape 
in this decay* and e(p?/W)~ is the largest among the 
8 decays listed in Table I. Stevenson and Deutsch” 
report a relatively large R3(~0.1), but the sign of e is 
not definite, because of the large experimental un- 
certainty at the low 6-ray energy. Matumoto, Morita, 
and Yamada” analyzed the latter result by using the 
modified B;; approximation. Since the deviation from 
the allowed shape spectrum had not been measured, 
they used the braching ratio of the transition 2~(8)0* to 
2-(B)2*+(y)0* for the same nuclei to find the value of 
(V?+Y?). They conclude that this approximation may 
be consistent with the present data to some degree 
by using only the solutions like | V| >| Y|, for example, 
a solution with V=—1.30 and Y=—0.33 (call this 
solution I), It is clear from the general discussion 
mentioned above that we should have a different kind 
of solution; for example, a combination of V= —0.3 and 


4 R.L. Robinson and L. M. Langer, Phys. Rev. 112, 481 (1958). 
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Y=1.3 (Solution II) gives the nearly same values for 
R;, e, and k. The data are also analyzed by Macq and 
Hemptinne.* Their theoretical analysis did not include 
V (in our notation), but take into account u, w, and x. 
It seems to indicate | ¥| <1. Anyhow, besides the un- 
certainty in the low-energy part, the lower experimental 
values of e for high-energy @ rays are inconsistent with 
this approximation, because these values require k<}. 

In order to distinguish two different kinds of solutions 
for V and Y, the energy dependence of w should be 
known. For example, we find the following w’s for two 
solutions at = 148°: 


At W=2.2 
—0.05; 
—0,13. 


At W=1.2 
w= —0,09, 
w= +0.08, 


Solution I 
Solution I] 


(28) 


A measurement of w has been made by Boehm.** He 
finds w=0.08+0.09 at @= 148° and analyzes it by using 
the — approximation, which is inapplicable because of 
the large value of e(p’?/W)~. If there is no energy de- 
pendence at all, the B;; approximation will fail, because 
it requires that w has some energy dependence, as shown 
in (28). 

On the other hand, Robinson and Langer* find only 
a small deviation from the allowed-shape energy 
spectrum, and the minimum value of C(W) at about 
W = (3/4)Wo, in contrast to (25). This fact may require 
inclusion of some contributions from the other param- 
eters (x, u, and w) neglected here, e.g., the failure of 
the modified B;; approximation. Thus, the selection 
rule effect may not give a large reduction factor for all 
nuclear matrix elements in the decay of Rb**®. It is clear 
that the present data are not sufficient for determining 
the relative magnitudes of five parameters. 

All other 8 decays have similar uncertainty to some 
degree. We shall not discuss them here. 

It is of interest of consider a decay which does 
not satisfy the condition of either 82> N,Z2>50 or 
502 N,Z2 28. If the necessity for the selection rule 
effect, especially the validity of the modified B;; approxi- 
mation, is proved in this decay, 7 forbiddenness cannot 
explain it while K forbiddenness may explain it. Some 
of such examples are Rb*’, Y”, and Pr'. Especially, 
we may expect a relatively large ¢ for Y”, because of its 
large maximum energy. The Cl** and K® decays also 
do not satisfy these conditions, but they may still be 
explained by the 7 forbiddenness because these 6 decays 
seem to be a transition from a neutron in the configura- 
tion f7/2 state to a proton in d3,o, The Au" decay shows 
an allowed shape spectrum and a small value of 
e(p?/W)-, which are consistent with the £ approxima- 
tion.*”:56 Thus we may be able to conclude that K for- 

® PC. 
(19560). 

36 F. Boehm, Z. Physik 152, 384 (1958). 

37R, M. Steffen, Proceedings of the Rehovoth Conference on 


Nuclear Structure, Israel, September, 1957 (Interscience Publishers, 
Inc., New York, 1958), p. 419. 


Macq and M. de Hemptinne, Nuclear Phys. 2, 160 
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biddenness does not apply here.** This is not necessarily 
surprising, because this nucleus is not in the well- 
established range of the Bohr-Mottelson model.!! "4 


5. DISCUSSION 


It is concluded from the previous discussion that the 
present data are not sufficient to decide which of the 
forbiddennesses is preferable for the selection rule 
effect. There may be even a chance of explaining some 
of them by the cancellation effect. More accurate data 
for various observables in the same 8 decay will be 
necessary to discuss the relative magnitudes of different 
nuclear matrix elements and to consider the connec- 
tion of the B-decay process with the nuclear model. 
We discussed two typical cases, 3-(8)2*+(y)O* and 
2-(8)2*(y)0*, which may show the existence of the 
selection rule effect. There are several other 6 decays 
with large (ft) values, followed by y rays. Some of them 
indicate the cancellation effect to some degree, Cz. 
Tm!”, Re!®, and Ag". 

The Tm!” decay has log( /t)=9.3* or 9.1” and the 
decay scheme 1~(8)2*+(y)O*. An allowed-shape energy 
spectrum” and complete longitudinal polarization™ 
are observed, both of which are consistent with the & 
approximation. In order to explain the relatively large 
(ft) value, the contribution from the B;; term must be 
small and the absolute value of Y is less than & The 
experimental result for e(p?/W)~ is about (—0.04) at 
W=2.".8 This value may not be small enough to 
conform with the value given in the & approximation, 
namely, 


e( p?/W)=[—2x+u+ (3/2)!2 ](6V)~ + (6§)—. (29) 
In fact, the value Y ~ }£ is chosen to explain the data." 
This means that the approximation may not be accu- 
rate in this case. In any case, this transition is allowed 
by K forbiddenness (7).*° The relatively large e(p?/ W)7 
may arise from the cancellation effect. If this is the 
case, another test should be made, e.g., the observation 
of an angle- (or energy)-dependent deviation from the 
constant, 

w=3, (30) 


which follows from the € approximation for the 6-cir- 
cularly polarized y correlation. 


38The ground state to ground state transition in the Au! 
decay is a unique 8 decay with a relatively large (/t) value, log (/t) 
= 11.8. Therefore, the B;; term is different from the usual one. 

*® Graham, Wolfson, and Bell, Can. J. Phys. 30, 459 (1952). 

” Pohm, Lewis, Talboy, and Jensen, Phys. Rev. 95, 1523 (1954). 

" Bertolini, Lazzarini, and Bettoni, Nuovo cimento 6, 1107 
(1957). 

“ F. Boehm and A. H. Wapstra, Phys. Rev. 109, 456 (1958) ; 
H. de Waard and O. J. Poppema, Physica 23, 597 (1957). 

 T. B. Novey, Phys. Rev. 78, 66 (1950); H. Rose, Phil. Mag. 
43, 1146 (1952). 

“ Fujita, Morita, and Yamada, Progr. Theoret. Phys. (Kyoto) 
11, 219 (1954). 

*° It was pointed out" that, if log(/t)=9.3 for the 1~(8)2*(7)0* 
decay, and log(/t)=9.0 for the 1~(8)0* decay of Tm!”, the ratio 
of the two (ft) values is understandable in terms of the Bohr 
Mottelson model, which predicts 2 for that ratio. 
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The Re'*’ decay has the same decay scheme, 
1~(8)2*(y)Ot. It was confirmed that the energy spec- 
trum has a nonallowed shape and ¢(p?/W)~' is about 
0.035 at W=2.** It is of interest to compare these two 
decays, Tm'”° and Re'*®, because the sign of ¢ is different. 
For this comparison, it is preferable to know both the 
deviation from w= 4 and the sign of the transverse 
polarization (P7). 

There is another example known to date, which can 
not be explained by the selection rule effect, either K 
or j forbiddenness. Robinson and Langer have found a 
nonallowed shape energy spectrum for the Ag" decay 
with the decay scheme 3~(8)3+(7)3* and log( ft) =7.3.4 
This deviation probably has to be explained by the 
cancellation effect. Thus, we can expect some energy 
dependences for both ¢(p?/W)! and w, which are 
different from the following values given by the & 
approximation: 


W)=[2x—u— (0.9)'s JA, /6Y, 


constant, 


e( Pp’, 
(31) 
and 

w= (5/6)A.=constant. (32) 
Here the A, are constants defined in Table II. It is of 
interest to compare the results in Ag! with those in 
other decays with the same decay scheme as Ag. €.g., 
a. 

In this paper we omitted consideration, for example, 
of the angular distribution from oriented nuclei and the 
measurement of nuclear recoil.!*7~* The competition of 
8+ decay with the electron capture process may give 
some other information about the relative order of 
magnitudes of nuclear parameters.” 
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APPENDIX 


We shall exhibit the general energy and angular 
dependences in convenient form for various observable 
quantities in the B~ decay, because all these theoretical 
expressions are given more or less in the complicated 
form for the practical purposes. In order to get the first 
approximation for the relative magnitudes of nuclear 
matrix elements involved in a 8 decay, the following 


46 Porter, Freedman, Novey, and Wagner, Phys. Rev. 103, 921 
and 942 (1956). 

47 A. Z. Dolginov, Nuclear Phys. 5, 512 (1957); A. Z. Dolginov 
and N. P. Popov, Nuclear Phys. 7, 591 (1958). 

48 A. M. Bincer, Phys. Rev. 112, 244 (1958); see footnote 1 of 
that paper for other references. 

#C.C. Bouchiat, Phys. Rev. 112, 877 (1958). 


® H. Brysk and M. E. 
(1958). 


Rose, Revs. Modern Phys. 30, 1169 
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approximations are used. We shall omit the (aZp) term 
(the fourth order term) in the £ expansion, the finite 
nuclear size correction due to the extended nuclear 
charge distribution, and the so-called third forbidden 
effect, ie., we make the so-called Konopinski-Uhlenbeck 
approximation.! The terms omitted here do not in- 
troduce any new type of energy dependence, except 
the fourth order term which gives an additional term 
with one higher power of W but has a fairly small 
numerical coefficient like (aZp). The error due to these 
omissions is of order (a@Z)* to the order of magnitude 
of the ordinary nuclear parameters, u, w, and x.” The 
term appearing in the new theory of Gell-Mann has the 
same order of magnitude as those neglected here.*! 
The Coulomb correction factors (A;) appearing in the 
B-y correlation have to be replaced by unity to be 
consistent in the Konopinski-Uhlenbeck approximation, 
because the second term of the )’s is of order (aZW/p)?: 


A= 1. (Al) 


However, in the modified B;; approximation, the nuclear 
finite size effect can be included, because this effect is 
quite small for the parameter z (see the footnote 17 of 
reference 2) and, for V and Y, can be absorbed by 
changing their definitions [see the definitions (3.10) 
and (3.11) of reference 7 |. All other terms neglected in 
the Konopinski-Uhlenbeck approximation are omitted 
automatically in the modified 5B;; approximation. In 
this approximation, it is consistent to keep the Coulomb 
correction factors (A,;). Therefore, this factor will be 
shown explicitly in the following expressions. 

Furthermore, we shall assume only the combination 
of V and A interactions, the invariance of this combina- 
tion under the time-reversal operation, and the two- 
component theory of the neutrino (Cy=Cy’ and 
Ca=Ca’). The decay scheme is Jo(B)Ji(y)Jo. The 
nuclear parameters are defined in Eqs. (2) and (4). The 
corresponding expressions for 8* decay are obtained by 
using the transformation: (Z,P1,P,,P7\\,P17,Ca,Cv) 
— (—Z, —P1, —P,, —Pr, —P1, +Ca, —Cr). 

In the B-y correlation, we shall have the coefficient 
defined by 


Gyn (n) = (—1)4-F OW (TJ AN’; nJ 9) (21 +1)! 
X21. (—- DF, (LL’I 21) 
X51*81,/D116,|2], (A2a) 
where 
F, (LL'J.J 1) = (—1)7'1 721 
XK (271: 4+1)!(2L4+1):(2L’+1)! 


XC(LL'n;3 1-1)W (JJ iLL’; nJ2).  (A2b) 


Here W and C are the Racah and Clebsch-Gordan 
coefficients, respectively. The 6,’s are reduced matrix 
elements for the 2’-pole y-ray emission.” (If the electro- 


51M. Gell-Mann, Phys. Rev. 111, 362 (1958). 
52 See a note added in proof of reference 2. 
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TABLE IT. The numerical value of coefficient G,,’(n), (A2), for a 
decay scheme, Jo(8)J:(y)J2. The A; are functions of 5, the ratio of 
the matrix element for the electric quadrupole transition to that 
for the magnetic dipole transition*: A,;= (1+2v36—8&)Ao", A; 
=[6— (6/v3) JAo?, A2=[1+ (2V3/5)5+ (3/5)8? Jao, Ao= (1+8). 


Decay 
scheme 


Go2(2) 0 

Gi, (2) 4(1/6)3 
Gi2(2) —43(1/6)4 
Gyo(2) —4$(1/14)4 
Go (1) 0 

Gi (1) — (1/8) 
Gis(1) ——-(1/40)4 
Go2(1) (5/72) 
G42(3) — (4/15)4 
G22(3) 0 


1 3 3} 
22°32 


— (1/14)3 0 0 

(1/7) (1/6) —43(1/6) A, 
yy 4(1/10)4A, 

(7/200)4A, 
0 


—4}(1/6)4 

—$(1/14)4 (1/ 
3(1/14)! 

— (1/6)4 

— (1/72) 
4(7/30)4 (1/15)4 
(1/40) 0 
(4/35) —(2/245)4 
(32/245) —(5/98)4 


— (25/72)4A, 
(2/48)4A2 
3(1/40)*A2 
(2v3/5)As 
(24/125)4A; 


® See reference 52. 


magnetic interaction is invariant with respect to time 
reversal, 6,6,/* is real.) The numerical values of Gy, (1) 
for four decay schemes are given in Table IT. 

(1) The shape correction factor)? 
C(W)=kC'(W), 
C’(W) =1+aW+ (6/W)+cW?. 


k=[CP?+ (w/3)? J+ Le2+ (Wo?/18) (2x+ 1)? 
— (1/18) (2x°+ 7?) +20 (Wer—dA;)/12], 

fo= V+w(W/3), 

61= ¥+(u—2) (Wo/3), 

ak=— (4/3)uY— (1/9) Wo (4x2°+5u2) +322], (A6) 

‘3)[—weot (ut+x)or], 

ck= (1/9) (4x°+5u0?) + (1 +A))2?/12. 


bk= (2 (A7) 


(A8) 


Here the parameter & represents essentially the con- 
tribution from the first term (£) in the & expansion, 
aand 6 are from the second term (£), and c is of order £°. 
It should be noted that, in the modified B;; approxima- 
tion (10), & is a measurable quantity in principle, as 
shown in (14) and (15), while in the general nonunique 
transition k cannot be determined by observing only 
the shape of the energy spectrum. The Coulomb correc- 
tion factor, A;, is tabulated in Table II of reference 2. 
(2) The integral fc(0). 


fe(O) = (k/60){ (We 1)}(2Wot fi—9W 2 fo— 8 fs) 


+ (Wo/4) fa In[Wot+(Wo—1)*}}, (9) 


fi=1+3Woat (We—5/4)(2c/7), A10) 
fo=1+ (2W0/9)a— (5W/9)b+ (13/43)c, All) 
fs=1—(49W 0/32)a— (65W 0/16)b+ (4/7)c, A12) 
fs=1—2Wo(b+a/4)+3c— (2b+4)/4W 5. Al3) 


We can get f,(0), by putting k= f;=1. 
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(3) The longitudinal polarization, P,.*.7.*7 


Pi=(—p/W){14+[- (6/W)+d].C'(W) BP}, 


(A14) 


where 6 and C’(W) are defined in (A7) and (12), re- 
spectively, and 


dk= (2/9)[ —w*+ (u?— x?) ]. (A15) 


The parameter d is independent of energy to the order 
(aZp). In the modified B;; approximation, b=d=0. In 
general, the deviation from (— ~/W) cannot be large, 
except a few cases like RaE. We shall, therefore, use 
this measurement to check the reliability of the value 
of 6 determined from the energy shape, C’(W). 

(4) The B-y directional correlation coefficient, «. 


e= (p?/W)(Rs+eW)(C'(W) F, 


55,7,56 
(17) 

where 

R;k= do(2, 3)4[Goo(2 2fo—Gyi(2)(2x—u) fs | 


—)G12(2) 264, (A16) 


ek= (1/6)'G,;(2)(2x+7u) (2x— 1) 
+Gy2(2)(Su—2x) (2/6) 
—)1Goo(2)(1/12)(7/2)'2?. (A117) 

The Coulomb correction factor A» has been tabulated in 
Table III of reference 2. 

(5) The B-circularly polarized y correlation coefficient, 
w.**19.7__We define the y-ray polarization analogously 
to the longitudinal polarization of the 8 ray’: 


P,=w(p/W) cosé. (A18) 

The polarization as a function of W and @ is 
w=[Rit+gW+hW?+1p?(§ cos*®— 3) (CN)7, 

CN=C’'(W)[1+ «(3 cos*@—}) ], 


R ik 


(A19) 
(A20) 
Gol 1 [Wort 2¢w |— V2G,,( 1 ) 

X [tP?— (Wo/6)?(2x+-)?— (u/2)? | 
+2(5/3)'§Gi2(1)[ (2x+u)W ?— 3 (4x4 3u) |s 
+ (1/24) (2/5)'Go2(1) (SW 3d1)2, 


(A21) 


83 Alder, Stech, and Winther, Phys. Rev. 107, 728 (1957); the 
notation A in this reference is written as w in the present paper. 

 Berestetsky, Ioffe, Rudik, and Ter-Martirosyan, Phys. Rev. 
111, 522 (1958). 

55H. Frauenfelder, in Beta- and Gamma-Ray Spectroscopy, 
edited by Kai Siegbahn (Interscience Publishers, Inc., New York, 
1955), p. 570. The older references are given in this paper and 
footnotes 10 to 12 of reference 25. Also see A. Z. Dolginov and 
I. N. Toptigin, Nuclear Phys. 2, 147 (1956). 

56 R. Curtis and R. Lewis, Phys. Rev. 107, 543 (1957) ; I. Iben, 
Phys. Rev. 112, 1240 (1958). 


TSUNEYUK 


I KOTANI 

gk= — (2 '3)Gor( 1) (2x-+)fo+ (v2, 3)Giu(1 ) 
X((Su—2x) ¥—3W ou(x—4}u) | 
— (5/3)'Gio(1) AsV 4+3W o(x4+ 2u) ]z 
— (1/6) (5/2)'Goo(1) W 2, 

hk = 4N2G11(1)u(x—u)+ (4/15)'Gi2(1) (w+ 2u)z 

+ (10)#(1/24) (1+ 3d1)Goo(1)2?, 
Ik= — (1/10)![G12(3) (2x—u)s+3AiG22(3)2? J. 


(A22) 


(A23) 
(A24) 


The parameters h and / are given by the third term in 
the & expansion. Therefore, the anisotropy is not large 
unless the failure of the approximation is important. 
The Coulomb correction factor dg is 


Ag= A), }[cos (02-61) + (aZ)*y V(yo+2y1)7) 


Xsin(@2.—61) |, (A235) 


where the notation is defined in Eqs. (14) to (16) of 
reference 2. The main character of \,4 is similar to A» 
for the low-Z nuclei, except for very low-energy 8 rays. 

(6) The longitudinally polarized B-y correlation, P 7.’— 


Piy=(—p/W){1+[- (6/W)+d] 


+[(Rs/W)+n](3 cos@—3)}(CN), (A26) 


where 6 and CN are defined in (A7) and (A20), re- 
spectively, and 


R;k= (AgW?— op”) Rsk, (A27) 


nk= — (2/27)'[Go2(2)ws+Gir(2) (2x—u) (x—u) | 


— 4$G12(2) (x—u)z. 


(A28) 


(7) The transversely polarized B-y correlation Pr.5®.'— 
The transverse 8 polarization in or to the plane of the 
8 and ¥ rays is expressed as follows’ :. 


Py, =sin6 cos6(p/W) (—3/2) 


XERetnW ](CN)-, (A29) 


Pry=aZ sind cos6( p, W) (9/8) 


XERstnW ](CN)“, (A30) 


where 
Re= (A6/A2)R3, (A31) 
R= (As, Ao) R3. (A32) 


Here R3, n, and CN are defined in (A16), (A28), and 
(A20), respectively. The Coulomb correction factors 
Ae and As are defined in (23) and (24) of reference 2. 
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Si**(d,a)Al’® Reaction* 


CorNELIus P. BROWNET 
Physics Department and Laboratory for Nuclear Science, Massachusetts Institute of Technology, Cambridge, Massachusetts 
(Received October 31, 1958) 


Earlier work on the Si**(d,a)Al*® reaction was extended and improved. The ground state Q-value of the 
reaction was remeasured and found to be 1.428+-0.004 Mev. Levels were found with excitation energies of 
(in Mev) 0.229+-0.003, 0.418+-0.002, 1.060-+-0.002, 1.762+0.003, 1.8530.003, 2.073+0.003, 2.368+0.003, 
2.548+0.004, 2.663+0.004, 2.741+-0.005, 2.916+0.006, 3.075+0.006, 3.160+0.006, 3.407+0.006, 3.510 
+0.010, and 3.596+0.010. Seven of these have not been reported previously. The yields of the reaction 
leading to the ground state, the first excited state, and the second excited state were measured as a function 
of bombarding energy in the range 5.5 Mev to 7.5 Mev. There is strong resonance structure. The angular 
distributions for the reaction leading to these three states were obtained at 7.03 Mev bombarding energy. 
At this energy the total yield of the isotopic-spin forbidden reaction leading to the first excited state is 10% 
of the yield to the ground state. This violation of the selection rule can be explained by Coulomb force effects. 
The second T= 1 level could not be observed and the previous suggestion that the level at 3.16 Mev is the 
third 7=1 level seems to be incorrect. A comparison of the data with the results of other experiments is 
made. Energy levels of Al?’ seen in the Si?*(d,«)Al”’ reaction are listed and compared with results from 
Al??(p,p’)Al?™*. A new level at 5.745+0.012 Mev was found plus several levels above the range of excitation 
previously covered. 


I, INTRODUCTION difference may be calculated. Two other methods may 
be used to find this difference, one, a combination of the 
measured Si**(d,a)AP?®* Q-value and the known 
Si?*— Mg?* mass difference and the other an adjustment 
of the Al**— Mg*> mass difference based on the assump- 
tion of charge independence of nuclear forces. The 


IX Q-values for the Si?°(d,a)Al’*® reaction leading to 
the ground state and five excited states were 
measured in a previous experiment! in which a 180- 
degree magnetic spectograph was used and observations 


were made only at 90 degrees. The mass of Al?® was 
determined, and the previous question regarding the 
isotopic-spin of the ground state was answered. Action 
of the isotopic-spin selection rule presumably limited 
the states observed to those with T=0. 

Later experiments with gamma rays from proton 
bombardment of Mg®> showed the existence of a state 
at? 0.235+0.009 Mev or 0.219+0.013 Mev.’ This is the 
expected position for the T=1 state of Al® which 
corresponds to the ground state of Mg’®. A simultaneous 
measurement! of the neutrons from the Al?’(y,z)Al’® 
reaction and the positrons from the rapid decay of the 
first excited state supported the conclusion that the 
first excited state lies at about 200 kev and has T=1. 
It is this state that beta decays to Mg** with the well- 
known 6.7-second half-life. Al?* in its ground state has 
been produced in measurable quantity and the decay 
half-life found to be of the order of 10° years.* 

Another pertinent result is the accurate measurement 
of the Q-value for the Mg?*(p,n)AP** reaction leading 
to the first excited state.6 From this number and the 
H'-n mass difference, the AP®'’=)—Mg* energy 


* This work was supported in part by the joint program of the 
Office of Naval Research and the U. S. Atomic Energy Com- 
mission. 

t Much of the track counting and data analysis was done at the 
author’s present address, The University of Notre Dame, Notre 
Dame, Indiana. 

1C. P. Browne, Phys. Rev. 95, 860 (1954). 

2 Kluyver, van der Leun, and Endt, Physica 20, 1287 (1954). 

3 Kavanaugh, Mills, and Sherr, Phys. Rev. 97, 248 (1955). 

‘Haslam, Roberts, and Robb, Can. J. Phys. 32, 301 (1954). 

5 Simanton, Rightmire, Long, and Kohman, Phys. Rev. 96, 
1711 (1954). 

6 Kington et al., Phys. Rev. 99, 1393 (1955). 


results of these three calculations will be compared 
later. 

Additional work on the Mg*(p,y)AP® reaction’ 
showed the presence of eight new levels at excitation 
energies above those covered in the earlier Si**(d,a)Al’® 
experiment. One of these, which was also reported in 
reference 3 and is discussed by Green et al.,* is probably 
the second T=1 level. These data will be compared 
with the present work later. Twenty-one levels between 
6.6 and 7.5 Mev are known from resonances in the (p,y) 
yield. A list of these levels is given by Endt and 
Braams.° 

The present work was inspired by the observation 
of a violation of the isotopic-spin selection rule in the 
O'8(dja)N" reaction." A similar violation in the 
Si?8(d,a)Al® reaction leading to the first excited state 
was sought. A preliminary report of the discovery of 
this violation was made." Many of the data were taken 
from the nuclear track plates exposed in the course of 
the O'8(d,a)N“ experiments. 

This paper gives an improved value for the ground 


state Q-value, the excitation energies of sixteen excited 
states, the yield as a function of energy, and the angular 
distribution at one energy, of the ground state, first 


excited state, and second excited state groups. 


7 Broude, Green, Willmott, and Singh, Physica 22, 1139 (1956). 

8 Green, Singh, and Willmott, Proc. Phys. Soc. (London) A69, 
335 (1956). 

9 Endt and Braams, Revs. Modern Phys. 29, 683 (1957). 

 C, P. Browne, Phys. Rev. 104, 1598 (1956). 

1 C, P. Browne, Bull. Am. Phys. Soc. Ser. II, 1, 212 (1956). 
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Fic. 1. Alpha particles from the deuteron bombardment of a SiO. on Formvar target. Groups leading to levels in Al?* are numbered. 
Other groups are labeled with the symbol of the residual nucleus. The intersection of the sloping line with a numbered group, read 
against the right-hand ordinate scale gives the Al*?* excitation energy. 


II. Q-VALUES AND ENERGY LEVELS 


Deuterons from an electrostatic accelerator bom- 
barded targets of SiO, evaporated onto thin Formvar 
backings. Reaction products from the targets were 
analyzed with the MIT broad-range spectrograph.” 
The procedure used to obtain the particle energy from 
the measured position of a group on the nuclear track 
plate is discussed in this reference. 

For most of the runs the input energy was found by 
using the measured position of the proton group from 
the O'8(d,p)O" reaction, and the known ground state 
Q-value.” For the remainder of the runs, the input 
energy was found by measuring the energy of the 


deuteron groups elastically scattered from silicon and 
oxygen. 

When the angle of observation was less than 70 
degrees, the target was set in the transmission position 
and a correction for alpha-particle energy loss in the 


target was required. In the runs used to measure 
()-values target thicknesses were low enough to give a 
negligible energy loss for the O'*(d,p)O" protons. The 
input energy calculated from the position of this group 
was used for the (d,a) reaction, so that no correction 
was needed for deuteron energy loss. The average energy 
loss in the target of alpha-particles from the O'*(dja)N™ 
reaction was found from the measured particle energy 


2 C. P. Browne and W. W. Buechner, Rev. Sci. Instr. 27, 899 
(1956). 

18). M. Van Patter and W. Whaling, Revs. Modern Phys. 29, 
757 (1957) ; 26, 402 (1954). ° 


by using the known reaction energy” and the input 
energy found from the (d,p) reaction. 

Knowing the loss for alpha-particles of one energy, 
the appropriate corrections could be made to the energy 
of each of the alpha-groups from the silicon reaction. 
The fact that Q-values calculated from runs using 
transmission target positions agreed with Q-values from 
runs using reflection positions is evidence that the 
corrections were properly made. 

The various alpha-particle groups were identified by 
observing the effect, on the calculated Q-value, of 
changing the input energy, the angle of observation or 
the target isotope. Shifting bombarding energy served 
to identify the target nucleus to within one mass number 
and the change of isotopic abundance made sure that 
the target nucleus responsible for the observed groups 
was actually Si?*. The angle shift alone is sensitive 
enough to distinguish between Si?* and Si*® and so gave 
an independent positive identification. Table I shows 
typical identification data; in this case for the first and 
second excited state groups. A change of one mass unit 
in the value assumed for the target nucleus makes a 
difference of 28 kev in the calculated excitation energy 
of the first state for a 40-degree change in angle. This 
is about nine times the experimental uncertainty. 

A typical spectrum of alpha particles is shown in 
Fig. 1. Peak widths here are determined by energy loss 
in the target as other peak broadening effects are 
negligible by comparison. The groups leading to states 
in Al? are numbered in order of increasing excitation 
energy, beginning with (0) for the ground state group. 
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Fic. 2. Alpha particles from deuteron bombardment of a natural silicon target and a Si*-enriched target. Numbered groups arise 
from Al*S levels. Lettered groups arise from Al?’ levels. Roman numerals label groups arising from N* levels. 


Excitation energies in Al*® may be read from the sloping 
line using the right-hand ordinate scale. 

Other particle groups are labeled with the symbol of 
the residual nucleus in the reaction from which they 
arise. Strong groups from the O!*(d,a)N™ reaction, 
leading to the ground state and second excited state 
are seen and a somewhat weaker group leading to the 
first excited state, in violation of the isotopic-spin 
selection rule also appears. The one group appearing 


TABLE I. Typical identification data. 


_Excitation 
of second state 
(kev) 


Excitation 
of first state* 
(kev) 


Angle of 
observation 
(degrees) 


Bombarding 
energy 
(Mev) 


418 
417 
421 
420 
413 
419 
422 
418 
419 
419 
416 
418 
417 


30 229 
30 225) 
30 229 
30 229 
30 230 
30 230 
30 228 
30 229 
30 232 
30 230 
50 231 
00 22/ 
70 (226) 


4 Values in parenthesis are doubtful because groups were weak. 


from the Si?°(d,a)Al?’* reaction leads to the two closely 
spaced levels at 5.4 Mev excitation. 

The group leading to the first excited state of Al’® is 
seen to be about as intense as the groups leading to 
other states, at the bombarding energy and observation 
angle represented by this plot. The reaction giving rise 
to this group violates the isotopic-spin selection rule. 
Data on the yield of this group are given below and the 
failure to observe the group in earlier work at 90 degrees 
observation angle is explained. 

Partial plots of spectra from similar runs appear in 
Fig. 1 of reference 10. 

Figure 2 shows spectra obtained, under identical 
conditions, from a natural SiO» target and from a target 
of SiOz enriched in Si**. By comparing relative intensi- 
ties of the alpha-groups, it may be shown that particles 
from the Si?°(d,a)Al?’ reaction contribute at most a few 
percent to the intensity of groups from the natural 
silicon target. 

An unusually large number of determinations was 
obtained for most of the Q-values because many runs 
were needed for the yield curves and angular distri- 
butions. 

Because all alpha-groups were observed simul- 
taneously, the accuracy of the calculated excitation 
energies is higher than that of the individual Q-values. 
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TABLE II. Q-values and excitation energies for Al**. 


Previous work Present work 


Si?*(d,a)° 
Q-value4 


Meg?*( p.y)” 
Excitation 
energy (Mev) 


Excitation 
energy (Mev) 


Number 
of runs 


Q-value 
(Mev) 


1.428° 0 

1,199 0.229+0.003 

1.010 0.418+0.002 

0.369 1.060+0.002 
—0.333 1.762+0.003 
—0.425 1.853+0.003 
— 0.644 2.073+0.003 


Excitation 

(Mev) energy (Mev) 
1.416 0 9 

0.23 12 

0.42 0.998 0.418 

1.07 0.364 1.052 

1.76 — 0,334 1.750 

1.86 — (0.430)! (1.846) 

2.08 —().648 2.064 


Level 
number* 


2.09 
2.32 
2.54 


® Level numbers correspond to peak labels of Figs. 1 and 2. 
> See reference 7 of text. 

© Reference 1 of text. 

1 All +0.008 except level 5 which is +0.015. 

¢ Ground state Q-value +0.004. 

{ Identification of this level was doubtful in previous work. 


The excitation energy depends predominantly on the 
distance, along the nuclear track plate, between the 
group in question and the ground state group. It is 
relatively insensitive to the input energy. The positions 
of the strong groups leading to the levels of lower 
excitation were more accurately measured than those 
of the weaker groups leading to levels of higher ex- 
citation. For this reason, and because fewer measure- 
ments were made of the higher levels, a larger error 
was assigned to these excitation energies. 

Although the forbidden first excited state group was 
quite weak at many of the bombarding energies and 
observation angles, twelve runs gave peaks of sufficient 
height to permit good determinations of their positions. 
The excellent agreement among these different runs 
justifies the low uncertainty assigned to the excitation 
of this level. 

Table II lists the Q-values and excitation energies 
measured in this experiment and also gives the values 
from the earlier (dja) work! and from the (p,y) work 
of Broude et al.” It is seen that the Q-values from the 
earlier (dja) work agree very well, except for those of 
the ground state and second excited state where the 
difference is about the limit of the stated errors. The 
difference in ground state Q-values is reflected in the 
excitation energies of the earlier experiment where, 
except for the second excited state, groups leading to 
excited states could not be observed simultaneously 
with the ground state group. The broad range of the 
spectograph used in the present work permits more 


precise measurements of excitation energies. It is to be 


—0.940 
— 1.120 
— 1.235 
—1.313 
— 1.488 
— 1.648 
— 1.731 
—_ 1.979 
- 2.082 

2.170 


2.368+0.003 
2.548-+0.004 
2.663+0.004 
2.741+0.005 
2.916+0.006 
3.075+0.006 
3.160+0.006 
3.407 0.006 
3.510+0.010 
3.596+0.010 


noted that the excitation energy of the first state, here 
determined to greater accuracy than before, agrees with 
results of other experiments.?* 

Excitation energies deduced from the gamma-ray 
measurements agree well with the present results. By 
measuring the ratio of the intensity of the cascade from 
level 6 to level 2 plus level 2 to ground state to the 
cascade from level 6 to level 3 plus level 3 to level 1, as 
a function of bombarding energy, it is found*:* that 
level 6 is actually a doublet. It is suggested that the 
upper member of the doublet is the second T=1 level 
in Al?*, which corresponds to the first excited state of 
Mg”, 

The best estimate of the position of this state is 
obtained by taking Kavanaugh’s value of 1.022+0.006 
Mev for the transition from this level to level 3 and the 
present value for the position of level 3. The result is 
2.082+0.006 Mev. This is only 9 kev above the position 
of the level seen in this experiment at 2.073 Mev. A 
level with 7 =1 should of course give rise to, at most, a 
weak group from the (d,a) reaction. Furthermore, the 
targets used in this experiment were of such thickness 
that the alpha-groups corresponding to level 6 were 30 
kev or more in width. Thus, the 7=1 component of 
the doublet could not be observed. A separation of 9 
kev between the two levels agrees with excitations of 
2.08+0.01 and 2.09+0.01 Mev given by Green ef al.' 

The later authors suggest that a level they find at 
3.16 Mev may the third T=1 level which is the analog 
to the second excited state of Mg?®. The appearance of 
this level here, in the (d,a) reaction, argues against this 





Si28(d,a)Al?6 


suggestion. Of course there may well be a T7=1 level 
close enough to the T=0 level at 3.160 Mev to be 
unresolved in the gamma-ray measurements. 

An energy level diagram for Al?* appears in Fig. 3. 
Levels observed in this experiment are indicated by 
heavy lines. Levels not previously reported are marked 
with an asterisk. 

Energy levels of Al’? may be found from the 
Si?°(d,a)AP™ reaction. Data from the bombardment of 
the Si* target are presented in Table III along with the 
excitation energies from the Al’? (p,p’) Al?™* experiment." 
Because only one run was made and this with the target 
in the transmission position, the uncertainties are rather 
large. In calculating excitation energies from the meas- 
ured Q-values a ground state Q-value of 5.994+0.011 


Fic. 3. Energy levels of AP®, 
Heavy lines indicate levels ob- 
served in this experiment. Aster- 
isks mark levels not previously 
reported. For details of levels at 
high excitation see references to 
gamma-ray work cited in text. 


16 Browne, Zimmerman, and Buechner, Phys. Rev. 96, 725 
(1954). 
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TABLE III. Q-values and excitations energies for Al?’. 


Al*7(p,p’) 
excitation energy 
all +0.006 
(Mev) 


0.842 
1.013 
2.213 
Z.tan 
2.977 
3.001 
3.677 
3.954 2.054 
4.054 1.950 
4.403 d 
4.505 1.495 
e 


Si?*(d,a) 
Q-value excitation energy» 
all +0.012 all +0.012 
(Mev) (Mev) 


Level 
designation* 


SAwm 


3.265 
3.023 


C 
2.331 


~~ OS SS 
Poe P REET >| 


~ 


zah > 


e 
0.849 
0.759 

f 
0.574 
g 
0.457 
e 
0.249 
0.174 
0.041 
—(0.080 
c 

—0.160 

if —(0.270 

Ae — 0.533 
: —().602 

, —(.770 
ry —().818 

E’ —(0).995 


2 PIO 


5.537 


5.745 
5.820 
5.953 
6.074 


6.154 
6.264 
6.527 
6.596 
6.764 
6.812 
6.989 


® Designation is that of reference 14 and also Fig. 2 for levels found in 
the A?7(p,p’) experiment. Other levels not previously reported. 

> Ground state Q-value of 5.994+0.011 Mev used.'8 

© Not resolved from preceding group. 

4 Obscured by joint in track plate. 

¢ Mixed with Al*¢ group. 

f Peak too small to measure. 

« Mixed with N'4 group. 


Mev was used.!® It is seen that the excitation energies 
agree within the errors of the two experiments. A new 
level is observed at an excitation energy of 5.745+0.012 
Mev. A group appeared at the proper position for this 
level in one of the (p,p’) runs but was too weak to be 
identified. Eight new levels above those measured in 
the (p,p’) experiment are found and are listed in the 
table. There may well be other levels in this region 
which are unresolved or are of too low yield to be 
seen here. 


III. A?’ MASS AND POSITION OF THE 
FIRST EXCITED STATE 


Irom the ground state Q-value of 1.428+-0.004 Mev 
and the He‘’-H? mass difference the Si?*—Al*® mass 


TABLE IV. Mass of Al?. 


Endt and Braams 


25.995132 


Source for Si?® mass* Li 


25.995095 25.995107 


Wapstra 


AP® mass (amu) 


* For the sources tabulated see references 16, 17, and 9, respectively. 


16 Van Patter ef al., Phys. Rev. 85, 142 (1952). 
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TABLE V. Al?®*— Mg?® mass difference. 


Method* 


Si**— Mg”6 from mass table+present Qo 
Si?*— Mg** from mass table+present Qo 
Si?*— Mg** from mass table+present Qo 
Si?#*— Mg** from reaction chains+present Q» 
Mg?*( p,m) Al?** threshold+-present excitation 


\?6* — Mg** end point+present excitacion 
Mg*>— Al*5)(1—1/A)! 
(Mg*5— A}*5) (1—1/A}! 


* Except for the last two lines method is that for obtaining Al?* —Mg?*. 


on the Mg**(p,n) Al? 
» See reference 17 
See reterence 9 
i See reference 13 
* See relerence 6 
! See reference 3 
® See reference 19 


difference may be calculated. Then, knowing the Si** 
mass, the mass of Al?® may be found. Table IV gives the 
results using several recent values for the Si** mass. 
For the purpose of comparison with other results, 
it is convenient to calculate the Al?’—Mg?® mass 
difference. To do this it is to know the 
Si?*— Mg** mass difference. As there are disagreements 
of up to 18 kev among the various mass tables,*'®"" the 
best value is perhaps obtained from sums of nuclear 


nec essary 


reaction energies.” Two chains of reactions may be 
used, one through the nuclei Si**, Si?*, Al’??7, Mg*>, Mg*6 
and the other through the nuclei Si*’, Si’, Si*®, Al?’, AP’, 
Mg, Mg®>, Mg?®. The average of the resulting numbers 
was used with the presently determined Si?*—Al’é 
difference to give the number listed in line three of 
Table V. This table gives the Al?*— Mg** mass difference 
calculated in this way and various other ways as indi- 
cated. The agreement among the reaction data is 
excellent, but the more recent mass table values for 
Si?®— Mg** lead to somewhat too large values. It is to 
be noted that the error of the present measurements is 
small compared to most of the other errors entering in 
the calculations for Table V. 

As a test of charge independence of nuclear forces, 
it is of interest to compare the calculated position of the 
first T=1 state in Al** with the measured position. 
Following the method of Inglis'* the expected position 
relative to the ground state of the isobar Mg’® is found 
from the mass difference of the mirror pair of nuclei 
which each have one less neutron than the isobaric pair 
in question; in this case AP®—Mg*. This measurea 
mass difference is multiplied by a factor (1—1/.)! to 
allow for the reduction of Coulomb energy in the 
slightly bigger nucleii. Again there is considerable dis- 


crepancy in the mass differences obtained from different 


experiments. Kington ef al.6 have found the 


Mg”(pn)AL threshold energy and hence obtained 


16 C,W. Li, Phys. Rev. 88, 1038 (1952). 
7 A. H. Wapstra, Physica 21, 367 (1955) 
‘1D. R. Inglis, Revs. Modern Phys. 25, 390 (1953). 


Text reference 


Li's 

Wapstra? 

Endt and Braams‘ 
Van Patter 
Kington® 


Kavanaugh! 


Kington® 
Gove,® Van Patter? 


threshold, whereas line 8 is based on the Mg™(p,7) AP 


Al?é —Mg** (Mev) 


3.998+0.038 
4.013+0.025 
4.020+0.025 
3.999+0.010 
3.995+0.010 


Al?#* — Mg? (Mev) 


4.227 
4.242 
4.249 
4.228 
4.224 


4.222 
4.246+0.025 
4.198+0.009 


3.993+0.050 


rhe present excitation energy is then used to find Al?** —Mg?®, Line 7 is based 


and Mg*(d,p) Mg?* O-values. 


the mass difference directly. Gove et al.'* have deter- 
mined the Mg*(p,y)Al*® Q-value. This may be combined 
with the Mg*#(d,p)Mg* Q-value® to give Mg*®— Al. 
The results, adjusted as above, are shown in the last 
two lines of Table V. It is seen that these results bracket 
the values from the Mg**(p,7) threshold measurement 
and the Si**(d,@)Al’® Q-value plus reaction chain mass 
differences. Thus, there is no evidence against charge 
independence. 


IV. YIELD CURVES AND ANGULAR DISTRIBUTIONS 


Yield-curve data for the ground state group were 
taken with the broad-range spectograph using either 
nuclear track plates or a scintillation counter mounted 
at a fixed position on the focal surface. With the 
scintillation counter in place, the magnetic field was 
changed for each change in input energy so as to keep 
the ground state alpha-particle group centered on the 
slit of the counter. The amplified pulses were fed to 
two scalars with biases set to give a single channel. 
Pulses from any protons having the same momentum 
as the alphas were approximately twice as high and fell 
outside the channel. Pulses from deuterons were about 
the same height as, and were counted with, pulses from 
the alphas. Slit-edge scattering of the incident beam 
gave a small deuteron background at all momenta but 
this background, along with background caused by 
gamma rays and neutrons, was counted and subtracted 
from the total count. From 6.25 to 7.10 Mev points 
were taken about every 20 kev. 

The gross structure of the yield function was meas- 
ured with a series of runs using nuclear track plates for 
recording. These runs were taken every 250 kev (and 
at more frequent intervals over part of the range). As 
alpha tracks could be distinguished from _ proton, 
deuteron, or neutron recoil tracks, the background was 
essentially zero. With the plates it was practical to use 
long exposure times and obtain a sufficient number of 
tracks to make statistical uncertainties negligible. The 


'’ Gove, Litherland, Almqvist, and Bromley, Phys. Rev. 111, 
608 (1958). 
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Fic. 4. Yield curves for the 
Si?8(d,v) AP® reaction. Curves are 
dashed in regions where more 
structure is expected than is re- 
vealed by the widely spaced points. 
For explanation of symbols see 
text. Counting uncertainties for 
counter data are indicated by 
vertical bars. 
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plate data were used for normalization of the different 
counter runs, so that, in a sense, the counter data 
served as an interpolation between the plate data 
points of the yield curve. The results are shown as the 
curve labeled ‘ground state” in Fig. 4. The various 
symbols indicate different runs with plates and counter 
as noted on the figure. 

Once the ground-state yield was measured, the yield 
of the groups leading to the first and second excited 
states could be plotted from the ratios of the intensities 
of these groups to the ground-state group. Because the 
three groups appear on a single plate, the only un- 
certainty in the ratios, aside from statistical, is the 
small uncertainty (+3%) in the variation of solid angle 
of the spectrograph as a function of position on the 
plate. The yield curves for the first and second excited 
states are plotted in Fig. 4. 

The structure of the ground-state yield suggests that 
if the second excited-state yield were measured at 
smaller energy intervals many more fluctuations would 
appear. For this reason, the dashed curve drawn through 
the data points should be considered only a rough 
approximation to the true yield curve. It serves, how- 
ever, to give the order of magnitude of the yield relative 
to the other groups. 

The yields of the three alpha groups were measured 
as a function of angle from 15 to 130 degrees at a 
bombarding energy of 7.03 Mev. At this energy the 
yield of the forbidden group is near a maximum. 
Nuclear plates were used for recording and, as for the 
yield curve, the ground state distribution was first 
plotted and then the yield of the other groups was 
plotted from the measured ratios of intensities. Repeat 
runs were made to check target stability; 70 degrees 
was used as the angle for normalization of runs with 


Deuteron Energy (Mev) 


different targets. The results are shown in Fig. 5 and 
are tabulated in Table VI. Counting uncertainties are 
indicated on the figures by the size of the symbols. 

A measurement of the areas under the three angular 
distribution curves showed that over the range of angles 
from 15 degrees to 130 degrees the isotopic-spin 
forbidden first excited state yield is 10% of the ground 
state yield whereas the allowed second excited state 
yield is 79% of the ground state yield. 

The curves show that the yield of the first excited 
state group vanishes at 95.5 degrees (90 degrees in the 
laboratory) which explain why this group was not seen 
in the earlier experiment done at this angle. 


V. DISCUSSION 


The conclusions that may be drawn from these data 
are the same as those drawn from the violation of the 
isotopic spin selection rules observed in the case of the 
O'(dja)N™" reaction.” From the yield curves and 
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Fic. 5. Angular distributions for the Si?5(djaw)Al® reaction. 


Different symbols on the ground state curve indicate different 
runs. 
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TaBLeE VI. Angular distribution for Si?*(d,av)Al?* at 7.03 Mev. 


Ground-state yield 
(relative to yield at 75.1°) 


0.38 
0.68 
1.04 
0.75 
0.82 
1.00 
1.19 
1.48 
1.38 
1.30 
0.85 


Center-of-mass angle 


Yield relative to ground-state yield 
(degrees) 5 


First excited state Second excited state 


0.62 1.43 
0.44 0.90 
0.14 0.52 
0.12 0.52 
0.06 0.66 
0.04 0.88 
0.02 0.92 
0.004 0.82 
0.002 0.54 
0.004 0.56 
0.008 0.64 


a ¢ e 
ey > 


oo ~) 
Cumann e & Ww 
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— << 


0.79 
0.59 


— a me 
Ge NS = oe 
te 


mn 


0.07 


\verage 10.3% 


angular distributions it is obvious that although the 
Si**(d,a)Al’* reaction can lead to the first excited state 
of Al’*, the yield to this state is much less than the 
yield to the ground or second excited state. Of course, 
the angular distribution would be expected to change 
with energy, so that a quantitative comparison of cross 
sections is given at only one energy by the present data. 
It would be desirable to have total cross sections for 
each group as a function of energy. A good estimate 
however, of the order of magnitude of the violation of 
the isotopic-spin selection rule, is given by these data. 
From the yield curve it is seen that the angular distri- 
bution was taken at an energy near a maximum in the 
forbidden group yield and near a minimum in the 
ground state yield. It would be expected therefore, that 
the average ratio of forbidden group yield to ground 


state yield is a fraction of the 10% observed at this 


energy. The degree of violation of the selection rule 
here is of the same order as that in the O'*(d,a)N" 
reaction.” As in that case, the violation may be ex- 
plained through mixing of T=1 and T=O states by 
Coulomb forces. Not only the isotopic-spin impurity 
of the initial state and final state will contribute but 
also the impurity of the intermediate state in P®. The 
initial state and final state wave functions are expected 


to contain a few percent T=1, and the intermediate 


0.67 
1.20 


of ground-state yield 78.8°% of ground-state yield 


state somewhat more.” The strong resonant structure 
of the yield curves shows that the intermediate state 
plays an important role. The tendency for the allowed 
group yields to reach a minimum when the forbidden 
group reaches a maximum is less pronounced here than 
for the O'§(d,a)N™ reaction. This is undoubtedly caused 
by a greater density and overlapping of T=1 and T=0 
states in P® than in F!§ with a consequent obscuring of 
the effect of a T=1 state, once formed, to preferentially 
decay to the 7=1 final state. 

The appearance of the forbidden group does not 
contradict charge independence of nuclear forces. The 
position of the T7=1 level is perhaps a better measure 
of charge independence than is the degree of violation 
of the selection rule. It was shown above that the 
position is that expected on the basis of charge in- 
dependence within the rather large experimental errors. 
In this connection another determination of the 
Al*>— Mg? mass difference would be desirable to remove 
the existing discrepancies. 
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The inelastic scattering of 21.6-Mev deuterons by Ni, Cu, Zn, Rh, Ag, Sn, Gd, Ta, Pt, and Au has been 
measured. A Nal (Tl) crystal sandwich was used for the detection of the scattered particles. The calculated 
energy scale of the spectrum was checked by observing the inelastic spectrum from Mg. The angular dis 
tribution shows a pronounced peaking in the forward direction. At background angles there is no increase 
in cross section with increasing excitation, showing that compound-nucleus processes do not contribute to 
the cross section. Up to an excitation of 10 Mev, the inelastic scattering cross section for 21.6-Mev deuterons 
scattered at 60° by Au is not measurably different from that for 22-Mev protons. However, the inelastic 
deuteron cross sections for Ni, Cu, and Zn are about half of the corresponding 22-Mev proton cross sections 
at 60°. The gross structure found by Cohen in the inelastic spectrum is also observed in the present experi 
ment. However, the gross structure in Ta and Gd appears to be considerably more pronounced in the deu 


teron spectrum than in the proton spectrum. 


I. INTRODUCTION 


EVERAL experiments on the inelastic scattering of 

protons and alpha particles with energies between 
20 and 40 Mev have been reported in the past few years. 
In general these experiments showed that (a) the in- 
elastic spectrum gives an angular distribution peaked 
sharply in the forward direction, (b) at backward angles, 
the number of inelastically scattered particles per Mev 
increases with the excitation of the residual nucleus, and 
(c) in the inelastic spectrum of many elements there 
exists a gross structure between 2 and 3 Mev excitation 
of the residual nucleus. 

The purpose of the present work was to obtain some 
information on the inelastic scattering of deuterons. In 
view of the small binding energy of the deuteron and the 
strong competition of the (d,p) process and (for heavier 
elements) of the electrodisintegration of the deuteron 
in the Coulomb field of the nucleus, one might expect 
the total cross section to be exceedingly small, especially 
compared to protons of the same energy. Furthermore, 
since the cross section for direct interaction processes in 
the backward hemisphere is small, one might hope to 
get some measure for the magnitude of compound 
nucleus processes. Furthermore, it appeared to be of 
interest to see whether the ‘‘anomalous scattering” ob- 
served by Cohen! with 22-Mev protons would appear 
for the same elements and at the same excitation 
energies for deuterons. 


II. EXPERIMENTAL ARRANGEMENT 


The experiment was done with the 60-in. scattering 
chamber using the 21.6-Mev external deuteron beam of 
the Argonne 60-in. cyclotron.’? The experimental equip- 
ment was the same as that described previously.’ * The 

* Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

1B. L. Cohen, Phys. Rev. 105, 1549 (1957). 

2W. Ramler and G. Parker, Argonne National Laboratory 
Report ANL-5907 (unpublished). 

3 J. L. Yntema, Phys. Rev. 113, 261 (1959). 

4 J. L. Yntema, Argonne National Laboratory Report ANL-5890 
(unpublished). 


targets were placed at an angle of 45°++0.1° to the inci- 
dent deuteron beam. The detection system used con- 
sisted of a NaI(Tl) sandwich with crystal thicknesses 
of 0.010 in. and 0.070 in., and of 0.010 in. and 0.180 in. 
Particles were identified by the system described pre- 
viously. Great care was taken to insure that the deu- 
teron pulses from the pulse-multiplier circuit were 
independent of the energy of the incident deuterons. 
Excellent resolution between protons and deuterons was 
obtained. No attempt was made to eliminate tritons. 
However, a separate experiment was performed to 
identify triton groups. Several spectra were obtained 
which showed strong peaks at positions corresponding 
to inelastic deuterons which had excited the target 
nuclei to approximately 7 Mev. In order to determine 
whether the observed peaks were deuteron or triton 
peaks, the spectra were taken using a higher base line 
on the discriminator, since this tended to decrease the 
deuteron to triton ratio for the particles observed. The 
spectra obtained in this manner were compared with 
the spectra obtained during normal operation and the 
relative intensities of several peaks were observed to 
have changed markedly, indicating the presence of 
triton groups. Inasmuch as the tritons appear as lower 
energy deuterons and only the lowest two or three states 
of the residual nucleus are strongly excited, it was a 
relatively simple matter to omit these peaks from sub- 
sequent calculations. 

Energy Calibration.—Initially, deuterons which were 
elastically scattered through a small angle by gold were 
detected without the use of absorber. This provided a 
peak at the position corresponding to the full deuteron 
energy. Absorbers were then inserted in small incre- 
ments, resulting in peaks of successively smaller pulse 
heights corresponding to successively lower deuteron 
energies. Sufficient absorber was inserted to allow the 
elastic peak to be barely observed. From the published 
range-energy relations for deuterons, it was then pos- 
sible to determine the effective thickness of the material 
between the absorber foils and the E crystal [i.e., the 
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YNTEMA 


Fic. 1. Spectra of deu- 
terons inelastically scat- 
tered from magnesium 
at 30°, 60°, 90°, and 
140°. The spectra at the 
various angles have not 
been normalized to each 
other. The spectra show 
the accuracy of the 
energy calibration. Peaks 
are observed at excita- 
tion energies of 1.37, 4.2, 
4.9, 6.2, 7.6, 8.5, and 
9.4 Mev. 
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Nal(T1) crystal used for the determination of energy 
E]. The knowledge of the effective minimum absorber 
thickness allowed determination of the residual energy 
of the particle entering the £ crystal. By using the 
range-energy relations and the position of the elastic 
peak, under the assumption of linearity of response for 
the crystal, a curve of pulse height vs initial deuteron 
energy was calculated. The curve was checked by com- 
paring the positions of the peaks obtained by inserting 
absorbers with the positions predicted by the calculated 
curve. As a further calibration, spectra at several angles 
from the inelastic scattering of deuterons by magnesium 
were examined. Taking into account the variation of 
deuteron energy with scattering angle, the spectra were 
plotted as functions of excitation energy. The accuracy 
of the calibration is shown by the magnesium spectra 
shown in Fig. 1, where the peaks correspond to the 


known levels of Mg™. 


TABLE I. List of elements and angles investigated. 


ow 


Target 


Nickel 
Copper 
Zinc 
Rhodium 
Silver 

Tin 
Gadolinium 
Tantalum 
Platinum 
Gold 


a a ae rE Eta! 


AND B. 


ZEIDMAN 


Since the pulse height in the £ crystal is not a linear 
function of the energy of the incident particle (because 
of the presence of the dE/dx crystal), and since the 
energy of a given deuteron group varies with scattering 
angle, a constant difference in pulse height does not 
correspond to a constant difference in excitation energy. 
The experimental points have, therefore, been adjusted 
so as to compensate for this and the spectra shown in 
Figs. 1 through 6 are plotted as functions of the excita- 
tion energy on a linear scale. 

Targets.—The targets used were thin metallic foils of 
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Fic. 2. Spectra of 
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section for each ele 
ment is 10.0 mb/ 
sterad Mev. The 
curves are drawn 
through the experi- 
mental points. Each 
distribution contains 
approximately — 80 
points. The experi- 
mental points have 
been omitted except 
Gd for Ta. The standard 
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normal isotopic abundance. Most of the foils were ob- 
tained commercially, but the Sn, Gd, and Ta foils had 
to be rolled down to the desired thickness by the 
Metallurgy Division.® Observation of the spectra indi- 
cated that a detectable amount of either C, O, or N 
contamination was present only in the gadolinium. The 
contaminant was found to be oxygen. This contribution 
is noted on the Gd spectra. The targets were punched 


5 The techniques used for rolling Gd were developed by 
Mr. Frank Karasek and Mr. Robert E. Macherey of the Argonne 
National Laboratory Metallurgy Division. 





INELASTIC SCATTERING 


out of the foils and the thickness was determined by 
weighing on a microbalance. Since the diameter of the 
target is 33.49 mm and the diameter of the incident 
beam is 3 mm, nonuniformities in target thickness can 
easily lead to large errors in the calculated cross sections. 
Accordingly, cross sections were determined for the 
elastic scattering peaks. For Ni, Cu, Zn, Rh, Ag, Pt, 
and Au, these were compared with the accurately de- 
termined elastic scattering cross sections obtained by 
Yntema.’ The elastic scattering cross sections obtained 
in the two manners agreed with each other to within a 
few percent, indicating that if the thickness varies it 
increases smoothly across the foils so the thickness at 
the center is close to the average value. For Sn, Gd, and 


Fic. 3. Spectra of 
inelastically scat 
tered deuterons at 
140°. The marks at 
the right-hand edge 
of the figure indicate 
the point at which 
the differential cross 
section for each ele 
ment is 0.1) mb 
sterad Mev. The 
curves are drawn 
through the experi 
mental points. The 
experimental points 
have been omitted 
except for Au. The 
statistical errors are 
indicated for several 
points on each curve. 
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Ta, elastic scattering cross sections were calculated 
under the assumption that the ratio to Rutherford 
scattering was similar to that of nearby elements. The 
elastic scattering cross sections obtained in this fashion 
agreed with the experimental ones to within 20%. Since 
the assumption made concerning the elastic scattering 
cross sections is somewhat questionable, particularly 
for Gd and Ta, all indicated cross sections have been 
determined using the target thickness determined by 
weighing. 


III. EXPERIMENTAL RESULTS 


A list of targets and the laboratory angles at which 
they were examined is given in Table I. The differential 





Fic. 4. Spectra of deu- 
terons inelastically scat 
tered from zinc at 30°, 
60°, 90°, and 140°. The 
ordinate is the absolute 
differential cross section. 
The curves are drawn 
through the — experi 
mental points. The sta 
tistical errors are indi 
cated for several points 
on each curve. 
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scattering Cross sections at laboratory angles of 30° and 
140°, plotted as functions of the excitation energy of the 
residual nucleus are shown in Figs. 2 and 3 for all ele- 
ments. The curves have been drawn directly through 
the experimental points and statistical errors are indi- 
cated at several positions. At the right of the figures, 
markings indicate the point at which the absolute cross 
section for each element is either 10.0 millibarns per 
steradian per Mev at 30° or 0.1 millibarn per steradian 
per Mev at 140°. The error in the absolute cross section 
is estimated to be less than 5%, except for Sn, Gd, and 
Ta for which the error is estimated to be less than 30%. 
In Figs. 4, 5, and 6, energy spectra at laboratory angles 
of 30°, 60°, 90°, and 140° are shown for Zn, Ag, and Au. 
The ordinates indicate the absolute differential cross 
sections in millibarns per steradian per Mev and the 
abscissae are excitation energy in Mev. All curves have 
been drawn directly through the experimental points 
and statistical errors are indicated at several positions. 
The spectra from Ni and Cu resemble those of Zn, while 
the spectra from Rh and Pt are similar to those of Ag 
and Au, respectively. In Figs. 2, 3, and 4, the letters T 
and O appearing near peaks indicate that these peaks 


result from either tritons (T) or oxygen contamination 
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Fic. 5. Spectra of deu 
terons inelastically scat 
tered from silver at 30°, 
60°, 90°, and 140°. The 
ordinate is the absolute 
differential cross section. 
The curves are drawn 
through the — experi 
mental points. The sta 
tistical errors are indi 
cated for several points 
on each curve. 
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Fic. 6. Spectra of deu 
terons inelastically scat- 
tered from gold at 30°, 
60°, 90°, and 140°, The 
ordinate is the absolute 
differential cross section. 
The curves are drawn 
through the  experi- 
mental points. The sta- 
tistical errors are indi- 
cated for several points 
on each curve. 
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(O). The relative cross sections shown in Figs. 4, 5, and 
6 are estimated to be in error by less than 5%. 

The energy dependence Ao/AE of the inelastic scat- 
tering cross section for Ni, Cu, Zn, Rh, Ag, Pt, and Au 
is shown in Figs. 7, 8, and 9. To obtain this distribution, 
the energy spectra of the type shown in Figs. 4, 5, and 
6 were divided into segments approximately 1 Mev 
wide. For each segment, it was assumed that the angular 
followed a smooth curve which passed through the 
known points at 30°, 60°, 90°, and 140°. This distribu- 
tion was integrated over the section of the sphere be- 
tween 30° and 180° with respect to the direction of the 
incident beam and provided the total cross section for 
scattering into an angle 230° for each segment. From 
this, a total cross section may be found for the inelastic 
scattering of deuterons into angles greater than 30° for 
excitations from approximately 1 to 10 Mev. The results 
are shown in Table II. 

The differential cross section da(@)/dw for inelastic 
scattering of 21.6-Mev deuterons with final energies 
between approximately 11.5 and 20.5 Mev may be ob- 
tained by integrating over the energy at each angle. For 
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Fic. 7. Energy dependence of the cross sections for inelastic 
scattering into angles > 30° by Ni, Cu, and Zn. 
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each element, the distribution was assumed to be a 
smooth curve passing through the experimentally de- 
termined points at 30°, 60°, 90°, and 140° and the curves 
for Ni, Cu, Zn, Rh, Ag, Pt, and Au are shown in Fig. 10. 
The ordinates are in millibarns per steradian. These 
curves were integrated over the section of the sphere be- 
tween 30° and 180° and the total cross sections which 
resulted from the calculation are shown in Table II. In 
addition, rhodium was investigated at angles up to 16°, 
where do/dw reached 150 mb/sterad. If the smooth 
curve representing the angular distribution is drawn 
through the 16° point, then the total cross section for 
inelastic scattering of 21.6-Mev deuterons with final 
energies between 11.5 and 20.5 Mev into angles greater 
than 10° is 80 mb, as compared to the 42 mb for angles 
greater than 30°. Since the angular distribution appears 
to be rising very steeply with decreasing angle and the 
angular distributions for all elements are similar in ap- 
pearance, it seems reasonable to estimate that the total 


mb/Mev 


in 





AGT/AE 





eA ree ee ee ere BNE me ere PEE 
5s 424 2.7 83 6 4 2. 8 





10 8 


EXCITATION ENERGY Mev 


Fic. 8. Energy dependence of the cross sections for inelastic 
scattering into angles > 30° by Rh and Ag. 


cross sections for inelastic scattering between approxi- 
mately 1 and 10 Mev are greater than twice the values 
obtained for the cross sections from 30° to 180°. 

Inasmuch as the differential cross section for elastic 
scattering rises very rapidly as the scattering angle de- 
creases below 30°, the effect of slit edge penetration by 
the elastically scattered deuterons giving rise to ap- 
parently inelastic deuterons was investigated. Using the 
method of Courant,® it was found that approximately 
20% of the inelastically scattered deuterons at 16° were 
due to slit edge penetration. The percentage decreased 
to 10% at 20° and rapidly became negligible as the angle 
increased. The figures for the inelastic scattering cross 
section mentioned previously are the corrected values. 
Because of the high deuteron flux at forward angles, 
the possibility of nuclear reactions taking place in the 
Nal was also investigated and it was seen that this effect 
may be neglected. 


6. D. Courant, Rev. Sci. Instr. 22, 1003 (1951). 





INELASTIC: SCATTERING 


IV. DISCUSSION OF EXPERIMENTAL RESULTS 


The inelastic scattering spectra obtained at all back- 
ward angles do not show an increase in cross section 
with increasing excitation. In this respect the inelastic 
scattering of deuterons differs markedly from the data 
on the inelastic scattering of alpha particles? and 
protons.!:8 

The peaking of the cross section in the forward direc- 
tion is essentially similar to what has been observed for 
protons and alpha particles. In particular, the ratio 
o60/o30 for Au is the same for the present deuteron 
experiment as for the experiment with 31-Mev protons. 
The measured cross section for the deuterons is, how- 
ever, only 40% of that for 31-Mev protons. On the other 
hand, the ratio o90/a¢0 is smaller for the 21.6-Mev deu- 
terons than for the 31-Mev protons and the effect is 
even greater for the ratio 0135, o9». 





mb / Mev 


in 


WwW 
a 
Ss 
b 
q 


eS et ed a ed et 
os €¢€ 4260606 € 4 2 OC 


EXCITATION ENERGY Mev 


Fic. 9. Energy dependence of the cross sections for inelastic 
scattering into angles > 30° by Pt and Au. 


In general the experiments on inelastic scattering of 
protons and alpha particles show that the peaking of 
the cross sections is stronger for heavier elements and 
for lower excitation energies of the residual nucleus. In 
the present experiment the peaking is about the same 
for the Ag group as for the Au group, but slightly less 
for the Zn group. Of course, the (d,/) competition is 
much stronger for the latter than for the former. There 
is no marked difference in the angular behavior at dif- 
ferent excitation energies. Possibly in the case of Au one 
might conclude that for higher excitations the peaking 
is less pronounced. This is, however, not the case for the 
two other groups. 

If one compares the cross sections obtained for deu- 
terons to those obtained for protons at 22 Mev at 60°, 
it is obvious that the results for heavy elements are in 


7G. Igo, Phys. Rev. 106, 256 (1957). 
5 R, M. Eisberg and G. Igo, Phys. Rev. 93, 1039 (1954). 
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TABLE II. Summary of cross sections. The column heading 
“Energy int.” refers to integration of the histograms shown in 
Figs. 7, 8, and 9, while the column heading ‘Angle int.” indicates 
integration over angles > 30° of the cross section for scattering 
into an excitation energy of 1 to 10 Mev. The proton inelastic 
scattering cross sections at 60° have been taken from B. L. Cohen 
and S. W. Mosko, Phys. Rev. 106, 995 (1957). 


da/dw at 60° 
21.6 Mev 22'Mev 
dd‘) (p.p’) 


atot30-180° 
(d,d’) at 21.6 Mev 


Target Energy int. Angle int. 
12.4 
10.4 
10.0 


31.0 
Si 
39.0 
42.0 
41.7 10.4 
74.5 . 8.2 
65.6 ; 9.2 


Ni 30.5 
Cu 38.0 
Zn 38.7 
Rh 42.8 
Ag $2.0 
Pt 74.5 
Au 63.6 


exceedingly good agreement. However, the cross section 
for elements with lower Z is about twice as large for 
protons as it is for deuterons (Table IT). It would appear 
that the inelastic scattering of deuterons proceeds 
entirely without processes involving compound-nucleus 
formation, because of the absence of an increase in cross 
section with increasing excitation at backward angles 
and the extremely sharp forward peaking, even at high 
excitations. 

The total cross sections obtained have a considerable 
uncertainty assigned to them. This is primarily due to 
the fact that the measurement of the cross section at 
angles smaller than 30° involves a quite considerable 
uncertainty and that the cross section rises so rapidly 
that, even though the solid angle becomes small, the 
major contribution to the cross section comes from this 
region. 

The inelastic scattering spectrum obtained at forward 
angles shows a definite group structure similar to that 
observed by Cohen. However, it is to be pointed out 
that in some cases there appears to be a notable differ- 
ence. In the case of Rh it is apparent that the energy at 
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Fic. 10. Angular distributions for inelastic scattering of 21.6 
Mev deuterons with final energies between approximately 1 and 
10 Mev for Ni, Cu, Zn, Rh, Ag, Pt, and Au. The lines indicate 
gross structure of the distribution, 
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which the group structure occurs (about 1.9 Mev), is 
appreciably smaller than that reported by Coken. 
Furthermore, Cohen and Rubin’ show only a very weak 
effect in Ta and Gd at 45°. Our data at 30° indicate 
that the 3-Mev peak in Ta is about as pronounced as 
the one for Au. The Gd peak is certainly present, even 
though it is less pronounced than some of the others. It 
is to be noted that both Rh and Ag produce a very pro- 
nounced second peak at about 5 Mev excitation. 
Tomasini” has proposed an explanation for the occur- 


*B. L. Cohen and A. G. Rubin, Phys. Rev. 111, 1568 (1958). 
\. Tomasini, Nuovo cimento 6, 927 (1957). 
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rence of the anomalous peak. His formula can predict 
the second peak successfully also. However, Tomasini’s 
treatment seems to give a shift in excitation energy of 
the residual nucleus as a function of angle, which is not 
observed experimentally. Also, Tomasini predicts that 
“anomalous” scattering should not occur for Gd. 
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Elastic Scattering of 21.6-Mev Deuterons by Separated Isotopes 
of Nickel and Copper* 


J. L. YNTEMA 
{rgonne National Laboratory, Lemont, Illinois 


(Received November 24, 1958) 


The relative differential cross sections for the elastic scattering of 21.6-Mev deuterons by Ni®*, Ni®, Cu’, 
and Cu®™ have been measured. The diffraction pattern shows a shift with atomic number. The shift from 
Ni** to Ni® is about the same as the one between Cu™ and Cu®. The shift between Ni® and Cu® is about 


1.5 times that of the others 


I. INTRODUCTION 


2 Bees elastic s¢ attering of charged partic les by nuclei 
in the neighborhood of nickel has indicated in 
some cases a rather abrupt change in the angular dis- 
tribution. In the experiments by Waldorf and Wall! and 
Dayton and Schrank,? the cross section for Ni at back- 
ward angles is considerably larger than the one for Cu. 
The experiment by Waldorf and Wall indicates an odd- 
even effect in this respect for nuclei below Cu. An odd- 
even effect also has been found by Schiffer ef a/.° in the 
gross structure of the (d,p) reaction on elements in this 
region. Brussel and Williams‘ have scattered 40-Mev 
protons from Fe*, Fe®®, Nie’, Ni®, and Cu® and have 
found some indication of effects which they attribute to 
the closure of the Z= 28 and .V= 28 shells. In the elastic 
scattering of deuterons at 21.6 Mev® there was no ap- 
preciable difference in the cross sections of Ni, Cu, and 
Zn at backward angles. The shift in the location of the 
maxima and minima in the diffraction patterns of Ni 
and Cu, however, appeared to be much larger than the 
one observed for Cu and Zn. Therefore, it seemed of 


* Performed under the auspices of the U. S. Atomic Energy 


Commission. 

1W. F. Waldorf and N.S. Wall, Phys. Rev. 107, 1602 (1957). 

*1. Dayton and G. Schrank, Phys. Rev. 101, 1358 (1956). 

3 Schiffer, Lee, Yntema, and Zeidman, Phys. Rev. 110, 1216 
(1958). 

4M. K. Brussel and J. H. Williams, Bull. Am. Phys. Soc. Ser. I, 
3, 50 (1958). 

5]. L. Yntema, Phys. Rev. 113, 261 (1959). 


interest to investigate the angular distribution of the 
differential cross section for the separated isotopes Ni®S, 
Ni®, Cu®, and Cu® to determine whether there is a 
rather abrupt change in the pattern between Ni and Cu. 


II. EXPERIMENTAL PROCEDURE 


The experiment was done in the 60-in. scattering 
chamber® with the 21.6-Mev deuteron beam from the 
Argonne 60-in. cyclotron.® The experimental procedure 
has been described in detail in the previous paper.® The 
targets consisted of foils approximately 1 cm in diameter 
obtained from Atomic Energy Research Establishment, 
Harwell. However, the Ni® foil was considerably smaller 
and had to be held in the foil holder by clamping it 
between two Al foils 0.0005 in. thick. Since some of the 
beam was scattered by the Al foil, the data at angles 
below 41° would have required a correction and there- 
fore have been disregarded in this work. No contamina- 
tion with elements of either high or low Z was observed. 

Since it was to be expected that any shift would be 
fairly small, the experimental points were obtained at 
each given angle for all four targets. The targets did not 
have the same thickness, but it is unlikely that this 
would change the average energy by more than 100 kev. 
Such a change should not affect the distribution meas- 
urably. In the forward direction the detector was at 


®W. Ramler and G. Parker, Argonne National Laboratory 
Report ANL-5907 (unpublished), 
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Fic. 1. Angular distributions for 
the elastic scattering of 21.6-Mev 
deuterons by Ni®*, Ni®, Cu®, and 
Cu®. The data have been multi- 
plied by sin*(6/2) and normalized 
with respect to each other at for 
ward angles. The statistical errors 
are less than 2% at angles smaller 
than 80 degrees and less than 4% 
in the others. 





SCATTERING OF 


21.6-MEV DEUTERONS 


it 





35.0 cm from the target, where it subtended about 0.5°; 
while at 58° and beyond the distance was 20.0 cm, the 
subtended angle about 0.9°. The standard deviation in 
the number of counts varied from 0.5% in the forward 


Fic. 2. Angular distributions 
of o)/oR1-02/oR2 for Cu®-Cu®, 
Ni®-Cu®, and Ni®8-Ni®, The 
errors shown are the standard 
deviations derived from the 
number of counts in the elastic 
peaks. 


7 J. P. McMahon (to be published). 


60 
cm. 


direction to about 4% at 100°. The data were recorded 
on the 100-channel analyzer.’ The analyzer is erratic 
when the ambient temperature exceeds 75°F, so inter- 
mittent faulty operation of the controls on the air- 
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conditioning unit led to rejection of a number of runs 
while the experiment was in progress. Since there is a 
possibility that in some cases the erratic behavior was 
not immediately recognized, no significance should be 
attached to the behavior of the Ni® curve near 100°. 

The energy resolution of the detection system was 
about 2%. All deuterons scattered from levels more than 
1 Mev above the ground state were clearly distinguished 
as not belonging to the elastic peak. The particle separa- 
tion was similar to that previously obtained.** 


III. EXPERIMENTAL RESULTS 


The results are shown in Fig. 1.9 The angle is given 
in the center-of-mass system and the numbers given are 
the relative differential cross sections in the center-of- 
mass system multiplied by sin‘(@/2), where 6 is the 
center-of-mass angle. The data were normalized to 
facilitate comparison, since the targets did not have the 
same thickness and it was not possible to measure the 
foils without destroying them. The data were normalized 
by assuming that the sum of the values of ¢/or from 
18° to 34° should be about equal. In the case of Ni® the 


8 J. L. Yntema and B. Zeidman, this issue [Phys. Rev. 114, 815 
(1959) ] 
®The tabulated angles and cross sections are contained in 
J. L. Yntema, Argonne National Laboratory Report ANL-5936 
unpublished) ; available upon request. 
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normalization was carried out by equalizing the sum of 
o/or from 41° to 60° to that of Ni®*®. Since the differ- 
ences in the angular distribution, as plotted in Fig. 1, 
are small, it was desirable to obtain some measure of 
the internal consistency of the data. The standard de- 
viation in the number of counts in the elastic peak 
between 80° and 18° was less than 2%; and between 
80° and 117.5° it was generally less than 4%. It would 
appear, therefore, that a plot of ¢/¢r-o’/or’ should give 
a reliable measure of the internal consistency and of the 
magnitude of the shift between neighboring masses. 
Figure 2 shows the results of these plots for Ni**and Ni®, 
Ni® and Cu®, and for Cu® and Cu® together with the 
standard deviations at some of the points. From this 
one may conclude that the shift between Ni®* and Ni® 
is the same as that between Cu® and Cu® and about 
2 of that between Ni® and Cu®. It may be noted that 
the difference plot between Cu® and Cu® shows a con- 
sistent average slope. This cannot be due to the nor- 
malization procedure. It is also to be noted that even 
as far forward as 18° there is a noticeable difference 
between the cross sections for Cu® and Cu®. 


ACKNOWLEDGMENTS 


We are indebted to W. Ramler and the Cyclotron 
group for their cooperation. The assistance of 
W. J. O’Neilland E. Sundahl is gratefully acknowledged. 


114, NUMBER 3 


Search for the Isotope Ir'**+ 


DonaLp G. GARDNER* 


AND W. WAYNE MEINKE 
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The isotope Ir!** has been reported to have a half-life of ~9 days and to emit 8” particles with a maximum 
energy of about 0.08 Mev. Using deuteron-bombarded enriched isotopes of platinum, it is shown that the 
previous mass assignment was incorrect. It is suggested that the ~9-day activity found in deuteron bom 
bardments of natural platinum is due to Ir'® and Ir produced by the (d,m) reaction on osmium impurities. 
An experimental upper limit of 5 hours for the Ir!®* half-life can be set by these experiments. Rough cross 
sections for the (d,a) reaction on Pt™ and Pt'** are given for several deuteron energies from 9.6 to 20.4 Mev. 


I. INTRODUCTION 


Y 1953 an isotope of iridium, Ir®, was listed in 
isotope tables as having a half-life of ~9 days and 
decaying by the emission of an ~0.08-Mev £6 ray. A 
half-life of that order was surprising since Ir™ has a 
half-life of only 19 hours. Furthermore, the half-life and 
B-ray energy indicated that the transition was allowed, 
an unlikely occurence for this section of the isotopic 
table. In 1954 Butement and Poe,' who had contributed 
+ This work was supported in part by the Michigan Memorial 

Phoenix Project and the U. S. Atomic Energy Commission. 
* Present address: Westinghouse Electric Corporation, Pitts 


burgh, Pennsylvania. 
!'F. D. S. Butement and A. J. Poe, Phil. Mag. 45, 31 (1954). 


the original information on this isotope, published 
further information substantiating their previous find- 
ings and listed y rays at energies of 0.58, 0.76, and ~ 1.0 
Mev. A search of the literature and isotope compila- 
tions? through September, 1958 has revealed no further 
work on this isotope. 


II. EXPERIMENTAL PROCEDURE 


The radioactive iridium was produced by the (d,q) 
reaction from deuteron bombardment of metallic 

? Strominger, Hollander, and Seaborg, Revs. Modern Phys. 30, 
585 (1958). 

3K. Way et al., Nuclear Data Cards (National Research Council, 
Washington, D. C., 1958). 
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platinum. Therefore, a chemical separation was needed 
to obtain the iridium free from contamination by 
platinum and gold activities produced by (d,p) and 
(dn) reactions on the platinum target, and also from 
activities produced by reactions on the impurity 
elements. 

After bombardment the platinum target was dissolved 
in boiling aqua regia, and 3 mg of iridium carrier as well 
as 10 mg each of copper, nickel, zinc, and gold carriers 
were added. After evaporation, the solution was made 
~0.5N in HCl and gold was removed by extraction 
with ethyl acetate. Pt(IV) was reduced to Pt(II) 
with SnCly and then removed by extraction with ethyl 
acetate. The solution was next evaporated to dryness 
with aqua regia, and 5 mg of inactive platinum carrier 
added. After removal of NO;- the solution was made 
~0.5N in HCl and saturated with NH,Cl, precipitating 
(NH4)2PtCle and (NH,)2IrCle. The precipitate was 
dissolved, NH;* removed, and IrO, precipitated with 
NaOBr. After washing, the precipitate was dissolved in 
HBr and the iridium mounted as the bromide by 
evaporation onto }-mil Teflon films. 

Both natural and isotopically enriched platinum 
metal targets were used. The natural platinum was 
1.05-mil thick “commercial grade” foil, 99.5% pure, 
obtained from Baker and Company, Inc., Newark, 
New Jersey. No numerical estimates of the impurities 
were available. The enriched material was obtained 
from the Isotope Research and Production Division, 
Union Carbide and Carbon Chemicals Company, Oak 
Ridge, Tennessee. In this material the percentage of 
Pt [parent of Ir! in the (d,a) reaction | was increased 
from the normal 7.2% to 60.95% while the isotope 
Pt (parent of Ir) was reduced from the normal 
32.8% to 3.57%. Thus the principal interfering iridium 
activity, the 75-day Ir, was reduced by almost a 
factor of 100 by using the enriched target material. 

Decay curves were taken on 47 §-ray counters and 
y-ray scintillation counters. Beta-spectral information 
was obtained using a 180° magnetic spectrometer,’ as 
well as from aluminum absorption curves. Gamma 
radiations were examined with the y-ray spectrometer 
and coincidence apparatus described previously.® 


III. NATURAL PLATINUM BOMBARDMENTS 


Using stacks of two and three platinum foils separated 
by copper absorbers of appropriate thicknesses, a total 
of seven platinum targets were bombarded by deu- 
terons at various energies ranging from 9.6 to 20.4 Mev 
at the Argonne National Laboratory cyclotron. The 
decay curves of eight separate samples obtained at 
various bombarding energies showed the presence of 
only three components, with half-lives of 19 hours, 
~8 days, and 75 days. Beta and y-ray measurements 


4Meinke, Cassatt, and Hall, Atomic Energy Commission 
Report AECU-2944 June, 1954 (unpublished). 
5 W. A. Cassatt and W. W. Meinke, Phys. Rev. 99, 760 (1955). 
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TABLE I. Cross sections in barns for the (d,«) reaction on platinum. 


Target nuclei 
pts 


(1.2+0.4) X 10 
(1.14+0.5) K 10 
(1.7+0.8) X 10 
(3.8+1.2)K10 
(2.34+1.0) X10 


Energy of 
deuterons in Mev 


9.6+1.3 
11.341.6 
15.9+-1.5 
19.2+1.6 
20.4+0.8 


Ptise 


(1.40.6) X10 
(3.31.6) X10 


(4.44+1.5) X10 
(2.0+0.8) X 10 


showed that the 19-hr activity is due to Ir, while the 
75-day activity comes from Ir, A half-life of 8.3+0.5 
days was obtained for the intermediate activity by 
averaging the values from eight curves. This may be 
compared with the value of ~9 days found by Butement 
and Poe. 

The presence of only three half-lives indicates that 
the chemical separation was adequate, and that the 
8.3-day activity was indeed due to iridium as claimed by 
Butement. This was further confirmed by the fact that 
repeating the chemical separation did not change the 
ratio of the three activities. Finally, the relative reaction 
cross-section values for the 8.3-day activity obtained on 
four different samples at bombardment energies of 
19.2 and 20.4 Mev were all equal to within experimental 
error. 

Rough cross section values for the (d,@) reaction on 
Pt! and Pt!® to produce Ir!” (75-day) and Ir™ 
(19-hour) are given in Table I. The errors are estimated 
standard deviations. No corrections were made for the 
self-absorption of the 6 rays in their sources. The values 
at 20.4 Mev are the means of three observations for 
each isotope. 

Beta spectral information® taken at several times 
after the end of bombardment is in accord with the 
literature values for Ir™ and Ir™ which emit 6 rays 
with maximum energies of 0.72 and 2.2 Mev, respec- 
tively, and with Butement’s observation of an ~0.08- 
Mev B ray ascribed to Ir'”®, 

Aluminum absorption curve data substantiated the 
above spectrometer data. By following the decay of a 
portion of the 6-ray spectrum at about 0.05 Mev it was 
found that the lowest energy group was decaying with a 
half-life of ~10+2 days. The decay was not followed 
long enough to define the half-life more exactly. 

Gamma-ray spectrometer data® showed the presence 
of several y rays which could not be ascribed to either 
Ir’ or Ir, although the large background due to 
Ir! made measurements difficult. Coincidence data 
also proved inconclusive, again due to the interference 
from Ir, 

In general though, the above results correlate well 
with those obtained by Butement and Poe who ascribed 
the 8.3-day activity to Ir’. In hopes of obtaining more 
accurate information that would allow a decay scheme 

§ A more complete record and exposition of experimental data 
can be found in D. G. Gardner, Ph.D. thesis, University of 


Michigan, 1957 (unpublished) ; also in Atomic Energy Commission 
Report AECU-3514 May, 1957 (unpublished). 
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to be formulated, it was decided to bombard a sample of 
enriched Pt! to reduce the interference caused by Ir’. 


IV. ENRICHED PLATINUM BOMBARDMENT 


Fifty mg of the powered platinum metal were 
bombarded with 23.5-Mev deuterons in the University 
of California 60-in. cyclotron. Six days after bombard- 
ment the sample was worked up and a decay curve 
started, Only a relatively small amount of activity was 
found in the iridium fraction after bombardment. 
Gamma-ray data showed that the primary activity was 
still Ir’, with the addition of a small amount of y 
radiation in the 0.7-0.9 Mev range. A large amount of 
y-y coincidence information was obtained, but all of it 
could be explained by the presence of Ir, whose 
decay has been studied extensively.’ 

The decay curves for this bombardment were followed 
for about 50 days. When resolved they showed only 
two activities to be present, the 75-day Ir’ and a small 
amount of a 3-4 day activity which probably was a 
mixture of Au'® and Au’. No indication of an 8.3-day 
activity was found. 


V. CONCLUSIONS 


While the natural platinum bombardments strongly 
supported Butement and Poe in their assignment of the 
8.3-day activity to Ir'’*, the enriched isotope bombard- 
ment completely disqualified this assignment. The 
results of this work, however, indicate that the 8.3-day 
activity does belong to some isotope of iridium. 

The following reinterpretation of the data can be 
made. The presence of a relatively large amount of 
platinum x-rays indicates that the 8.3-day activity 
decays primarily by electron capture, since little or no 
positron emission was indicated by the 8-ray spec- 
trometer data. This assumption allows the assignment 
of the ~0,08-Mev 8 particles to fluorescent electrons, 
or conversion electrons from a low-energy vy ray. Hence 
the difficulty of demanding that the 8 decay be allowed, 
as would be necessary if Einax0.08 Mev and the 
half-life were ~8 days, would be removed. 

Decay by electron capture requires that the iridium 
activity be on the neutron deficient side of stability. 
Here Ir'® and Ir™ appear as possibilities, since each has 
an isomer with a half-life of the right order of magnitude. 
Neither of these isotopes has been completely charac- 
terized, but Aten and co-workers* have presented some 


7M. W. Johns and W. V. Nablo, Phys. Rev. 96, 1599 (1954). 
* Aten, DeFeyfer, Sterk, and Wapstra, Physica 21, 740 (1955 
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information on Ir, Smith and Hollander’ have re- 
ported on Ir'*’, and Diamond and Hollander’ recently 
list unpublished information on both Ir'*’ and Ir™. 

The y rays found in this work correlate quite well 
with those reported by the above workers and permit 
the assumption that the observed 8.3-day activity is 
the result of the presence of both Ir'® and Ir, Ir'* 
could not be obtained by the (d,@) reaction on platinum, 
and Ir'™ would have to come from Pt!” with a natural 
isotopic abundance of 0.78%. Furthermore Ir! has a 
3-hour isomer which would further reduce the amount 
of 8.3-day activity. In the enriched platinum target 
Pt!” was reduced to 0.042%, almost a factor of 100 less 
than Pt! which produces the 75-day Ir activity. It is 
quite understandable that in the enriched isotopes 
bombardment no 8.3-day activity was found. 

Neither Ir'® nor Ir'® can be produced by the (d,p) 
reaction on iridium. Therefore, to account for the 
8.3-day activity found in the natural platinum bom- 
bardments, it is suggested that a small amount of 
osmium impurity was in the platinum targets. This 
would produce iridium activities by the favorable (d,n) 
reaction. Hence both Ir'® and Ir could be produced 
from Os!*§ and Os!® with natural abundances of 13.3% 
and 16.1%, respectively. Os! (26.4%) and Os!*(41.0%) 
both yield stable iridium isotopes. Os!**(1.6%) would 
produce a small amount of the 12-hour Ir'* which 
would be difficult to from the much more 
intense 19-hour Ir, £Os!87(1.6%) would yield some 
41-hour Ir'**, which would be masked to a certain 
extent by the Ir'® and Ir™ activities. 

A re-examination of the decay curves did indicate 
that a small amount of the 41-hour Ir'*’ might have 
been present. Since the (d,7z) reaction is more favorable 
than the (d,a) reaction by a factor of 10?-10*, the amount 
of osmium impurity needed to account for the results 
would only be 0.01 to 0.1%. 

Concerning the true Ir'’® activity, the present work 
suggests that an upper limit for the half-life would be 
about 5 hours. Actually, a much shorter half-life would 
be anticipated, perhaps in the range of minutes. 


resolve 
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The first excited state of K* at 29.4 kev has been produced by using the reaction A”(p,n)K". Its mean 
life, measured by a pulsed-beam technique, is 5.60.5 mysec. 


I. INTRODUCTION 


HE shell model with j-7 coupling has been very 

successful in regions near closed shells and, in parti- 
cular, near the doubly magic nucleus Ca®. Several com- 
putations employing this model have been made for K*. 
Feenberg! first showed that it gave the magnetic mo- 
ment of the ground state as —1.70 nm, compared to 
the measured value of —1.29 nm. Both Pandya? and 
Goldstein and Talmi’ have used this model with striking 
success to compute the level scheme of Cl** from the 
level scheme of K*’. The empirical evidence concerning 
K* has been summarized by Way ef al.‘ and by Endt 
and Braams.* In addition, we have recently completed 
an investigation® of the level scheme of K* and ob- 
tained some new data on this nucleus. 

The ground state of K*’ is known to have spin 4, the 
first excited state at 29.4 kev is expected to have spin 3, 
and both are expected to have negative parity. The 
transition between these two states should therefore be 
predominantly magnetic dipole. We report here a meas- 
urement of the lifetime of the first excited state of K". 
This provides another point on which the j-j coupling 
model can be checked with experiment. 


II. EQUIPMENT AND PROCEDURE 


The first excited state of K“° was produced by proton 
bombardment of A*® in the reaction A"(p,2)K* using 
the 4-Mev electrostatic accelerator at Argonne Na- 
tional Laboratory. The lifetime measurements were 
made with the equipment® previously used to measure 
the time-of-flight of neutrons from the same reaction. 
As before, the proton beam (with an energy of 2.55 
Mev) was deflected across a slit by a 3.5-Mc/sec rf 
field to produce bursts of protons of 2 musec duration. 

To discriminate against neutrons and gamma rays 
having other than the energy of interest, a NalI(TI) 
scintillator 3 inch in diameter and j’g inch thick re- 


placed the plastic scintillator used for neutron detec- 

+ Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

'E. Feenberg, Phys. Rev. 76, 1275 (1949). 

2S. P. Pandya, Phys. Rev. 103, 956 (1956). 

3S. Goldstein and I. Talmi, Phys. Rev. 102, 589 (1956). 

‘Nuclear Level Schemes, A=40—A=92, compiled by Way, 
King, McGinnis, and van Lieshout, Atomic Energy Commission 
Report TID-5300 (U. S. Government Printing Office, Washing 
ton, D. C., 1955) 

5P. M. Endt and C. M. Braams, Revs. Modern Phys. 29, 683 
(1957). 

6 R. E, Holland and F. J. Lynch, Phys. Rev. 113, 903 (1959). 


tion. Typical pulse-height spectra for gamma rays from 
the reaction A"(p,n)K* are shown in an earlier paper.® 
To prevent fatigue effects from changing the gain of 
the photomultiplier by more than a few percent,’ the 
photomultiplier voltage was adjusted so that the aver- 
age anode current always was less than 0.2 ya. 

The gas target consisted of a long aluminum tube 
with a polyethylene liner, and a thin nickel window. 
After passing through the gas, the proton beam was 
stopped near the end of the tube by a graphite slug. 
The shielding between target and detector was ar- 
ranged so that gamma rays from a 1-cm length of the 
target could go directly to the detector, but gamma 
rays and x-rays from the window or stopping slug could 
not reach the detector except by scattering. 

The number of scintillations of a size corresponding 
to a photoelectric event produced by the 29.4-kev 
gamma rays of K* was recorded as a function of the 
time after the proton burst to obtain the “delayed” 
time spectrum of these gamma rays. The slow single- 
channel pulse-height analyzer was set for acceptance of 
pulses corresponding to 29.4+0.7 kev. The closed 
circles in Fig. 1 show this “delayed” spectrum for an 
argon target. It was found that the peak labeled K“ did 
not appear when a ;/g-inch copper filter was interposed 
between the target and the detector nor when the gas 
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7L. Cathey, Sixth Scintillation Counter Symposium, January, 
1958 (unpublished). 
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target was evacuated. Background corrections on the 
data were made by subtracting from all points the 
average number of background counts per channel de- 
termined at a time quite different from that at the peak. 

The K x-rays of tin, obtained from proton bombard- 
ment of a tin target, have an average energy of 26 kev 
and a mean life of approximately 5X10" sec. The 
time spectrum for the tin x-rays is, therefore, a measure 
of the resolution of the instrument. This “prompt” 
time spectrum, shown by the open circles in Fig. 1, was 
obtained with a tin target under conditions identical 
to those for the argon target. In this case, the observed 
distribution width of about 11 mysec at half-maximum 
is greater than the pulse width of the proton beam, 
largely because of the statistical fluctuations in the 
production of photoelectrons by the slowly decaying 
fluorescence of NaI(TI) and to a smaller extent because 
of the spread in the transit times of electrons in the 
photomultiplier and the effects of amplitude variations 
of the input pulses on the time-to-pulse-height con- 
verter. The best resolution would be obtained if the 
fast discriminator were set to trigger on the first photo- 
electron. However, because of the thermionic current 
from the photocathode, it was necessary to raise the 
bias of the fast discriminator to reduce the triggering 
rate. With the prompt curve shown in Fig. 1, it is 
probable that the discriminator was set to trigger on 


two photoelectrons.’ For further reduction of effects of 


counting rate, the bias for later measurements was 
raised to require about three photoelectrons to trigger. 


Ill. RESULTS 


When the first measurements of the lifetime were 
made, it was necessary to shut down the accelerator to 
change targets. Under these conditions, the positions 
of the peaks produced by the same target were some- 
times shifted by as much as 1 myusec, presumably be- 
cause of failure of the accelerator to return to the 
initial operating conditions. Instead of using the cen- 
troid-shift method of finding the mean life, we adopted 
that value of the mean life 1/A which produced the 
best visual fit between the “delayed” time spectrum 
observed, and the one to be expected from the resolu- 
tion [as measured by the “prompt” time spectrum 
P(t) |, and the decay constant . For each trial value 
of A, the expected “delayed” time spectrum F(x) was 


SR. F. Post and L. I. Schiff, Phys. Rev. 80, 1113 (1950). 


AND 


KR. BE. HOLLAND 


calculated using the expression’ 


n 


Fa)=K f e™P(x—f)di, 


0 


where K is a constant such that the area under F(x) is 
equal to the area under the measured “delayed” time 
spectrum. Figure 1 shows two curves for F(x), one com- 
puted for 1/A=5.3 musec and one computed for 1/A 
=5.8 musec. The average of several sets of data of this 
type gave a mean life of 5.8 mysec. 

A second set of measurements of the lifetime was 
made with a target assembly which permitted bombard- 
ment of either target without shutting down the ac- 
celerator. During a measurement, the targets were in- 
terchanged several times to minimize the effects of 
changes in the accelerator and the electronic equip- 
ment. In order to minimize possible spurious time shifts 
caused by high counting rates, the fast discriminator 
bias was raised to require about three photoelectrons 
to trigger. This resulted in a widening of the “prompt” 
curve to a full width at half maximum of about 16 
mysec. Analysis of these data by the method described 
above gave a value of 5.4 musec for the mean life, in 
agreement with the value obtained from the difference 
in position of the centroids of the two curves. 

The average value for both sets of data was 5.6+0.5 
musec for the observed mean life. To obtain the mean 
life for decay by gamma-ray emission, this result must 
be corrected for internal-electron-conversion. By ex- 
trapolation of Rose’s tables,’ we obtained a total con- 
version coefficient (assuming an M1 transition) of 0.29. 
The mean life for gamma-ray emission is then 7,.2+0.7 
myusec. The corresponding M1 transition rate is 0,2 
Weisskopf units, well within the usual range of values 
observed for this quantity. This supports the assump- 
tion that the transition is mainly magnetic dipole, in 
agreement with the proposed decay scheme. The mean 
life of 7.2 musec is also close to the value 9.5 musec ob- 
tained by J. B. French in an unpublished computation 
based on the j-7 coupling model. 
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Experiments on scattering of low-energy neutrons by heavy elements may give information concerning 
the electric polarizability of the neutron. The relation of the electric polarizability to the low-energy neutron 
scattering data is developed. One pertinent experiment is discussed and from this an upper bound on the 
polarizability is obtained. This upper bound to the polarizability a is an order of magnitude larger than the 
meson-theoretic estimate of a. If the value of @ is as small as is predicted by meson theory, or by an analysis 
of the pion photoproduction data, then it is unlikely to be observed in neutron scattering experiments of the 


presently achievable accuracy 


I. INTRODUCTION 


HE suggestion has been made! that the electric 
polarizability of the neutron could be observed 
by a careful study of the small-angle scattering of fast 
neutrons from a reactor upon heavy elements. In a re- 
cent publication, data so taken were analyzed to give a 
polarizability? of a= (8.0+3.5)X10~! cm’. It will be 
seen below that this estimate is entirely unreliable for a 
number of reasons. Moreover, it will further be seen that 
a far more accurate determination of the polarizability 
of the neutron from neutron scattering data can be 
made in another way.® Recent neutron scattering data 
taken by Langsdorf,' when so analyzed, will be seen to 
yield an upper limit on the polarizability of a~10™ 
cm’, This value may be compared with the value calcu- 
lated from meson theory, wz. a~2X10-" cm’, or the 
value obtained from an analysis of the data on photo- 
production of pions from protons, v7z., a 2X 10-" cm’. 
Il. EFFECT OF “POLARIZABILITY” ON 
NEUTRON SCATTERING 


The static electric dipole moment of the neutron is 
experimentally known to be zero to high accuracy.® 

* Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

17J. Aleksandrov and I. Bondarenko, J. Exptl. Theoret. Phys. 
(U.S.S.R.) 31, 726 (1956) [translation: Soviet Phys. JETP 4, 612 
(1957) ]; Barashenkov, Stakhanov, and Aleksandrov, J. Exptl. 
Theoret. Phys. (U.S.S.R.) 32, 154 (1957) (translation: Soviet 
Phys. JETP 6(33), 228 (1958) ]. 

27. Aleksandrov, J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 294 
(1957) [translation: Soviet Phys. JETP 6, 228 (1958) ]. 

3In a private communication the low-energy neutron-heavy 
element scattering data of Langsdorf, Lane, and Monahan was 
interpreted by the author to be consistent with a very large value 
of the neutron polarizability. However, it was pointed out by V. 
Weisskopf and H. Feshbach that this analysis was fundamentally 
incorrect. Their argument was based on the fact that the low- 
energy neutron scattering phase shifts for heavy elements are 
negative and hence the interference between the nuclear scattering 
and the weak, attractive “electric” scattering was necessarily 
destructive, whereas the interference effect observed was con- 
structive. Since then, further data by Langsdorf et al. has shown 
that the effect observed was probably not a real one, but rather a 
result of thick targets and poor energy resolution in the original 
data. The author is very grateful to Professor Weisskopf and 
Professor Feshbach for pointing out the inconsistency in sign, and 
to Dr. Langsdorf for more recent experimental data on this point. 

4A. Langsdorf, Jr. (private communication). 

5E. M. Purcell and N. F. Ramsey, Phys. Rev. 78, 807 (1950). 
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Moreover, it is also well known that a nonzero static 
electric dipole moment violates conservation of parity.® 
However, in an electric field there may be induced in the 
neutron an electric dipole moment parallel to the in- 
ducing field. If the induced dipole moment is designated 
by p, then for weak electric field one may write 


p=aé, (1) 


where é is the electric field vector, and ais the polariza- 
bility of the neutron. The perturbing Hamiltonian due 
to the interaction of the induced neutron electric dipole 
moment with the external electric field is then 


/ 
H electric — 


—}p-&= —}a&. (2) 


Thus in the field of a heavy nucleus of charge Z, the 
perturbing Hamiltonian may be taken to be 


H' sectric(r) = —}aZ*e*/r' for r>R, (3) 


where R is a distance of the order of the size of the heavy 
nucleus. For r<.R, H’ctectric is negligible with respect to 
the nuclear Hamiltonian, and is taken to be zero for 
convenience. The addition to the scattering amplitude 
due to the perturbing Hamiltonian is given in the first 
Born approximation by 


fetectric= 


— (2M /h*) (41) fe "HH ctectrie(r)dt 


(M we)arieg f x 
qgR 


G 


= (M/2h?)aZ?(e?/R) 


3 sinadx 


L 


| (singR) aR+cosgk—aR f x 


qr 


' sinxdx 


(M/2h*)aZ*(e?/R)} (singR)/(qR) 


ah 
+cosqR- brgR+oR f x 'sinxdx], (4) 


6T. D. Lee and C. N. Yang, Brookhaven National Laboratory 
Report BNL-443 (7-91), 1957 (unpublished). Lee and Yang also 
show that if parity is not conserved but time-reversal invariance 
holds, then the static electric dipole moment is still zero 
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where M is the mass of the neutron and q is the momen- 
tum transfer vector, so that g= |k;—k,| = 2k sin(@/2). 
A series expansion in powers of g is readily obtained 
from the last line of Eq. (4), yielding 

(M /h?)aZ?(e?/R) 


felectric 


a (=7oR)”" 
xX] 1—Ja(gR)+(gR)Y > Be (4 
n= (2n+1)(2n+3)! 


It is of interest to note that Eq. (5) is a series in even 
powers of g except for a linear term in g. This anomalous 
term arises from the infinite integral /o* 27! sinxdx= 2/2 
and is a consequence of the long-range character of 
H sectric~r*. This linear term in g is independent of the 
cutoff distance R, and is characteristic of an r~* po- 
tential.’ Since this term is characteristic of the r~“4 
potential, and is likewise independent of the cutoff 
radius, it would seem most appropriate to attempt to 
recognize this term in the low-energy scattering. This is 
most readily done through its interference with the low- 
energy nuclear scattering. 

The expansion of Eq. (5) may alternatively be ex- 


pressed in terms of the “electric” phase shifts, v72., 
(Me?/h?)aZ*[(k/ R)— (9/3)k?+0(') |, 
(Me? /h®)aZ"{_(9/15)k?— (R/9)R+O0(k°) 


(60.0) 
(6.1) 
bo (Me? /h?)aZ*[ (2 /105)k?+O0(R*) |. (6.2) 


and so on. Thus, whereas nuclear phase shifts at very 
low energy have the usual energy dependence, 

6) R21, (7) 
the “electric” phase shifts to leading orders in k behave 
like 
= (Me?/h®)aZ*{ [| 21-1) / (20-1) (2/+3) 1k? 

—[R?!'/ (21+ 1)?(2/—1) Jk?'+'+-O(R?'+4)}, (8) 
(2/+-3) (2/+1)---&5X3X1. Thus for 


” phase shifts to leading order in k, 


where (2/+3)!!2 
/>1, the “electric 
may be written as 

b> 1 = (Me /h?)aZ*[ mr / (2143) !! Re. (9) 
If, therefore, the cross section is written in the form 
a(6)= (oe, 4or)[ 1+ P (cos?) +w2P2(cosé) 4 tee }. (10 


Then «¢ learly at low energies, for “electric” plus nuclear 
scattering, the coefficients w, for />1 become 


m(21+1) s2Me*\ 1 
wy — ( ) alk, 
(21+-3)!!N #? Ja 


where a is the zero-energy scattering length. 


’ A potential of order r-?" will yield a single odd power of g in the 
power series expansion of the Born approximation to the scattering 
amplitude, viz. g* 8. A short-range potential would, of course, 
yield only even powers of g. 
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III. DISCUSSION OF DATA 


Data on low-energy neutron scattering from a large 
variety of elements have been taken by Langsdorf, 
Lane, and Monahan,* who present their data in the 
form of curves of o,; and w,, as defined by Eq. (10), 
versus energy. For heavy elements, Z> 73, their curves 
for w; at low energies appear to have the requisite energy 
dependence, v/2., w:*+/E, to be interpreted as “elec- 
tric” scattering. Moreover, the quantity 


S=lim((¢4)'w:/\/F), 
E-0 


taken from their curves of w; vs E, likewise, appears to 
have the correct Z dependence, v7z., S« Z*. However, 
since experimentally both w; and a are observed to be 
positive, this would lead to a negative value of a, 
indicating a neutron polarizability opposing the in- 
ducing electric field.’ 

The sign of the scattering length is readily seen to be 
positive by a simple rearrangement of the effective- 
range expansion. If the effective-range expansion 


k coté9= —a 1+ drok?+ sian. 


is rearranged in the form 


h? 1 do Ot 
re Ug I= Je 
2M 0 dE E=0 dor E=0 


with a?= (¢,/47) e=0, then for the elements of very high 
Z, Z= 80, one obtains a~10X 10-" cm and rp~8X 10-8 
cm, by substitution of the experimentally observed 
values of o, and do/dE at low energies into Eq. (13). 
Recently, Langsdorf and collaborators have begun a 
series of much more refined measurements of the angular 
distribution of neutrons scattered from a variety of 
elements at low energies. In these new experiments the 
energy resolution has been very greatly improved, and 
thinner targets employed. In a preliminary plot of o,; 
and w, versus energy, for the scattering of neutrons by 
uranium, it was then observed that w,;<E at low 
energies to within the accuracy of the experiment. The 
straight-line portion of this curve is now very well 
defined by some ten experimental points in the energy 
range 0-300 kev. This straight-line portion of the a, 


(13) 


rva= 


curve is approximately given by w;~ 2.0Emey. Since the 
“electric” effect gives rise to a term for w, <\/ E, we may 
write the combined nuclear plus electric value for @, 


for uranium as 


w= —b(Emey)'+cEMev, (14) 
where 6 must be positive [see Eq. (11) _]. If one esti- 
mates from the new Langsdorf curve for uranium that 


the straight-line extrapolation of w; cannot cross the 


* Langsdorf, Lane, and Monahan, Argonne National Laboratory 
Report ANL-5567, 1956 (unpublished). A brief summary of this 
work appears in Phys. Rev. 107, 1077 (1957). 

® This argument is due to Weisskopf and Feshbach (see refer 
ence 3). 
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zero axis at an energy higher than ~20 kev, then one 
gets 


0<b<0.2, (15) 


which corresponds to 


0<a<2X10™ cm’, (16) 


When the Langsdorf experiments are completed, it 
should be possible to narrow the limits in Eq. (16). It 
should be noted that the older published data,* although 
exhibiting the behavior w:«4/E, are not inconsistent 
with w,«E to within the stated experimental un- 
certainty. 

Aleksandrov’ has attempted to determine the polar- 
izability of the neutron in a much more difficult experi- 
ment. Using fast neutrons from a reactor, with a mean 
energy of ~2 Mev and a very large energy spread, 
Aleksandrov measured the small-angle scattering of 
neutrons from several heavy elements. Now at such 
high energies, one may readily calculate from Eqs. (4) 
and (5) that fetectric is rather sharply peaked forward, 
falling to half its value in the forward direction at ~15°. 
The main effect to be observed at small scattering 
angles, however, is the magnetic-moment scattering 
which is even more strongly forward peaked and much 
larger. Aleksandrov thus attempts to observe the effect 
of the “electric” scattering after subtraction of the 
magnetic-moment scattering. After having made this 
subtraction, he observes a residual deviation from an 
a+b cos@ angular dependence in his cross section at 
angles smaller than ~11°. From these data he estimates 
a polarizability a~10— cm‘. It is highly unlikely, how- 
ever, that Aleksandrov has indeed measured the polar- 
izability of the neutron, as he himself has observed. 


IV. DISCUSSION AND CONCLUSIONS 


The polarizability of the neutron has been calculated 
from meson theory. Very crudely one may expect that 
the electric polarizability of the neutron should be a 
product of three factors, the pion coupling constant 
(f*/hc), the electromagnetic coupling constant (e?/fc), 
and the pion Compton wavelength cubed (#/m,c)*. If 


one takes (f°? fc) = 0.08," one obtains 
aX (f?/hc) (e8/he) (h/m,c)?~1.6K10-" cm?, (17) 


10 G. F. Chew and F. E. Low, Phys. Rev. 101, 1570 (1956) and 
Phys. Rev. 101, 1579 (1956). 
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This value is in surprisingly good agreement with 
a meson-theoretic calculation of Barashenkov and 
Barashov," who calculate a by means of the Chew cutoff 
theory, with cutoff momentum k= 5.6(m,c/h) and pion 
coupling constant (/?/Ac)=0.08, and obtain the result 


a= 1.8 10-® cm’. (18) 
Barashenkov and Barbashov also quote the value of the 
polarizability obtained by Baldin” from the analysis of 
experiments on photoproduction of pions. The quoted 
values attributed to Baldin" are 

4 10-* cm’ <a< 1.4K 10-" cm’. (19) 


This result is in agreement with an estimate made 
independently by Foldy" from the pion photoproduc- 
tion data, v7z., 

a2 +X 10-* cm’, (20) 


A further result obtained independently by Breit and 
Rustgi'! from the pion photoproduction is that 


a<2K10-" cm’, (21) 


It thus appears that the polarizability of the neutron 
as estimated from low-energy neutron scattering from 
heavy elements is small. From the scattering of neutrons 


from uranium, a tentative upper bound for a may be 
obtained. This upper bound exceeds by an order of 
magnitude the value obtained from meson theory or 
from the pion photoproduction data. For a~2X10~-* 
cm’, it is highly unlikely that any effect in neutron 
scattering from heavy elements can be observed since, 
for example, for 92U at zero energy, 

Sein, (22) 


fetectric~ OX 10 


whereas 
2 cm. (23) 


a 1x 10 


"VY, S. Barashenkov and B. M. Barbashov (to be published). 
Thanks are due to Professor S. Drell for a copy of this preprint. 

2A. S. Baldin, Proceedings of the Padua-Venice Conference on 
Fundamental Particles, 1957 (Suppl. Nuovo cimento (to be 
published) ]. This reference is quoted from reference 11. 

8. L. Foldy (private communication). The author 
grateful to Professor Foldy for sending him the result of this 
calculation. 

4G. Breit and M. L. Rustgi, following paper [Phys. Rev. 114, 
830 (1959) ]. Thanks are due Professor Breit for a prepublication 
copy of this manuscript. 
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In connection with a proposed explanation of the anisotropy observed in the scattering of neutrons from 
various elements at energies of a few hundred kev, the order of magnitude of the neutron polarizability is 
estimated by making use of data on photoproduction of pions. A polarizability a greater than ~2X10-® cm? 
appears unlikely on this basis. There remains an unexplained factor of ~50 which has to be accounted for 
either in the polarizability or by providing another explanation of the neutron scattering anisotropy. The 
possibility of explaining the anisotropy on the basis of ordinary scattering theory does not appear to be 
excluded. The exact proportionality of the coefficient of cos# to the neutron momentum does call for an r~4 
type of potential, but it is not clear whether the energy dependence of the coefficient is sufficiently well 
determined by the data and whether the compound nucleus features of the interaction are capable of ex- 
plaining the observations. Nevertheless, a few less usual effects are estimated. These are the interaction of 
the neutron moment with the vacuum polarization charge and with the external electric field of the nucleus as 
well as its interaction with the electric charge density at the nuclear surface. The latter is hard to distinguish 
from other nuclear effects. The former two effects are small and do not resemble the observed effects. 


I. INTRODUCTION AND NOTATION 


HE interesting suggestion has recently been made 

by Thaler! according to which the experiments of 
Langsdorf, Lane, and Monahan* on the angular dis- 
tribution of neutrons scattered from a number of ele- 
ments indicate a neutron electric polarizability a of 
approximately 5.5X 10~ cm’, It appeared of interest to 
compare this suggested value with estimates of a made 
on the basis of data regarding the photoproduction of 


pions from hydrogen. The estimates reported below 
indicate that the contribution to a from virtual single 
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S-pion production probably does not exceed 2X 10 
cm*, Since in Thaler’s energy formula and in that for the 
scattering amplitude the symbol a is used in the sense of 
one-half the polarizability, his fit to the data must be 
interpreted as indicating that if the usual meaning is 
attached to a, then a= 1,1 10~° cm? which is about 50 
times larger than the estimate from photopion data. 
Possible reasons for this discrepancy are discussed 
below and various sources of the angular anisotropy are 
considered. 

Some of the most frequently used symbols occurring 
in this paper are as follows: 

a= polarizability. 

E=energy of the y ray. 

(= external electric field. 
V’y.p.= vacuum polarization potential. 

\o=h/mc=Compton wavelength of the electron di- 

vided by 2r. 
h*/ye*= Bohr length of the s+ p system when 
treated like a hydrogen atom. 


* This research was supported by the Office of Ordnance Re 
search, U. S. Army and by a contract with the U. S. Air Force, 
monitored by the Air Force Office of Scientific Research of the Air 
Research and Development Command. 

1R. M. Thaler, preceding paper [Phys. Rev. 114, 827 (1959) ]. 
rhe authors are indebted to Dr. Thaler for a prepublication copy. 

* Langsdorf, Lane, and Monahan, Phys. Rev. 107, 1077 (1957). 
See also Langsdorf, Lane, and Monahan, Argonne National 
Laboratory Report ANL-5567 (unpublished). 


D=density per unit energy range for undistorted 
plane waves. 
N= vector dipole moment. 


II. CALCULATION OF THE POLARIZABILITY 


The polarizability a may be expressed as 


a=F > DY |(m;|Mz| m,) |2/ (hw;,), (1) 


7 mj ryz 


where 7 designates the state of the system in the absence 
of the electric field, 7 denotes any other state of the 
system, fw;; is the energy difference E;;= E;—E; be- 
tween the states 7 and 7, m; and m; stand, respectively, 
for the magnetic quantum number of states j and j, 
while Miz, M%, and MY’ are the components of the 
electric dipole operator of the system. In the special case 
of a system composed of a number of charges é », 


Mz=T » epxp, (1.1) 


where x, is the x coordinate of the pth charge. In the 
present case the number of charges is in general different 
in the states 7 and j so that in (1.1) the summation has 
a modified meaning. Nevertheless, Eq. (1) holds pro- 
vided the addition to the Hamiltonian caused by the 
introduction of an external electric field @ has the form 


Hy s.’=—2D cys IM (1.2) 


The restriction of the consideration to the single system, 
the neutron in the present problem, is indicated here by 
the suffix s.s. No attempt will be made to calculate the 
matrix elements of the dipole moment operator from a 
model or from fundamental theory. Instead it will be 
attempted to estimate the squares of their absolute 
values from the related phenomenon of pion photopro- 
duction. The existence of such a connection is well 
known in the theory of optical dispersion, in which 
matrix elements of 9 enter the expression for the 
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refractive index of a material and also that of the 
Einstein absorption and emission coefficients. 
These relations are? 
a(w)=>>,(e2/m hs, ‘Twe2— w+ iws'w | 
=P(w)/G(w), (1.3) 
(1:37) 


(1.4) 


P=(M), 


B,jhvj;= (we?/m) fii, (s=Jj, i). 


In (1.3) one has an expression for the complex polariza- 
bility at a frequency w/2r. The mass of the equivalent 
harmonic-oscillator particle is m; the transition fre- 
quency is w,/2m, with s being an abbreviation for the 
pair (j,i). The f, is the equivalent number of radiation 
oscillators for transition s which is expressible in terms 
of the Einstein absorption coefficient B;; which gives 
the number of absorptions per second from 7 to j as 
B;;p(v;:) if the system is exposed to radiation with 
energy density p(v)dy in frequency range dv. For w=0, 
according to Eq. (1.3), 


a(0)=>..(e,2/m) f./w.?. (1.5) 
Aside from w, the right-hand side of this formula is, 
according to (1.4), essentially the Einstein absorption 
coefficient. Accordingly the calculation of a(0) by means 
of (1.5) should have general validity. In the special case 
of one particle,’ 


Si = (2m/3h)w;; yt > | xm, m4 2 
m 


j tyz 


(1.6) 


The relation of (1.5) to the theory of the refractive index 
of absorption lines makes it natural to employ (1.4) in 
order to obtain the f, from the absorption cross section. 
The value of f, which matters for pion photoproduction 
is that for w=, in (1.3), w, referring here to a frequency 
in the continuum. The contribution of the dipole 
process to the absorption cross section is thus affected 
by retardation effects while the /, entering (1.5) is free 
of such effects. The values are thus not exactly the same. 
This difference does not enter usual presentations in the 
theory of optical dispersion, retardation effects being 
minute in such cases. 

Independently of the theory of optical dispersion one 
can derive (1.5) by a simple calculation of a system 
described by a Hamiltonian H® with energy levels F; 
which is perturbed by H,.,.’. The wave equation is 


(H®+H,...\y=0, (2) 


and the eigenfunction wm is to within first-order effects 


in ,:..’ 


Yor uo— > ryz\ nN Mee 0) \E s16n/ Eon, (2.1) 


with 
(MU | 0) = (2tn, We u0). (2.2) 
3S. A. Korff and G. Breit, Revs. Modern Phys. 4, 471 (1932); 
G. Breit, Revs. Modern Phys. 4, 504 (1932). 
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The expectation value of P+ is 
P= Qa 5. = (M+) = (Wo, Dt *Wo), ‘(Wo,Wo), 


the first three expressions being convenient synonyms. 
To within the first order of effects in H’ the right-hand 
side of (2.3) gives 


a= 2 eX (n M0) iw Beads 


(2.3) 


(2.4) 


For space degenerate levels this formula may be written 


a=3 ie Dm DL evel (m;|Me? 


which, in the specialization of (1.1), is equivalent to 
(1.5) with f, expressed by (1.6). The mass m in (1.5) 
and (1.6) cancels and its introduction is not a necessity. 
It is nevertheless convenient to introduce in the present 
case the reduced mass yu of the pion-nucleon problem 
introducing the equivalent oscillator number by 


ts s 5 (mer ji hE YS m; 2, sus! (n M*|0) Y 


which makes (2.5) equivalent to (1.5) provided in the 
latter m is replaced by uw. It is clear that the usual 
calculation of the dipole absorption probability and of 
the refractive index, the latter involving the complex 
polarizability, can be again obtained from the standard 
formulas (1.3), (1.4) on replacing m by » and employing 
(2.6). The assumption is involved here that one is 
dealing only with electric dipole effects and that the 
effects of retardation are negligible for the frequencies 
of the absorption lines. If the values of the /, or of the 
equivalent squares of dipole moments are determined 
from the absorption lines they are likely to be somewhat 
too small on account of the variations in the amplitude 
of the exp(—7«-r) factor which enters in the more com- 
plete formulas. The statement can only be made in 
terms of probabilities because it is conceivable that the 
factor can counterbalance some cancellation already 
present. It nevertheless appears probable that, if serious, 
the effect will be to decrease the effective f,. This direc- 
tion of the error tends to make the estimate of a(0) too 


as 


2/E;;, (2.5) 


/ 


m;) 


(2.6) 


small. 
The energy of the system described by (2) can be 
calculated as 


(Wo, HWo)/ (Woo) = Eo— ta®, (2.7) 
as is readily found by means of (2.1). In this result all 
effects of higher order than the second in @ have been 
dropped. In the evaluation of (2.7) it is essential to take 
into account the change in (Wo,Wo) from its unperturbed 
value. The form of the energy correction for @ in (2.7) 
is the same as in classical electrostatics. 

The change in the energy expressed by (2.7) may be 
used in the calculation of the collision of a neutron with 
a nucleus in those regions of the configuration space for 
which the collision may be regarded as slow. Under these 
conditions, which are well satisfied in the present 
application, one may use the method of adiabatic wave 





&32 G. BREIT AND 
functions and the energy change calculated by means of 
H,.,.' appears then as an addition to the Hamiltonian 
function of the com posite system consisting of the nucleus 
and the incident neutron. The — $a term in (2.7) may 
be used therefore as an addition to the Hamiltonian 
function of the composite system. This is also the form 
needed in a nonquantum Hamiltonian for the descrip- 
tion of the motion of a classical particle with polariza- 
bility a. 

If the neutron is surrounded by radiation of energy 
density p(v)dv in frequency range dv the number of 
photons in dv which are incident on the neutron per cm? 
per sec is [ep(v)/(hv) |dv and an isolated line absorbs 
energy at the rate 


p(v) 
B;jp(v;,) f ca(v)——dy. 
lu hy 


Here a(v) is the total collision cross section for 
absorption of the photon and the integral covers 
width of the absorption line. For a narrow line Eq. 


(¢ hv) f 
l 


u 


(3) 


the 
the 
(3) 


gives 
a(v)dv, 
so that 


(me*/pc) f 


ff cvowe 
Ih 


Representing the continuum as the limit of a discrete 
spectrum consisting of a number of sharp and non- 
overlapping lines, one finds on changing m to yw in (1.5) 


a(O) = (hi 2) f (HE E+), e7f,/(uws), (3.3) 


the integral being extended over the continuum and the 
sum over the discrete part of the spectrum. The value 
of ¢ in (3.3) is the part of the cross section corresponding 
to electric dipole absorption.* 

It may appear to have been unnecessary to discuss the 
formula for the polarizability both by the method of 
optical dispersion and by the perturbation calculation 
which starts with Eq. (2). The reasons for outlining the 
reasoning are as follows. The Hamiltonian for the actual 
system is not known and in distinction from the atomic 
case it must account for the formation of the pion. In 
this respect the atomic case treatment does not cover 
the situation. The perturbation method gives the sim- 
plest account of the assumptions made and shows 
furthermore that the factor } in the second term on the 
right-hand side of (2.7) should be included independently 


*A similar formula has been used for the deuteron by J. S. 
Levinger and M. L. Rustgi, Phys. Rev. 107, 554 (1957). The 
reason for the presentation of the derivation in the text is that the 
relative freedom from detailed assumptions regarding the structure 
of the system is of special interest in the present case 
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of a classical analogy. It also shows that a correction for 
retardation must be made for an exact estimate and 
since this correction constitutes a limitation on the 
accuracy of the estimate a presentation of the steps 
involved appeared necessary. The connection with 
optical dispersion is useful in showing that corrections 
for nonadiabaticity cannot be large. The neutron may be 
considered in fact as being exposed to a time-dependent 
electric field. If the Fourier spectrum of the field is used 
to calculate the neutron polarization, one deals with 
frequencies of the order of the reciprocal of the collision 
time. For a 100-kev neutron, employing a classical 
mechanics estimate, this gives frequencies ~mec?/h 
which are negligible in comparison with the gamma-ray 
frequencies. The consideration may be carried out in a 
static approximation therefore. The considerations made 
do not take into account the acceleration of the neutron 
but the ahalogy with the adiabatic (Born-Oppenheimer) 
approximation suggests that the acceleration effects are 
negligible. 


III. NUMERICAL ESTIMATES OF THE 
POLARIZABILITY 


By charge symmetry the photodisintegration of the 
neutron into p+7~ may be supposed to be determined 
by matrix elements having values very similar to those 
for p—> n+7". At very low energies a difference may be 
expected because of the electric attraction between p 
and w~. This difference will be discussed after the 
presentation of the main effects. There is much evi- 
dence® to the effect that the p(y,r*)n reaction gives rise 
to. S states just above threshold. In particular Bernardini 
and Goldwasser® have shown that between 150 and 195 
Mev the angular distribution is isotropic and that @ is 
proportional to (E,—Fy,)} where Ey, is the threshold 
energy while -, is the gamma-ray energy. At higher 
energies electric dipole radiation can be expected to give 
rise to D states in the continuum. It is apparently not 
known® however which part of the experimental o 
should be attributed to the formation of this state. The 
estimate will be made therefore on the basis of S-state 
formation. 

The energy dependence for this process will be taken 
to be of the form 


o=C(E,—Ey)! 
Co =() 


(E,<Enm), 
( E> {nes Be 


(4) 


where C is a constant and £,, is an arbitrarily assumed 
energy maximum for S-wave production. Evaluating 
the integral in (3.3) and denoting the part of a in the 
absence of the discrete spectrum by @eont, with cont 


5H. A. Bethe and F. de Hoffmann, Mesons and Fields (Row, 
Peterson and Company, Evanston and White Plains, 1956), 
Vol. IL. 
®G. 


(1954). 


Bernardini and FE. L. Goldwasser, Phys. Rev. 94, 729 
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standing for continuum, one has 


2r* y 2)" 
y= [(En— Ewn)/Ew }}. 


(4.1) 


Acont = 


he —|— 1 | 
Ew 
(4.2) 


Krom the measurements of Bernardini and Gold- 
wasser® the value of the total cross section o~1.2X 10-** 
cm? for £= 200 Mev. Taking E,,= 200 Mev one obtains 
@eont = 1.1 10-* cm* which is much too small to account 
for the value which has been suggested in connection 
with neutron scattering, since if one takes the suggested 
value 5.5X10~! cm’ as representing a fit to experiment 
for the quantity denoted here by a/2 then a should be 
taken to be 1.1% 10-* cm’, For E,,= 1000 Mev, substi- 
tution in (4.1) gives a= 1.1 10—* cm? which is still too 
small by a factor of ~100. If one makes E,,=% one 
obtains an asymptotic value of ~ 2.2 10~-® cm? corre- 
sponding to a factor of ~50. 

The value of £,, used in the estimates just made is 
arbitrary. It appears unreasonable, however, to use 
much more than 1000 Mev for E,,, as may be seen by 
estimating the f, sum. For the continuum this sum is 


(4.3) 


(d. foun = Cae) 2xthe')} fod, 


as follows from (3.2). For the dependence of ¢ on E 
assumed in (4), 
E(m) 


f od E=30(Em)(Em— Ew). (4.4) 
E(th) 


Employing (4.4) in (4.3), one obtains 
i, fa) E(m) =1000 Mev=0.70, (4.5) 
and 


(2 fa) EG) =1230 Mev — iB (4.6) 


If the emission of one pion is the main participating 
process, the estimate a= 2.2 10—*" cm? may be expected 
to be about right therefore. This estimate already in- 
cludes what appears to be a generous allowance for the 
increase of matrix elements with E at the higher E. For 
a pion with £,=850 Mev, the wavelength is A= 2.6 
X 10-8 cm and A/27=0.4X 10-" cm. The initial increase 
in 9 with pion energy just above threshold can be ex- 
pected to be appreciably slowed down therefore at 
E,~™~1000 Mev since A/2m is smaller than the supposed 
nucleon dimension. It may also be argued that the 
application of the f-sum rule with just one pion as in 
(4.6) is not justifiable because a number of pions can be 
produced. This production will set in only at higher 
energies and the factor 1/E* in (3.3) decreases the 
contributions. The employment of the f-sum rule for the 
case of single pion participation is somewhat question- 
able, there being no established connection between the 
dipole matrix elements and those of the coordinates of 
the meson. The difference from the atomic problem is 
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that creation operators may enter the present situation 
in a more essential way than in the atomic case. There 
is thus an element of speculation entering in the de- 
termination of the high-energy cutoff on the basis of the 
f-sum rule. It will be noted, however, that if the sum 
rule is not used there is only a factor of ~2 gained by a. 

A possible reason for increasing the estimated a might 
be supposed to be that the observed a is influenced by 
retardation effects and may therefore be too small. For 
E,=175 Mev, one has \,/ (2) = 1.1 10—" cm which is 
not large enough to rule out appreciable retardation 
effects. Since the data of Bernardini and Goldwasser are 
generally believed to indicate proportionality of « to the 
pion momentum in this energy region the retardation 
effects are not likely to be very strong because if they 
were the threshold law for S pion ejection would be 
obeyed poorly. This argument does not exclude the 
existence of some retardation effects because A, changes 
relatively little from 150 to 200 Mev and the change in 
the retardation effect will not necessarily obscure the 
proportionality of o to ps. If the relevant nucleon di- 
mensions are taken to be ~0.8X 10-" cm, then k, = 10"/ 
1.1 cm™ gives k,r=0.7 in the nucleus and the relative 
magnitude of the retardation effect is roughly given by 
the factor sin0.7/0.7=1—0.08. While the retardation 
effect is likely to be appreciable, it appears unlikely that 
it may be large enough to account for the factor 50 
or 100, 

The effect of the difference between p— n+2* and 
n— p+ processes is discussed in Appendix I, where 
it is shown that the p-r~ attraction is not an important 
factor in its effect on the polarizability. 

IV. OTHER EFFECTS 

The magnitude of the interaction with a heavy nucleus 
corresponding to the neutron polarizability desired for 
the explanation of the neutron scattering anisotropy 
corresponds to appreciable potentials outside the nu- 
cleus. According to Eq. (2.7) the wave equation is 

he ale® 
—A-+—- —+E ty=0. 
2M 2fr 
The attractive potential used here is 
V por = — 30Z7e?/r" 
The scattered wave corresponding to V0.1 in the ap- 
proximation of undistorted plane waves is 


M_ e**" @#® singr 
Vee~a—Z*e*— j —dr 
h? r Jr gr 


M 1 6 
~a re" sin(~) 
h? R 2 2 


6 
+2kR sint(-) - + | 
) 
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These formulas are essentially as in Thaler’s note, there 
being only the minor difference of a replacing his 2a and 
the explicit inclusion of the term in &? inside the square 
brackets. The consistent difference regarding a thus 
confirms the replacement of 5.5X 10~ cm* by twice this 
value for a on the basis of the same fit to experiment 
which corresponds to the employment of 5.5 10—" cm’ 
for a/2 in (5.1). For Z=80 this value gives for | Vpo1!, 
3.2 10! ev at r=4e?/mc?= 1.12 10-” cm, 2.0 10° ev 
at r= 8e?/mc? = 2.25 10-" cm, 4.8 ev at 18 10-” cm. 
The large value at r=4e/mce? is further increased at the 
nominal nuclear radius 1.4X10-"%A! for g2Pb** to 112 
kev. These relatively large values of the polarization 
potential at the nuclear surface may have an appreciable 
influence on nuclear structure. The angular distribution 
effects are, on the other hand, also consequences of the 
long-range behavior of V,,., and the large values of Vpo1 
at the nuclear surface do not in themselves determine 
the scattering anisotropy, the r~ falloff of Vo. being for 
example responsible for the proportionality to & of the 
coefficient of sin(@/2) in (5.2). 

On account of the relative smallness of estimated 
neutron polarizatibility it appears that the anisotropy at 
low energies may perhaps have another origin. The ap- 
proximate fits to data by means of the optical-model 
potential employing a square well’ indicate that at least 
a part of the effect can be represented in this manner. It 
appears probable that employment of potential wells 
with tails at the larger r should make it easier to fit the 
data because the rapid rise of w; in the representation 


a9(8)=o7[ 1+wiP1(cos8)+w2P2(cos8)+---] (5.3) 


of the differential cross section can be more readily 
reproduced that way. Since the optical-model potential 
cannot be expected to take into account all interactions 
of the neutron with the nucleus, an explanation along 
conservative lines of low-energy nuclear physics may 
turn out to be adequate. In order to explain the ap- 
parent proportionality of w; to the neutron momentum 
p by means of a potential tail, it is indeed necessary to 
use a 1/r‘ falloff in the potential, which suggests the 
polarizability as an explanation. If it were known that 
the proportionality to p is the true law at small energies 
just above zero and that the optical model is adequate, 
the conclusion regarding the existence of the 1/r' po- 
tential would be binding. Since neither is known, it 
appears impossible to arrive at the existence of the 1/r‘ 
potential with certainty. 

Estimates have been made of the effect of the vacuum 
polarization potential since this is larger for the heavy 
elements than for the light ones and since the observed 
anisotropy increases approximately with Z*. A part of 
the interaction of the neutron with the vacuum polariza- 


7 Jack Sokoloff, Argonne National Laboratory Report ANL- 
5618 (unpublished). 
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tion field which can be represented as a central potential 


is8 


(6) 


where yu, is the neutron magnetic moment and G,,,. is 
the electric field of the vacuum polarization. According 
to Uehling,* at small r the vacuum polarization potential 


1S 
2Ze/137 rmc 
=- —[ 141 +in(™ ‘)} 
1 


3ar 


> +=. (Au,,/2Mc) divG, »., 


Vv. 


(6.1) 


which, on approximating yu, by #/Mc, gives as the 
leading term of the potential 


V vp = [Z/ (411) 1(E2/do) (t/XoMc)*(r/do)2, (6.2) 


with 


ho=h/mce. (6.3) 


For r= 4e?/mc? this approximation gives Vy.,.=0.08 ev 
which is much smaller than the previously quoted 
numbers from the supposed neutron polarizability effect. 
For large r again, according to Uehling, 


g (Ze/548)x-*(Xo!/r) exp(—2r/Xo), (6.4) 


and the leading term of (6) corresponding to this is 


Vv.p. = (4-1Z/137) (€/do*) (4/2Mc) 


Xun(r/do)~! exp(—2r/Xo). (6.5) 


Employing the same approximation for y,, this is 


Vv.p = (a-Z/274)K (r/do)4 exp(—2r/Ao), (6.6) 
with 


K=(m/M)?(e/do)=10- ev. (6.7) 


This potential is seen to be very small and of little 
interest for the immediate question. 

The interaction energy of the neutron moment u,, 
with the electric field of the vacuum polarization charge 
is small in comparison with its interaction with the 
electric field of the nucleus, and only the latter will be 
considered. The interaction energy is 


H¢'= (un/2Mc){[pX@]-o—[EXp]-o}, (7) 


where @= Zer/r’ is the electric field and p is the neutron 
momentum. A first-order calculation gives 


Yoo — (2ipnZe/hcg) (e*"/r) 
X[sin(gR)/(qR) ](LkxXKo]-@), (7.1) 


where hko, ik are initial and final momenta, q=ko—k, 
while R is the lower limit of integration in the evaluation 
of the matrix element which is used because the plane- 
wave approximation for the neutron wave is inappli- 
cable at r<R. On account of the 7 in (7.1) this effect is 
in quadrature with the s-wave scattering amplitude 
arising from ordinary scattering. Except at energies 
sufficient to give appreciable inelastic effects there is 
therefore a direct quadratic contribution to the differ- 


SE. A. Uehling, Phys. Rev. 48, 55 (1935). 
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ential cross section which is found to be 
Agoo= (Ze?/hc)?(un/e)*Lsin(gR)/(qgR) P cot?(0/2). (7.2) 


Fer Z=80, with the previously used approximation to 
Mn, 
(Ze/hie)?(un/e)?z1.5X 10-28 cm? 


(Z=80). (7.3) 


The effect of this interaction is small except at small 4, 
and in the approximation used the angular dependence 
is quite different from that for the term in k sin(6/2) of 
(5.2). When the effect becomes large at small 6, the 
first-order calculation ceases to apply but, since the 
angular dependence is very different from that of the 
effect of neutron polarizability, such small angles do not 
matter. This contribution to og is appreciably smaller 
than that caused by the neutron polarizability if 
a=10-" cm’. For this a one obtains at 100 kev 


(3 /2)aM Z2ek/h?=2.4X10- cm, (Z=80) (7.4) 


which, even without the enhancement caused by multi- 
plication with the regular s-wave scattering amplitude, 
gives o9= 6X 10-*6 sin?(6/2) cm’, a number appreciably 
larger than the right-hand side of (7.3). An interaction 
of the form used in (6) but employing for & the field of 
the nuclear charge distribution gives larger effective 
potentials than the vacuum polarization field. These 
potentials are more nearly of the order of that of the 
neutron polarization potential at the nuclear surface 
with a= 10~ cm*. Since these effects are present only 
within the region of space occupied by nuclear matter, 
they are difficult to distinguish from other nuclear force 
effects and it appears practical to incorporate them with 
such effects. 

The electric field of a heavy nucleus, when analyzed 
in a coordinate system centered on the neutron, appears 
as a superposition of multipoles of which the quadrupole 
is the first. The 3, 3 resonance should participate in the 
neutron distortion caused by this effect. The r depend- 
ence of the effective potential for neutron motion is 
more rapid than for dipole distortion and the pro- 
portionality of asymmetry effects to the neutron mo- 
mentum cannot be expected as a consequence of this 
effect. Its direct calculation has not been carried out but 
if one erroneously attributes the 3, } resonance to the 
dipole effect and calculates a, the neutron scattering 
value of a is not accounted for. This circumstance and 
the rapid decrease of the potential with nucleus-neutron 
distance suggest that the quadrupole polarizability is 
not the explanation and that it is hard to distinguish 
from ordinary nuclear force effects. 


V. DISCUSSION 


Estimates of neutron polarizability a made above on 
the basis of photopion production data have given a 
value smaller than that required on Thaler’s interesting 
suggestion by a factor of ~ 50. These estimates have not 
included effects of electric dipole multiple meson or of 
D-pion production. Both causes may be expected to 
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increase the expected polarizability but since they de- 
pend on the formation of virtual states at high energies, 
it appears unlikely that they can account for the dis- 
crepancy especially since the estimates have been made 
otherwise so as to overestimate the effect. Interaction 
with the K-meson field has been left out of account but, 
since this is believed to be weaker than that with the 
pions, there appears to be a difficulty in accounting for 
the observed neutron scattering anisotropy on the basis 
of neutron polarizability. 

Estimates of several phenomena which are not nor- 
mally considered in connection with neutron scattering 
have given small effects with angular distributions and 
energy dependences which are not similar to those which 
the neutron polarizability explanation was intended to 
reproduce. It appears therefore that one must either 
suppose that the views employed for the estimate of 
neutron polarizability are inapplicable or that the ob- 
served angular effects in neutron scattering have their 
origin in nuclear structure and possibly compound 
nucleus phenomena. Since the estimates were made on 
an essentially phenomenologic basis and since there is a 
prototype for this kind of estimate in the optical theory 
of dispersion, it appears unlikely that they are seriously 
at fault. 

On the other hand, the measurements have been made 
at ~80 kev intervals with an energy resolution of ~ 60 
kev. They do not give therefore the energy dependence 
in the region from 0 to 100 kev in detail. The argument 
for the 1/r‘ potential dependence is therefore not strong 
and the preference for the neutron polarizability expla- 
nation arising from the fact that the neutron polariza- 
bility potential has the correct space dependence to give 
the dependence of the coefficient of Pi(cos@) correctly 
at H=0 is not convincing. The agreement of the ratio 
of the coefficients w. and w; of P2 and P; with the 
expectation following from the neutron polarizability 
explanation is not convincing because the energy de- 
pendence of w2 differs from that of w,. It appears there- 
fore that the possibility of arriving at a conservative 
explanation is not excluded. In addition to the flexibility 
offered by the inclusion of tail effects in the optical- 
model potential which can be used to modify the type of 
distribution obtained by Sokoloff,’ there is the possi- 
bility that the compound nucleus mechanism may have 
features not fully covered by the optical-model po- 
tential. At 100 kev for a heavy nucleus the single body 
width for a P neutron is of the order of 1 kev which, 
after allowance for the probable smallness of the reduced 
width, would make a width of ~ 0.01 ev conceivable and 
this is not so much smaller than the radiation width as 
to rule out all compound nucleus P-wave effects. The 
level density which one would estimate from s-wave 
resonances is hardly sufficiently reliable since the levels 
mattering for p waves may not be calculable by the 
same formula. The reasonableness of such a compound 
nucleus explanation appears to be an open question. It 
is also not clear as to whether direct interaction with 
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nucleons at the nuclear surface could produce the ob- 


served asymmetry. 
APPENDIX I 


The estimate of neutron polarizability made in the 
text presupposes that the virtual states formed in 
p— n+ and in n— p+ are similar. On account of 
the attraction between p and a this is not accurately 
the case, the difference becoming especially pronounced 
at the low w~ energies. For these the p+ 27 system can 
in fact form stable states which will be treated below as 
though only the Coulomb forces were of interest. The 
matrix elements of M will be estimated on the supposi- 
tion that only the density of x~ at the location of p is 
important and that the contribution to the polarizability 
for «+p can be obtained from that for r++ on the 
assumption of the proportionality of the contribution to 
the density. This assumption is justifiable because the 
Bohr length of the hydrogen-like system is a= 1.9 10~"' 
cm which is large compared with the inherent proton 
size of ~0.8X10-" cm indicated by the Stanford ex- 
periments. The difference between the reduced mass and 
the muon mass is neglected in the present crude esti- 
mates and the energy of the mth level, the level spacing 
and the density of r~ at the proton are in usual notation 


E.= 
¥*(0)=1/ (ra'n’). 


a=h?/pe’, —é/2an?, AE,=e/an', 


(A.1) 


Close to the ionization limit the levels form practically 
a continuum and approximately the whole discrete 
spectrum will be treated that way. The important 
quantity is then 


¥*(0)/AE,=1/(xa’e*), (A.2) 
which represents the density per unit energy range. 
This may be compared with the density per unit energy 
range for undistorted plane waves which is 


D=[¥7(0)/AE ]piwa.=up/ (22h), (A.3) 


with p standing for the pion momentum. Assuming the 
validity of Eq. (4) of the text, the contribution from the 
continuum in (3.3) may be expressed as 


Qeont = (hc, H) f Chor ,) pl|DdE,/E,?, (AA) 


the integral being taken from the threshold energy up to 
i= «. The quantity in brackets in the above integral 
contains in it effects of the photodisintegration matrix 
elements and may be regarded as a volume describing 
inherent properties of the pion-nucleon system at 
gamma-ray energy E. From the p— +2 process 
employing o(/,)= 1.2 10~*8 cm? for E,= 200 Mev, i.e., 
E,=50 Mey, one obtains 


ho(E,)/p=2.0X10™ cm, 
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and hence 


ont =204 (e/a) f DE,-*aL:, | x10" em*. (A.5) 


This formula is now transferred to the n > p+ case 
by the replacement 


D— 1/(ra’e’)="D", (A.6) 


which is made in accordance with (A.2). One has 
(h'c/p) D” =he/ra= 3.21 X 105 ev. 


The energy width occupied by the density per unit 
energy “D” is ~e?/a=AE,, the muon Rydberg being 
added above the ionization limit in addition to the width 
of the discrete spectrum. Since this part of the spectrum 
corresponds closely to the threshold energy, the value 
E,=150 Mev is used for the evaluation of contributions 
within AF, in (A.5), leading to 


AE,/E,=5X10", h'c‘D”/(wE,)=2XK10". (A.7) 
The product of these two factors is 10~’ which, when 
introduced in (A.5), gives a negligible contribution to a. 
In addition to the effect within the energy region AE, 
which has the small width of ~4 kev, the attraction 
between the proton and the negative pion has an effect 
at higher energies. The quantity 


n= e/hn0.057[ Ey — En ev. 


The factor 


2mn/(1—e*"), (A.8) 
by which the density of a plane wave is multiplied at 
r=( on account of the Coulomb attraction, is ~ 1.06 at 
E,—En=10 Mev. From £,=10 Mev on to higher 
energies the attraction effects may be neglected in the 
present crude estimates. Below L,=10 Mev, employing 
2xn in place of (A.8) and thus underestimating the effect, 
the contribution to a from 0 to 10 Mev is =0.3X10-" 
cm*. The mean value of 1/(1—e~**") through this energy 
region is estimated numerically to be 6.2 and the whole 
contribution is 2X 10~* cm‘. This contribution is much 
smaller than the value used in the comparison with the 
value obtained from neutron scattering. The effect of 
attraction in the interval 0 to 10 Mev for £, is thus not 
large enough to affect the conclusions in the text. 

In addition to the effect of the Coulomb repulsion 
between the proton and z* it is necessary to consider the 
fact that according to Chew, Goldberger, Low, and 
Nambu,’ as well as earlier considerations of Chew and 
Low” and of Moravesik," other differences between the 
ytn— pt+at and y+p— 2+ processes are ex- 


* Chew, Goldberger, Low, and Nambu, Phys. Rev. 106, 1345 
(1957). 

0G. F. Chew and F. Low, Phys. Rev. 101, 1579 (1956). 

''M. J. Moravesik, Phys. Rev. 104, 1451 (1956). 
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pected. These are discussed in a recent note of Cini, 
Gatto, Goldwasser, and Ruderman.” Among the four 
terms discussed by these authors, the direct interaction 
and the p-wave terms disappear for zero meson mo- 
mentum and the difference between the two cross 
sections arises from the “recoil term” which has its 
origin in the magnetic moments of the nucleons. 
Adopting the results of Baldin’s analysis quoted in 
the last reference,” the ratio o(y+n— 2+ ))/ 


2 Cini, Gatto, Goldwasser, and Ruderman, Nuovo cimento (to 
be published). It is desired to thank Dr. Goldwasser for a preprint 
of this note and for its discussion. 
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o(yt+p— at+n)=1.4 at threshold, indicating that 
a(y+n)/o(y+p)=14=[(14+3]R|)/(1—-3]R]) FP. 


Here }| R| is the relative value of the ‘recoil term” with 
respect to the “‘gauge invariant term.’’ Hence | R|=0.2 
and the y+? cross section should be increased by about 
20% to eliminate the magnetic moment “recoil term.” 
The electric polarizability on a purely static basis is 20% 
greater than without the correction. For the limit of a 
plane wave with infinite wavelength, the factor 1.4 
gives the correction. In neither case is the correction 
sufficient to affect the general conclusion of this note. 
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Experiments Concerning the Low-Energy States of the O!* Nucleus* 
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Angular distributions have been measured for three groups of protons from the O'8(d,p)O" reaction, those 
leaving O'* in its states at 0, 0.096, and 1.47 Mev. Deuteron energies of 1.74 and 2.50 Mev in the labora 
tory system were used. The distributions of protons leaving O in its ground state and in its 1.47-Mev state 
are characteristic of stripping and indicate the formation of the ground state by an /=2 neutron and of the 
1.47-Mev state by an /=0 neutron. However, the distribution of protons leaving O' in its 0.096-Mev state 


does not lend itself to a stripping interpretation. 


It has been found that the y decay of the 1.47-Mev state of O', following the formation of this state 
in the O'8(d,p)O"® reaction, proceeds mostly to the 0.096-Mev state. The mean life of the 0.096-Mev 
state has been measured by observing the decay in flight of recoiling excited O” nuclei and is found to be 
1.75(1+0.16) X10~* second. These observations restrict the likely assignments of spin and parity for the 


0.096-Mev state to $+ or }*. 


I. INTRODUCTION 


HE intermediate-coupling shell model calculations 

of Elliott and Flowers! and of Redlich? for mass 

19 nuclei make similar predictions about the presence of 

even-parity low-energy states in O' and about the 

properties these states should have. In particular, the 

work of Elliott and Flowers predicts that the O" ground 

state should have a spin and parity of 3+ and in addition 

that there should be two states, having spins and parities 

of 3+ and 3+, respectively, lying about 0.5 Mev above 
the ground state. 

At the time the present experiments were undertaken, 
it was known from experiments on the 8 decay of the 
O" ground state that it was likely that this state had a 
spin and parity of $+, although another possibility, 3+, 
was rejected only because 8 decay to the + ground state 
of F® appeared to be forbidden.** It was also known 


* Supported in part by the joint program of the Office of Naval 
Research and the U. S. Atomic Energy Commission. 

1 J. P. Elliott and B. H. Flowers, Proc. Roy. Soc. (London) 
A229, 536 (1955). 

2M. G. Redlich, Phys. Rev. 98, 199 (1955); 99, 1427 (1955). 

3F, Ajzenberg and T. Lauritsen, Revs. Modern Phys. 27, 77 
(1955). 

4 Toppel, Wilkinson, and Alburger, Phys. Rev. 101, 1485 (1956). 


that there were two low-energy excited states of O", 
one at an excitation energy of 0.096 Mev and one at 
1.47 Mev. A study of the O'8(d,p)O" reaction in terms 
of the stripping process had clearly indicated that the 
1.47-Mev state was a $+ state® and thus was possibly 
one of the predicted even-parity states, displaced in 
energy. However, little had been learned about the state 
at 0.096 Mev. The experiments described here were per- 
formed with the hope of revealing more of the properties 
of these three low-energy states of O". 


II. ANGULAR DISTRIBUTIONS OF PROTONS 
FROM THE O'8(d,p)O'? REACTION 


Butler and others have pointed out that if certain 
approximations are valid, a (d,p) reaction will proceed 
by stripping.®7 If this is the case, a measurement of the 
proton angular distribution will enable one to determine 
the parity of the final state relative to that of the initial 
state and to restrict the spin of the final state to a few 


‘Stratton, Blair, Famularo, and Stuart, Phys. Rev. 98, 629 
(1955). 

6S. T. Butler, Nuclear Stripping Reactions (Horwitz, Sydney, 
1957). 

7R. Huby, in Progress in Nuclear Physics, edited by O. R. Frisch 
(Academic Press, Inc., New York, 1953), Vol. 3, p. 177. 
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Fic. 1. Representative proton momentum spectrum at a labo- 
ratory deuteron energy of 2.50 Mev and laboratory observation 
angle of 90°. The abscissa, fluxmeter current, is inversely propor- 
tional to the proton momentum. 


possible values if the spin of the initial state is known. 


The principal purpose of the work described below was 
to see what role stripping plays in the formation of the 
ground and 0.096-Mev states of O" and to what degree 
the application of stripping theory gives additional in- 
formation concerning the spin and parity of these states, 
with the knowledge that the ground state of O'* has 
zero spin and even parity.® 


(A) Relative Yields 


The relative angular distributions of protons leaving 
Q" in its ground and 0.096-Mev states were measured 
at a bombarding deuteron energy of 2.50 Mev. This 
energy is given in the laboratory system, as are the 
rest of the deuteron energies appearing in this article. 
Although this deuteron energy is low compared to the 
energies for which stripping theory is expected to be 
valid, it was believed that at least some of the qualita- 
tive features of stripping would appear. Similar angular 
distribution measurements were made at a deuteron 
energy of 1.74 Mev for the same two proton groups as 
above and also for the group leaving O' in its 1.47-Mev 
state. These measurements at 1.74 Mev were needed 
for the experiments described in Parts III and IV of 
this article. It was expected, to be sure, that these latter 
distributions would show less resemblance to stripping 
distributions than the ones at 2.50 Mev. 

The bombarding deuterons were accelerated by the 
Kellogg Laboratory 3-Mv Van de Graaff generator and 
were selected in energy by an electrostatic analyzer. 

Thin targets were called for in this experiment in 


order that the proton groups from the ground and 0.096- 
Mev states might be resolved from one another and re- 
solved from the group due to the O'*(d,p)O" reaction 
which leaves O" in its ground state.’ * Thin target back- 
ings were necessary for measurements at forward angles 
in order to allow the protons to pass through the target 
without excessive energy loss and straggling. 

The targets used were thin self-supporting nickel foils 
having a central region oxidized with O'*-enriched oxy- 
gen. The O'S: O"* ratio of the oxygen was approximately 
1:5. The foils were either 500 A or 1000 A nickel foils 
which were supplied by the Chromium Corporation of 
America on copper backings. One procedure that was 
used for preparing the foils in supporting frames has 
been described by Bashkin and Goldhaber.*’ However, 
for most of the targets an alternative procedure was 
used which involved floating the foil on the acid solution 
used to dissolve the copper backing and on the wash 
water which was substituted for the acid. The foil was 
lifted from the surface of the water by means of the 
supporting frame on which it was to be mounted. The 
foils were oxidized by using the technique described by 
Holmgren e/ al.* This technique involved heating the 
foils in an oxygen atmosphere with a focused spot of 
light from a projection lantern. 

The outgoing protons were resolved in momentum 
by means of a 180° double-focusing magnetic spec- 
trometer with an acceptance solid angle of 0.00624 
steradian. The spectrometer was arranged to transmit 
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Fic, 2. Proton angular distributions for the O'8(d,p)O” reaction 
at a laboratory deuteron energy of 2.50 Mev. 


8S. Bashkin and G. Goldhaber, Rev. Sci. Instr. 22, 112 (1951). 
® Holmgren, Blair, Famularo, Stratton, and Stuart, Rev. Sci. 
Instr. 25, 1026 (1954). 
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Fic. 3. Proton angular distributions for the O'8(d,p)O" reaction 
at a laboratory deuteron energy of 1.74 Mev. 


protons within a momentum interval equal in size to 
about 0.9% of the total proton momentum. This inter- 
val was chosen to be a little larger than the momentum 
spread within any one group for most of the measure- 
ments but smaller than the momentum interval between 
any two groups. A representative momentum spectrum 
recorded at a laboratory angle of 90° and deuteron 
energy of 2.50 Mev is shown in Fig. 1. The abscissa, 
fluxmeter current, is inversely proportional to the pro- 
ton momentum. 

The protons which were transmitted by the spec- 
trometer were detected in a thallium-activated cesium 
iodide scintillation crystal roughly 0.003 inch thick. 
An aluminum foil in front of the detector served to ex- 
clude from the detector any deuterons which were trans- 
mitted by the spectrometer along with the protons. 

The resulting proton angular yields were converted to 
center-of-mass coordinates and are shown in Figs. 2 and 
3. In addition, excitation curves for the groups leaving 
O” in its ground and 0.096-Mev states were measured 
at a laboratory angle of 90° for deuteron energies be- 
tween 1.7 and 2.6 Mev in the laboratory system. The 
excitation curves are shown in Fig. 4. 

The portions of the excitation curves to the left and 
right of the vertical dashed lines at 1.8 Mev were meas- 
ured at different times and have been normalized to 
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Fic. 4. Proton excitation curves for the O'8(d,p)O"” 
reaction at a laboratory observation angle of 90°. 


each other by means of a comparison of yields from the 
same target at 1.74 Mev and 2.50 Mev. 

At the same time that some of the above measure- 
ments were made, the proton group from the O'*(d,p)O" 
reaction leaving O" in its ground state was observed for 
reference purposes. Figure 5 gives the angular distribu- 
tion of this group in center-of-mass coordinates for a 
deuteron energy of 2.50 Mev, and Fig. 6 gives the excita- 
tion curve at a laboratory angle of 90° for deuteron 
energies between 1.8 and 2.7 Mev. The information in 
Fig. 6 has been supplemented by some additional data, 
shown by the solid circles, which were obtained using 
a scattering chamber and a target prepared from natural 
oxygen. 

The relative yields for the various curves showing the 
O'8(d,p)O" reactions were measured with several differ- 
ent targets but have all been normalized to each other. 
The same is true for the yields in the two curves showing 
the O'8(d,p)O" reaction. 

One of the major sources of error for some of these 
yields is thought to have been the slow loss of oxygen 
from the target during bombardment. This loss seemed 
to occur with beam current intensities of the order of 0.1 
microampere per square millimeter. The effect of the 
loss was to cause not only a slow decrease in the yields, 
but also an increase in the fluctuations in the yields, since 
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the target tended to become nonuniform and the beam 
did not strike precisely the same spot each run. Other 
sources of error which have been considered are those 
due to counting statistics and those involved in the 
normalization of runs using different target spots. 

Standard deviations for the uncertainties in the rela- 
tive yields were computed for a few representative points 
in each curve and have been plotted where they exceed 
the size of the open circles. For the curves in which these 
deviation symbols are absent it is to be understood that 
the relative uncertainties are thought to be small. In 
addition to these errors in the relation between the 
points along an individual curve there are errors in- 
volved in the normalization of one curve for a given 
target nucleus to another for the same target nucleus. 
he standard deviations for the normalization factors 
are all thought to be approximately +3%. 

The deuteron energy scale has been corrected to give 
the energy at the center of the target. It is estimated 
that the uncertainty in this energy scale is approxi- 
mately +0.5% 

] 


lotal relative yields were obtained for each of the 
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Final-state 
excitation Deuteron 
energy energy 
Reaction Mev Mev 


Total 
relative 
yield 
74 4820(1+0.03 
50 6610(1+0.03) 
74 1140(1+0.05) 
50 1270(1+0.05) 
74 20630 (1+0.03) 
50 74700(1+0.02) 


O}8(d,p)O 0 
0.096 


1.47 
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proton groups by integrating the angular relative yields 
over the sphere. The results are given in Table I. The 
normalization of these total yields is such that they 
represent yields per sphere if the angular yields are re- 
garded as representing yields per steradian. An attempt 
was made to include in the standard deviations stated 
in Table I the uncertainties due to the lack of knowledge 
about the shape of the angular distributions at the far 
forward and far backward angles. 


(B) Absolute Cross Sections 


Measurements of the absolute cross sections for the 
O'*(d,p)O" reaction were made independently of the 
measurements described above, using thick targets of 
both SiO. and KNO;. These measurements yielded a 
value of 8.7(1+0.07) millibarns per steradian for a 
laboratory angle of 90° and deuteron energy of 2.50 
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Fic. 6. Proton excitation curve at a laboratory angle of 90° for 
the O'8(d,»)O"7 reaction which forms the ground state of 0” 


Mev. As a result the relative angular yields for this 
reaction may be converted to millibarns per steradian 
and the total yields to millibarns by dividing them by 
455(1+0.08). The cross section obtained above is con- 
sistent with the value 8.6(1+0.15) mb/sterad obtained 
by Grosskreutz for the same energy and angle."° How- 
ever, the cross sections derived by converting the rela- 
tive yields to millibarns per steradian are approximately 
14% lower than those obtained by Stratton ef al. at the 
two points of comparison available.* 

The cross sections for the O'$(d,p)O" reactions were 
measured relative to the O'8(d,p)O" cross sections. Un- 
fortunately the O'8 enrichment of the thin oxygen tar- 
gets was not known accurately. The measurement was 
made by first comparing the yield of the O'*(d,p)O"" 

© J. C. Grosskreutz, Phys. Rev. 101, 706 (1956) 
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reaction with that of the O'%(p,a)N™ reaction forming 
the ground state of N'’, using a thin tungsten oxide tar- 
get prepared from natural oxygen. Then the O'*(p,a)N! 
and O'8(d,p)O" yields from an O'*-enriched target were 
compared. The value obtained for the differential cross 
section at a laboratory angle of 90° and deuteron energy 
of 1.74 Mev for the O'8(d,p)O" reaction forming the 
ground state of O" is 3.5(1+0.10) mb/sterad. As a re- 
sult the relative angular yields for the O'%(d,p)O” re- 
actions may be converted to millibarns per steradian 
and the total yields to millibarns by dividing them by 
96(1+0.11). The intermediate O'*(p,a)N" cross section 
was found to be 5.2(1+0.09) mb/sterad at a laboratory 
angle of 90° and deuteron energy of 2.13 Mev. This 
value may be compared to the value 4.7(1+0.2) mb/ 
sterad obtained by Hill and Blair for the same energy 
and angle."! 


(C) Discussion of Proton Angular 
Distribution Results 


The angular distribution of protons leaving O” in its 
ground state at a deuteron energy of 2.50 Mev shows 
the forward maximum typical of a stripping distribution 
and indicates the capture of an /=2 neutron by O'* to 
form the ground state of O. The /=2 assignment is 
based on a comparison of the angular position of the 
maximum of the experimental distribution with that of 
the distribution given by the simple Butler theory. This 
comparison was carried out using the tables of Lubitz.” 
It was found that a value of ro equal to 5.7X10-" cm 
must be used in the theoretical expression for /=2 to 
make the maxima coincide. The corresponding angular 
distribution at a deuteron energy of 1.74 Mev shows 
somewhat less pronounced forward peaking in agree- 
ment with the expectation that the theory becomes less 
applicable as the deuteron energy decreases. 

An /=2 neutron may combine with the 0* ground 
state of O'* to form either a 3* or a $+ state of O". These 
possibilities for the ground state of O” are quite con- 
sistent with the 6-decay results. It is unfortunate that 
the stripping results do not strengthen the preference of 
3+ over 3+ that is derived from the B-decay work. 

The angular distribution of the weak proton group 
leaving O" in its 0.096-Mev state is almost isotropic for 
a deuteron energy of 2.50-Mev. The absence of the 
characteristics of stripping suggests that the reduced 
width for the formation of this state from the ground 
state of O'* plus a neutron is small. 

Ahnlund finds that at a deuteron energy of 0.88 Mev 
the intensity of the proton group leaving O" in its 0.096- 
Mev state rises significantly in the forward direction." 
Some sign of this tendency can be seen in Fig. 3 at a 
deuteron energy of 1.74 Mev. Although Popié analyzes 


1H, A. Hill and J. M. Blair, Phys. Rev. 104, 198 (1956). 

2 CR. Lubitz, Numerical Table of Butler-Born Approximation 
Stripping Cross Sections (University of Michigan, Ann Arbor, 
Michigan, 1957). 

18K, Ahnlund, Arkiv Physik 10, 425 (1956). 
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Ahnlund’s data in terms of an /=1 stripping distribu- 
tion," it is perhaps not clear that the forward rise can 
be understood so simply, in view of the tendency of this 
effect to disappear at higher deuteron energies. 

The proton distribution leaving O” in its state at 
1.47 Mev appears to show characteristics of an /=0 
stripping shape, even though the deuteron energy of 
1.74 Mev is quite low for stripping theory to apply well. 
This / value is in agreement with the value determined 
by Stratton ef al., at a deuteron energy of 3.01 Mev.® 


III. GAMMA-RAY TRANSITIONS IN O' 


The experiment described in this part was undertaken 
to determine the relative probabilities for the y decay 
of the 1.47-Mev state to the ground and 0.096-Mev 
states. The procedure was to measure the yield of the 
().096-Mev y rays resulting from the O'8(d,p)O" reaction 
in relation to the total yields of protons leaving O" in 
its 0.096-Mev and 1.47-Mev states. It was assumed here 
that there were no other excited states of O” being 
produced in this reaction leading to the emission of 
additional 0.096-Mev y rays.'® 

This experiment was carried out in part with the 
equipment that was used to measure the proton angular 
distributions. The proton spectrometer was placed at a 
laboratory angle of 30° and observed the O'%(d,p)O” 
proton group which leaves the O" nucleus in its 1.47- 
Mev state. At the same time 0.096-Mev y rays were 
detected in a scintillation counter placed at a laboratory 
angle of 90°. 

The scintillation counter consisted of a cylinder of 
thallium-activated sodium iodide 3 inch long and 1 inch 
in diameter fastened to a DuMont 6292 photomultiplier 
tube. The counter was placed in a lead shield which was 
lined with 0.010-inch tantalum sheet next to the lead 
and two layers of 0.018-inch tin sheet inside the tanta- 
lum. This lining served to degrade the energy of fluo- 
rescent x-radiation from the lead, which would have 
contributed a large background on the low-energy side 
of the 0.096-Mev photopeak. Pulses from the scintilla- 
tion counter were sorted in a 100-channel pulse-height 
analyzer. 

The bombarding deuteron energy was 1.74 Mev. Be- 
cause proton angular distributions had been measured 
at this energy, it was possible to infer from the number 
of protons counted the total number of O" nuclei formed 
in the 0.096-Mev and 1.47-Mev states. 

The total 0.096-Mev y-ray yield was calculated from 
the number of counts recorded in the y-ray counter 
assuming that the emission was isotropic in the labora- 
tory system. In so far as compound nuclear processes 
are involved in the formation of the 0.096-Mev state, 
the high excitation energy in F” and the absence of 
marked resonance behavior in the excitation function 
make it likely that many states of different angular 


4 R. V. Popié, Nuovo cimento 4, 1597 (1956). 
15 Thirion, Cohen, and Whaling, Phys. Rev. 96, 850A (1954). 
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energy of 2.50 Mev for the O'*(d,p)O" reaction which forms the 
ground state of O', 





the target tended to become nonuniform and the beam 
did not strike precisely the same spot each run. Other 
sources of error which have been considered are those 
due to counting statistics and those involved in the 
normalization of runs using different target spots. 

Standard deviations for the uncertainties in the rela- 
tive yields were computed fora few representative points 
in each curve and have been plotted where they exceed 
the size of the open circles. For the curves in which these 
deviation symbols are absent it is to be understood that 
the relative uncertainties are thought to be small. In 
addition to these errors in the relation between the 
points along an individual curve there are errors in- 
volved in the normalization of one curve for a given 
target nucleus to another for the same target nucleus. 
The standard deviations for the normalization factors 
are all thought to be approximately +3%. 

The deuteron energy scale has been corrected to give 
the energy at the center of the target. It is estimated 
that the uncertainty in this energy scale is approxi- 
mately +0.5%. 

Total relative yields were obtained for each of the 


TABLE I. Total relative vields 


Final-state 
excitation Deuteron 
energy energy 
Reaction Mev Mev 


Total 
relative 
yield 





4820(1+0.03) 
6610(1+0.03) 
1140(1+0.05) 
1270(1+0.05) 
20630 (1+0.03) 
74700(1+0.02) 


08(d,p)O” 


O'*(d,p)O" 





proton groups by integrating the angular relative yields 
over the sphere. The results are given in Table I. The 
normalization of these total yields is such that they 
represent yields per sphere if the angular yields are re- 
garded as representing yields per steradian. An attempt 
was made to include in the standard deviations stated 
in Table I the uncertainties due to the lack of knowledge 
about the shape of the angular distributions at the far 
forward and far backward angles. 


(B) Absolute Cross Sections 


Measurements of the absolute cross sections for the 
O'*(d,p)O" reaction were made independently of the 
measurements described above, using thick targets of 
both SiO. and KNO;. These measurements yielded a 
value of 8.7(1+0.07) millibarns per steradian for a 
laboratory angle of 90° and deuteron energy of 2.50 
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the O'8(d,p)O"7 reaction which forms the ground state of O!. 


Mev. As a result the relative angular yields for this 
reaction may be converted to millibarns per steradian 
and the total yields to millibarns by dividing them by 
455(1+0.08). The cross section obtained above is con- 
sistent with the value 8.6(1+0.15) mb/sterad obtained 
by Grosskreutz for the same energy and angle."” How- 
ever, the cross sections derived by converting the rela- 
tive yields to millibarns per steradian are approximately 
14% lower than those obtained by Stratton ef al. at the 
two points of comparison available.® 

The cross sections for the O'8(d,p)O" reactions were 
measured relative to the O'*(d,p)O" cross sections. Un- 
fortunately the O'* enrichment of the thin oxygen tar- 
gets was not known accurately. The measurement was 
made by first comparing the yield of the O'%(d,p)O" 


10 J. C. Grosskreutz, Phys. Rev. 101, 706 (1956). 
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reaction with that of the O''(p,a)N® reaction forming 
the ground state of N!, using a thin tungsten oxide tar- 
get prepared from natural oxygen. Then the O'*(p,a)N"™ 
and O'*(d,p)O" yields from an O!*-enriched target were 
compared. The value obtained for the differential cross 
section at a laboratory angle of 90° and deuteron energy 
of 1.74 Mev for the O'%(d,p)O” reaction forming the 
ground state of O is 3.5(1+0.10) mb/sterad. As a re- 
sult the relative angular yields for the O'%(d,p)O" re- 
actions may be converted to millibarns per steradian 
and the total yields to millibarns by dividing them by 
96(1+0.11). The intermediate O'%(p,a)N" cross section 
was found to be 5.2(1+0.09) mb/sterad at a laboratory 
angle of 90° and deuteron energy of 2.13 Mev. This 
value may be compared to the value 4.7(14+0.2) mb/ 
sterad obtained by Hill and Blair for the same energy 
and angle.!! 


(C) Discussion of Proton Angular 
Distribution Results 


The angular distribution of protons leaving O” in its 
ground state at a deuteron energy of 2.50 Mev shows 
the forward maximum typical of a stripping distribution 
and indicates the capture of an /=2 neutron by O' to 
form the ground state of O. The /=2 assignment is 
based on a comparison of the angular position of the 
maximum of the experimental distribution with that of 
the distribution given by the simple Butler theory. This 
comparison was carried out using the tables of Lubitz.” 
It was found that a value of ro equal to 5.7 10-" cm 
must be used in the theoretical expression for /=2 to 
make the maxima coincide. The corresponding angular 
distribution at a deuteron energy of 1.74 Mev shows 
somewhat less pronounced forward peaking in agree- 
ment with the expectation that the theory becomes less 
applicable as the deuteron energy decreases. 

An /=2 neutron may combine with the 0* ground 
state of O'* to form either a $+ or a $+ state of O'. These 
possibilities for the ground state of O' are quite con- 
sistent with the 6-decay results. It is unfortunate that 
the stripping results do not strengthen the preference of 
>* over 3+ that is derived from the B-decay work. 

The angular distribution of the weak proton group 
leaving O' in its 0.096-Mev state is almost isotropic for 
a deuteron energy of 2.50-Mev. The absence of the 
characteristics of stripping suggests that the reduced 
width for the formation of this state from the ground 
state of O'* plus a neutron is small. 

Ahnlund finds that at a deuteron energy of 0.88 Mev 
the intensity of the proton group leaving O" in its 0.096- 
Mev state rises significantly in the forward direction.” 
Some sign of this tendency can be seen in Fig. 3 at a 
deuteron energy of 1.74 Mev. Although Popié analyzes 


1H. A. Hill and J. M. Blair, Phys. Rev. 104, 198 (1956). 

2C.R. Lubitz, Numerical Table of Butler-Born Approximation 
Stripping Cross Sections (University of Michigan, Ann Arbor, 
Michigan, 1957). 

8K. Ahnlund, Arkiv Physik 10, 425 (1956). 
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Ahnlund’s data in terms of an /=1 stripping distribu- 
tion," it is perhaps not clear that the forward rise can 
be understood so simply, in view of the tendency of this 
effect to disappear at higher deuteron energies. 

The proton distribution leaving O' in its state at 
1.47 Mev appears to show characteristics of an /=0 
stripping shape, even though the deuteron energy of 
1.74 Mev is quite low for stripping theory to apply well. 
This / value is in agreement with the value determined 
by Stratton ef al., at a deuteron energy of 3.01 Mev.® 


III. GAMMA-RAY TRANSITIONS IN O' 


The experiment described in this part was undertaken 
to determine the relative probabilities for the y decay 
of the 1.47-Mev state to the ground and 0.096-Mev 
states. The procedure was to measure the yield of the 
0.096-Mev y rays resulting from the O'8(d,p)O" reaction 
in relation to the total yields of protons leaving O" in 
its 0.096-Mev and 1.47-Mev states. It was assumed here 
that there were no other excited states of O” being 
produced in this reaction leading to the emission of 
additional 0.096-Mev y rays.'® 

This experiment was carried out in part with the 
equipment that was used to measure the proton angular 
distributions. The proton spectrometer was placed at a 
laboratory angle of 30° and observed the O'*(d,p)O” 
proton group which leaves the O' nucleus in its 1.47- 
Mev state. At the same time 0.096-Mev y rays were 
detected in a scintillation counter placed at a laboratory 
angle of 90°. 

The scintillation counter consisted of a cylinder of 
thallium-activated sodium iodide 4 inch long and 1 inch 
in diameter fastened to a DuMont 6292 photomultiplier 
tube. The counter was placed in a lead shield which was 
lined with 0.010-inch tantalum sheet next to the lead 
and two layers of 0.018-inch tin sheet inside the tanta- 
lum. This lining served to degrade the energy of fluo- 
rescent x-radiation from the lead, which would have 
contributed a large background on the low-energy side 
of the 0.096-Mev photopeak. Pulses from the scintilla- 
tion counter were sorted in a 100-channel pulse-height 
analyzer. 

The bombarding deuteron energy was 1.74 Mev. Be- 
cause proton angular distributions had been measured 
at this energy, it was possible to infer from the number 
of protons counted the total number of O" nuclei formed 
in the 0.096-Mev and 1.47-Mev states. 

The total 0.096-Mev y-ray yield was calculated from 
the number of counts recorded in the y-ray counter 
assuming that the emission was isotropic in the labora- 
tory system. In so far as compound nuclear processes 
are involved in the formation of the 0.096-Mev state, 
the high excitation energy in F” and the absence of 
marked resonance behavior in the excitation function 
make it likely that many states of different angular 


4 R. V. Popi¢, Nuovo cimento 4, 1597 (1956). 
15 Thirion, Cohen, and Whaling, Phys. Rev. 96, 850A (1954). 





W. ZIMMERMANN, JR. 





T 
0.096 0.110 Mev 


RELATIVE NUMBER OF COUNTS PER CHANNEL 








i 1 
40 50 


CHANNEL 





Fic. 7. Representative y-ray pulse-height spectrum for the 
experiment of Part III showing the 0.096-Mev photopeak. 


momenta contribute to this reaction in no simple phase 
relationship and that no marked angular effects are 
produced. The 1.47-Mev state, of course, is thought to 
have a spin of 3, and so any radiation which follows its 
formation must be isotropic. 

A representative y-ray pulse height spectrum showing 
the 0.096-Mev photopeak is plotted in Fig. 7. The 
smaller peak centered about channels 32 and 33 may be 
due to the inelastic scattering of neutrons by I?’ in the 
scintillation crystal, in which y rays of about 60 kev 
in energy are produced. 

In analyzing the y-ray spectra, care was taken not to 
include any counts which might have been associated 
with 0.110-Mev y radiation from F'’. Such radiation 
might have resulted from the O'*(d,n)F"™ reaction. Be- 
cause the photopeak of the 0.096-Mev radiation had a 
width at half-maximum of about 16%, the two y rays 
could not be well resolved from one another. The only 
evidence for the presence of any 0.110-Mev y radiation 
is a broadening of the low part of the high-energy side 
of the 0.096-Mev photopeak. 

The ratio of the number of protons leaving O” in its 
0.096-Mev state to the number of 0.096-Mev y rays 
was found to be 0.05(1+0.1) and the corresponding ratio 
for the 1.47-Mev state was found to be 0.91(1+0.14). 
A major part of each of the assigned uncertainties, 
+10%, lies in the background subtraction procedure. 

These measurements make it plausible that the 1.47- 
Mev state of O" decays almost entirely to the 0.096-Mev 
state in preference to the ground state. This observation 


would suggest that because an £2 transition is allowed 
to the ground state the transition to the 0.096-Mev 
state is £1 or M1 with F:2 a third, less likely possibility. 
These alternatives would allow the 0.096-Mev state to 
have a spin and parity of $+ or 3+, with 3* a less likely 
possibility. The lifetime experiment described below is 
believed to rule out the possibilities of }*, if the ground 
state has in fact a spin of 3. 


IV. LIFETIME OF THE 0.096-MEV STATE OF O' 
(A) Experiment 


The measurement of the lifetime of the 0.096-Mev 
state of O" was carried out using a recoil technique. 
This involved observing directly the distance that ex- 
cited O nuclei, recoiling from the O'*(d,p)O” reaction, 
traveled in vacuo at known velocities before decaying 
by the emission of 0.096-Mev y radiation. A detail of 
the apparatus is shown in Fig. 8. 

In this experiment a beam of 1.74-Mev deuterons 
from the Kellogg Laboratory 2-Mv Van de Graaff gener- 
ator was passed through a thin, self-supported, O'*- 
enriched NiO target such as was used for the proton 
angular distributions. A nickel foil thickness of 500 A 
was chosen in order that the recoiling O" atoms would 
not lose a large portion of their velocity in the target. 
The beam spot was typically a square 0.06 inch on 
a side. 

The results of Part IIT indicate that under these con- 
ditions most of the 0.096-Mev y rays arise from O” 
nuclei which are first produced in the 1.47-Mev state. 
All of the O” nuclei so produced recoil initially in the 
forward direction within a cone of half-angle 48°. As 
these excited recoil nuclei decay to the 0.096-Mev state 
additional momentum is imparted to the nucleus, but 
this momentum is small compared to the total momen- 
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Fic. 8. Detail of the recoil lifetime apparatus. 
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tum of the nucleus and has been neglected here. The O” 
nuclei which are formed directly in the 0.096-Mev state 
also recoil in the forward direction but within a cone 
of half-angle 79°. 

The 0.096-Mev y rays were detected in a square prism 
of thallium-activated sodium iodide 1 inch square by 
% inch which was shielded from stray radiation by lead 
lined in the fashion described in Part III. The pulses 
from the DuMont 6292 photomultiplier were sorted in 
a 100-channel pulse-height analyzer. 

The y-ray counter was provided with a collimator 
through which could be seen a narrow region of the 
space just following the target. For reasons of conveni- 
ence it was the target rather than the collimator and 
counter that was moved to vary the distance between 
the target and the region seen by the counter. The target 
was moved and its position measured by means of a 
precision screw having a pitch of 40 threads per inch. 
The critical edges of the collimator were made of tung- 
sten. These edges were very sharp for the low-energy 
0.096-Mev y radiation compared to the range of dis- 
tances from the target being measured. 

Figure 9 shows representative y-ray pulse-height 
spectra for three different target positions, each spectrum 
being taken for the same number of incident deuterons. 
These spectra are accompanied by a reference spectrum, 
shown in Fig. 10, which is due to 0.088-Mev y rays from 
a Cd! source and which was recorded with the same 





—-z i: 


0.096 0.110 Mev 


TARGET POSITION 
0.413 cm 


~ . i = oe 





TARGET POSITION ~| 
0.128 cm 





COUNTS PER CHANNEL 


TARGET POSITION 7 
-0.032 cm 








! J 
20 30 


CHANNEL NUMBER 





Fic. 9. Representative y-ray pulse-height spectra for the recoil 
lifetime experiment showing the 0.096-Mev photopeak for various 
target positions. 
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Fic. 10. Reference y-ray pulse-height spectrum for the recoil 
lifetime experiment showing the photopeak of 0.088-Mev y rays 
from a Cd™ source. 


pulse amplification as the spectra in Fig. 9. There existed 
the possibility in this experiment as in the y-ray yield 
measurements of Part III that 0.110-Mev y radiation 
from F'® was present, and some evidence of this radia- 
tion may be seen in the spectrum at the bottom of Fig. 9 
where the low part of the high-energy side of the peak 
is less steep than that of the Cd™ reference spectrum 
in Fig. 10. 

For each target position the relative number of 0.096- 
Mev y rays per fixed number of incident deuterons was 
computed, taking care to exclude any counts from un- 
wanted 0.110-Mev radiation. These numbers are repre- 
sented by solid circles plotted in Fig. 11 as a function 
of the relative target position. The normalization of the 
ordinate scale and the choice of origin for the abscissa 
scale in Fig. 11 were not determined by the experiment 
but were chosen so as to give the best fit to the smooth 
curve which appears in the same figure. This smooth 
curve is a calculated curve and is discussed below. The 
ordinates of the four lowest points were appreciably 
affected by the method of background subtraction used 
in the analysis of the pulse-height spectra. The ordinate 
of the lowest of these points has perhaps an uncertainty 
of about +30% for this reason. 

In view of the fact that most of the 0.096-Mev y radi- 
ation is preceded by 1.37-Mev radiation from the 1.47- 
Mev state, the experiment described so far does not 
distinguish which of the two excited states involved is 
showing the observed lifetime. An attempt was made 
to use the same apparatus with a modified arrangement 
of scintillation crystal and shielding to verify directly 
that the 1.37-Mev y radiation does not itself show a 
lifetime comparable to that already observed. 

The results were rather inconclusive. This was due in 


part to the smallness of the number of counts in the 
full-energy peak of the 1.37-Mev y-ray spectrum and to 
the presence of a relatively large background which 
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Fic. 11. The relative number of 0.096-Mev y-ray counts as a 
function of target position in the recoil lifetime experiment. The 
solid circles represent experimental points. The smooth curve was 
calculated for a mean life of 1.70X10~ second. 


climbed steeply in the low-energy direction. In addition, 
the collimator edges were much less sharp for this y ray 
than they were for the low-energy one. The rate of de- 
crease of the 1.37-Mev y-ray intensity as the target was 
moved appeared to be perhaps somewhat greater than 
3 times the rate for the 0.096-Mev y ray. It is believed 
that this rate was not significantly different from the 
rate that one would have observed for a y ray of this 
energy emitted from a state of vanishing lifetime. 


(B) Calculation of the Mean Life 


The smooth curve which appears in Fig. 11 is a curve 
calculated for a mean life of 1.70 10-* second. It was 
assumed for this calculation that all of the O” nuclei 
formed in the 1.47-Mev state decay to the 0.096-Mev 
state rather than to the ground state. It was assumed 
also that the lifetime of the 1.47-Mev state is short 
compared to the lifetime of the 0.096-Mev state. A third 
assumption was that the 0.096-Mev y rays were emitted 
isotropically in the system of the recoiling nucleus. This 
assumption was thought to be justified by the same 
considerations that were presented in Part III to justify 
the assumption of isotropy in the laboratory system. 

The first step in making this calculation was to deter- 
mine the direction and velocity of an excited O" recoil 
nucleus in terms of the direction of the proton emitted 
with it. It was then necessary to correct the recoil veloc- 
ity for the loss of velocity suffered in escaping from the 
target. No attempt was made, however, to correct for 
any change of direction of motion of the O" recoil in the 


target. Next, the probability that an excited recoil 
nucleus with a mean life 7 would reach a certain perpen- 
dicular distance from the target before decaying was 
computed as a function of the direction of emission of 
the coincident proton. Then, a sum over all proton direc- 
tions was performed using the proton angular yields 
that had been measured in Part II for the deuteron 
energy of 1.74 Mev. This sum may be called N(z/r), 
where z is the perpendicular distance from the target. 
N(z/r) was evaluated by numerical means for each of 
the two modes of formation of the 0.096-Mev state, and 
the results were added together to give a function that 
may be called Vs(z/7). The function that describes the 
number of recoils that decay in view of the counter 
is given approximately by Ns5(2z/7)—Ns((s+Az)/7), 
where Az is the interval of z along the beam axis that is 
seen by the counter. This last function is the one which 
was used to construct the smooth curve, for which the 
abscissa, target position, corresponds to 3. 

In order to correct for the loss of recoil velocity in the 
target it was necessary to determine dv/dp, the rate of 
change of an atom’s velocity per unit surface density of 
stopping material, for O' atoms being slowed by the 
nickel oxide target and by the carbon surface layer 
which appeared on the target during bombardment. The 
velocities of the recoils in this experiment lay between 
0 and 2.5X 10° cm/sec. 

A survey of some of the literature'* on the stopping 
of moving atoms led to the assumption that dv/dp de- 
pends on velocity as 1/2 for v less than 1.2 10° cm/sec 
and is constant for greater velocities with a smooth 
connection at 1.2*10° cm/sec. The following values 
were adopted for dv/dp in the constant region: 


O” in NiO: dv/dp=4.9X 10° cm sec7!/ (ug nickel cm™~™), 


O¥ in C:  dv/dp=9.3X 10° cm sec™!/ (ug carbon cm~”), 
A standard deviation of +30% was assigned to the 
velocity scale of the resulting functions for dv/dp. 

The surface density of nickel in the target was deter- 
mined from the nominal thickness of the foil, 500 A, and 
by elastic proton scattering to be 49(1+0.1) ug nickel/ 
cm?. The calculations were made by making the approxi- 
mation that all of the recoils originated in the middle of 
the target layer and thus had to pass through a NiO 
layer corresponding to one half of the nickel density 
measured above. The surface density of carbon on both 
sides of the target combined was determined by means 
of the C?(d,p)C™ reaction. The value obtained for the 
surface density of carbon after the target had been used 


‘6 W. Whaling, in Handbuch der Physik, edited by S. Fliigge 
(Springer-Verlag, Berlin, 1958), Vol. 34, p. 193. 

'T Devons, Manning, and Towle, Proc. Phys. Soc. (London) 
A69, 173 (1956). 

'S Evans, Stier, and Barnett, Phys. Rev. 90, 825 (1953). 

%P. M.S. Blackett and D. S. Lees, Proc. Roy. Soc. (London) 
134, 658 (1932). 

*K. O. Nielsen, in Electromagnetically Enriched Isotopes and 
Mass Spectrometry, edited by M. L. Smith (Academic Press, Inc., 
New York, 1956), p. 68. 
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for a set of recoil runs was about 4+3 yug/cm?. Assuming 
that the carbon layer built up linearly with bombard- 
ment during the recoil runs, the average recoil had to 
pass through a layer of roughly one quarter this thick- 
ness, and the correction to its velocity for the carbon 
layer was very small. 

The final value of the mean life, which was deter- 
mined from the set of runs shown in Fig. 11 and from 
a set measured with a 0.125-inch collimator spacing, is 
1.75(1+0.16)10-* second. The standard deviation is 
based mainly on two sources of uncertainty. The first 
source was mentioned earlier and concerns the amount 
of background to be subtracted from the y-ray photo- 
peaks. It is thought that this uncertainty produces an 
uncertainty in the lifetime of about +10%. 

The second source is the uncertainty in the rate of 
stopping of O" atoms in the target. It is estimated that 
this uncertainty produces an uncertainty in the time 
scale of the calculated curve of perhaps +12%. This is, 
of course, an oversimplification of the situation since 
the uncertainty is not only one of time scale but also of 
shape, due to the fact that the low-velocity recoils are 
influenced more than the high-velocity ones. It may be 
seen in Fig. 11 that the calculated curve is not of quite 
the proper shape to fit the points well, lying above the 
experimental points for target positions in the region 
of 0.08 cm. It is found that if lower values of dv/dp and 
a correspondingly lower value of mean life are used the 
shape agreement becomes worse. On the other hand, if 
larger values of dv/dp and a correspondingly larger value 
of mean life are used the agreement is improved. These 
considerations were given weight in the assignment of a 
lifetime, but it is believed that they are not sure enough 
to dictate the values of dv/dp to be used. It seems possi- 
ble that the inclusion of the effects of large-angle scatter- 
ing of the moving atoms with velocities less than 1.0 108 
centimeters per second might also improve the shape of 
the calculated curve by lowering it for target positions 
in the region of 0.08 cm without affecting the outer end. 


(C) Discussion of the Lifetime Results 


If one computes rough single-particle limits for the 
0.096-Mev transition in O', using the formulas given 
by Blatt and Weisskopf” with a radius of 1.54! 10-" 
cm and without any additional statistical factors, one 
obtains the following estimates: 


Multipolarity Mean life (sec) 
Fl 1.0K 10-” 
M1 50x10 
E2 1.3 10-% 


The measured lifetime thus could be that of either a 
slow /1 or M1 transition.” It is extremely unlikely that 
it is an £2 transition. A dipole transition between the 


21). M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley & Sons, Inc., New York, 1952), p. 627. 
21D. H. Wilkinson, Phil. Mag. 1, 127 (1956). 
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0.096-Mev state and a spin 3 ground state allows spin 
3, 3, or 3 for the former state. However, only the possi- 
bilities 3+ or $+ are in agreement with those suggested 
in Part II. 

In regard to the possibility that the 1.47-Mev state 
might have a mean life of the order of the one observed, 
it is again useful to take recourse to single-particle esti- 
mates. The single-particle estimate for the mean life of 
an £2 transition from the 1.47-Mev state to the ground 
state is 1.6X10~" second. If it be assumed that the 
1.37-Mev transition is at least approximately a power 
of ten faster than the 1.47-Mev transition, then for the 
1.37-Mev transition to have a mean life of the order of 
10-° second the speed of the 1.47-Mev transition would 
have to be more than 100 times slower than the single- 
particle estimate. It may be noted that among the eight 
#2 transitions in light nuclei listed by Wilkinson” only 
one has a speed relative to its single-particle estimate 
of this order and that this one is not too well established. 
It is true, however, as Wilkinson points out, that fast 
transitions are more likely to have been observed than 
slow ones. Nevertheless, there appears to be some 
basis for believing that the lifetime of the 1.47-Mev 
state is considerably shorter than the measured lifetime. 

Some of the conclusions of these experiments and of 
previous ones are shown in Fig. 12, which represents 
an energy level diagram for O. 


V. COMPARISON OF RESULTS WITH THEORY 


One of the outstanding questions to be answered in 
connection with the theoretical work of Elliott and 
Flowers! on O" is whether the 0.096-Mev state is indeed 
the $+ state that is predicted at roughly 0.5 Mev. The 
results of several considerations are consistent with this 
identification. Let it be assumed that the 1.47-Mev state 
accounts for the }+ state that is predicted for about the 
same excitation energy, 0.5 Mev, and that the ground 
state of O" is the 3+ state that is predicted for the 
lowest state. First, it may be noted that a spin and 
parity of $+ is indeed one of the possibilities for the 
0.096-Mev state that is permitted by the experiments 
described above. 
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Second, the theoretical wave functions of Elliott and 
Flowers for the 0+ state of O'* and for the $+ state of O” 
are consistent with a small reduced width for the forma- 
tion of the O" state from the O'* state plus a neutron 
and hence with the observed lack of stripping in the 
formation of the 0.096-Mev state of O”. This relation- 
ship may be seen by an examination of the jj-coupling 
decompositions of the wave functions for the O'* ground 
state and for the 3+ state of O". The 0+ ground state 
of O'8 is described as having a configuration for two 
neutrons outside of an unexcited O'* core which is 79% 
(dy)*, 6% (d,)?, and 15% (s,)*. In order to form a $+ 
state of O" by stripping, a d; neutron must be added 
to this configuration. However, the predicted configura- 
tion of the three neutrons outside of the O'* core for the 3+ 
state of O" is 62% (dy)*, 33% (dy)?(sy), 2% (dy) (dy) (53), 
and 3% (d,)?(d;). Only the last of these four terms is 
seen to be of the right form for stripping formation. 

Third, the lifetime of the $+ state has been computed 
from the wave functions assuming that it lies at 0.096- 
Mev excitation, and the resulting mean life is 2.2 10~ 
second in fair agreement with the measured value. The 
calculation was made assuming that the transition is 
completely magnetic dipole, and the transition matrix 
elements were computed from the expressions given by 
Blatt and Weisskopf.* The calculation was considerably 
simplified by the fact that all of the three nucleons 
outside of the core are neutrons. Because of this fact 
the orbital part of the M1 operator contributes only by 
virtue of the motion of the core, and it was found that 
this contribution is negligible compared to that of the 
spin part of the operator. Since the transition is mag- 
netic dipole, consideration of the nuclear radius was 
not needed. 

There are perhaps two further experiments which 
together might indicate a unique assignment of spin 
and parity for the 0.096-Mev state. One of these is the 


3 Reference 21, p. 599. 
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determination of the internal conversion coefficient of 
the 0.096-Mev transition. The K-shell conversion co- 
efficient for an F1 transition is estimated to be 1.9 10-3 
while that for an M1 transition is estimated to be 
5.9X10~. By distinguishing between these one could 
hope to determine the multipolarity of the radiation and 
hence the parity of the 0.096-Mev state. 

The other experiment, which should determine the 
spin of the 0.096-Mev state, is a measurement of the 
-y angular correlation between the 1.37-Mev and the 
0.096-Mev vy rays. If it be assumed that the ground 
state has spin 3, then a y-y angular correlation of 
1+0.05P2(cos@) is expected for a $ state at 0.096 Mev 
and one of 1+0.23P2(cos@) for a } state. This experi- 
ment would also provide a test for the } spin assignment 
for the ground state. If the spin of this state were $ the 
results of Parts III and IV would allow the 0.096-Mev 
state to have spin and parity 3+ or 3+ or possibly though 
very unlikely 3+. If the spin of the 0.096-Mev state 
were 3, the correlation would be isotropic, while if it were 
$ or § the correlation would be 1—0.20P2(cos6). 
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Proton spectra from Sn'°(d,p)Sn!! and In"5(d,p)In"® at 19.7 Mev are presented, covering 6.5 Mev of 
excitation in the product nucleus and laboratory angles from 15° to 155° at 10° intervals. The reactions are 
closely similar in all characteristics. Broad energy groups are discussed relative to the correlation with 
neutron single-particle states anticipated by a giant-resonance interpretation of their nature. Of four such 
groups identified, the spectral locations of three agree quantitatively with the single-particle level scheme 
deduced from binding-energy data. A group at 0.8 Mev, while consistent with single-particle gross structure, 
may represent a distinct nuclear level enhanced for reasons not clear. Angular distributions for the several 
groups fail to show the strong minima characteristic of pure stripping forms, probably as a consequence of 
the spreading of single-particle levels resulting from finite nuclear distortion which also weakens the spectral 
gross structure. However, the slight structure which the distributions do display is qualitatively consistent 
with stripping peak positions consequent on the single-particle interpretation of the spectra. 


INTRODUCTION 


ANY types of nuclear reactions, for nuclei whose 
levels are closely spaced relative to the experi- 
mental resolution interval, exhibit in their spectra a 
gross structure’ of energy groups with widths and 
spacings of Mev order. Similar ‘‘giant resonances”’ in 
neutron cross sections are related in formal reaction 
theory to broad maxima appearing in the average 
neutron strength function when coupling between 
nucleon and core is intermediate? in strength, i.e., not 
sufficiently strong to dispel altogether the single- 
particle level organization of the extreme shell model. 
The possibility of a similar account of the gross structure 
in other reaction types’ may be investigated by com- 
parison of gross structure positions and angular 
distributions with the appropriate single-particle level 
locations and orbitals. For such a study the (d,p) 
reaction is doubly satisfactory, offering a reliable 
formalism for angular distribution analysis (stripping 
theory) and involving, in the first 7 Mev of excitation, 
a unique set of single-particle levels (bound neutrons). 
It is quite possible, furthermore, that single-particle 
levels may be preferentially excited by the (d,p) 
reaction and collective ones by inelastic scattering.‘ 

The target nuclei chosen for this experiment, 49In"!5 
and 595n™, are sufficiently heavy to satisfy the resolu- 
tion condition defining the gross structure problem. In 

1B. L. Cohen et al., Phys. Rev. 105, 1549; 106, 995 (1957); 
L. Colli and S. Micheletti, Nuovo cimento 6, 1001 (1957); J. A. 
Harvey, Phys. Rev. 81, 353 (1951); H. E. Gove, Phys. Rev. 81, 
365 (1951); D. L. Allan, Proc. Phys. Soc. (London) A70, 195 
(1957); R. A. Peck, Jr., Phys. Rev. 106, 965 (1957). 

2 Lane, Thomas, and Wigner, Phys. Rev. 98, 693 (1955). 

3 The issue was first brought to the authors’ attention by A. V. 
Cohen and elaborated verbally by A. M. Lane and G. E. Brown, 
in 1956. The first suggestion in print appears to be that of B. L. 
Cohen, reference 1, and the clearest statement by Schiffer, Lee, 
Yntema, and Zeidman, Phys. Rev. 110, 1216 (1958). Early work 
- a single- particle interpretation of (d, p) s reir is that of M. H. 

.. Pryce, Proc. Phys. Soc. (London) A65, (1952). 


We are indebted to Professor W. E. Burcham for this 
observation. 


neutron complement they are similar, representing 
even-N cores within a shell, but they are proton-magic 
and nonmagic, respectively, and so differ somewhat in 
nuclear distortion. It follows that one may anticipate 
resemblances between the two reactions in such 
features as are principally determined by the population 
of single-neutron levels in an undistorted well, and 
differences in any characteristics depending strongly 
upon nuclear shape. 


EXPERIMENTAL 


Metallic foils (In"*, 96%, 9.16 mg/cm? and Sn', 
98%, 18.15 mg/cm?) were bombarded by deuterons of 
energy 19.7+0.15 Mev from the Nuffield cyclotron of 
the University of Birmingham and resulting protons 
studied in a scattering chamber and with detectors and 
instrumentation developed by Greenlees and _ co- 
workers.® The counter angle relative to the deuteron 
beam has a fixed elevation (15°) above the horizontal 
plane, its horizontal projection being adjustable to any 
value to well within 1°. The target angle was set 
approximately at the value for maximum resolution at 
each angle (minimum combined energy loss of deuteron 
and proton in the target). 

A circular aperture defines the solid angle (3.70 10~ 
steradian) of the detector, which consists of a thin 
(1 mm) and a thick (3 mm) CsI(TI) crystal in series 
in the proton path. Pulse-height distributions from the 
thick crystal are displayed on a Hutchinson-Scarrott 
pulse-height analyzer (of 60 or 80 channels, alterna- 
tively) gated by the output of a single channel dis- 
criminator monitoring the thin-crystal pulse. The 
gating window width was generally about 20 volts, 
terminating about 10 volts from the deuteron peak 
and serving to exclude most of the elastically scattered 


5 Greenless, Haywood, Kuo, and Petravic, Proc. Phys. Soc. 
(London) A70, 331 (1957); Proc. Roy. Soc. (London) A243, 206 
(1957). 
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Fic. 1. Sample data at two laboratory angles. The two independent determinations (above) and four (below) were made with assorted 
target angles, amplifications, and channel sizes. Typical magnitudes of counting probable error (+0.67N}) are shown for each data set. 
The solid curves are the visual best fits representing 17° and 24° in Fig. 2 


deuterons and gamma ray background without loss of 
high-energy protons. Low counting rates obviated the 
need for dead time corrections, and visual monitoring 
of the kicksorter throughout its operation is thought 
to have detected most instances of spurious recording. 
A variety of electronic parameters (analyzer bias, 
channel size, and amplification) were employed and 
the various laboratory angles investigated in irregular 
order and interspersed with background and calibration 
runs. 

Auxiliary experiments provided direct calibrations 
of the following systematic quantities: numerical cor- 
respondence of analyzer bias, gain, and channel size; 
intensity loss through pulses falling between analyzer 
effective thickness of thin crystal for 
reaction protons; pulse-height—energy relation for 
thick crystal. The last was found linear for both 
protons and deuterons, with the same slope for the 


channels (3%) ; 


two within experimental uncertainty (2%) and slightly 
but significantly different intercepts (for zero pulse 
—0.3 Mev for deuterons and +0.4 Mev for 
protons). Crystal 6% for 9.8-Mev 
protons and 4% for 19.6-Mev deuterons. With these 
calibrations, the translation of pulse height to primary 


height, 


resolution was 


proton energy was absolute. The maximum energy 


group at every angle fell within about 0.5 channel of 

that computed from the established Q values.® 
Because the experiment turns on identification of 

significant structure in the spectra, observed intensities 


of easily identifiable groups (elastically scattered 
protons and deuterons in calibration runs and the 
clearly reproduced high-energy doublet in the reaction 
spectra) were scrutinized carefully for systematic 
effects. The analysis showed that the observed fluctua- 
tions are accurately represented by counting statistics 
and that each of the varied experimental conditions is 
free of systematic effect on observed intensity. For 70 
intensity comparisons the mean ratio of observed 
deviation to counting probable error is 1.05, with 36 
values above unity and 34 below. The distribution of 
observed variations falls accurately on the absolute 
normal curve of error, deviating at most by 20% of the 
counting error and generally by less than 5% of it. A 
systematic intensity effect is introduced by the non- 
linearity of the relation between channel number and 
primary proton energy which is a consequence of the 
large basic absorption introduced by the gating crystal. 
The effect has been removed by dividing the yield in 
each channel (millibarns/steradian channel) by the 
local channel width (Mev of primary proton energy/ 


6 Indium, +4.16 Mev; Sn, +3.92 Mev; D. W. Van Patter and 


W.W haling, Revs. Modern Phys. 26, 402 (1954). 
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Fic. 2. Collected spectra for Sn!°(d,p)Sn'*! at laboratory angles as labeled. Abscissa is residual nucleus excitation (Qo—Q) for all 
curves, and curves are visual best fits to data from the following numbers of independent determinations: 5, 41°; 4, 24°, 60°; 3, 15°, 
32°, 51°; 2, 17°, 70°, 80°, 98°, 137°; 1 determination each at remaining angles. The dip at highest excitation is instrumental. 


channel). This correction for channel nonuniformity 
amounts to 1.5:1.0 over the spectral range presented 
and results, in the final spectra, in a relatively increased 
cross section for lower proton energy. Uncertainty 
associated with the removal of residual background 
casts doubt on the highest 1 Mev of excitation pre- 
sented for the largest two angles, but otherwise the 
spectra are free of systematic effect throughout the 
regions presented. 

All spectra taken for a given laboratory angle were 
translated to absolute coordinates and superposed on 
a single graph, in which form they agreed well both 
on energy and cross section scales. Throughout the 
spectrum the various data sets fell within the counting 
probable error about half the time and usually within 
the combined probable errors, although the yield in 
individual channels was markedly less reproducible 
than was the integrated intensity of a clear group 
(preceding paragraph). On each composite graph a 
representative spectrum was drawn visually, incor- 
porating only structure indicated at least qualitatively 
by every contributing data set. Sample data and 
representative curves are shown in Fig. 1. 


RESULTS 


The representative spectra at all angles are displayed 
in Figs. 2 and 3. The dip at highest excitations is 
instrumental, produced by the action of the electronic 


gate as shown by its location on the energy scale. 
Figures 4 and 5 show the total energy spectra for the 
two reactions, obtained by numerical integration of 
the representative curves over angle. The similarity of 
the two reactions is evident; an extra group appearing 
for In is a consequence of the greater excitation range 
accessible as a result of that reaction’s larger Q. 

The dashed groups, representing the slight gross 
structure which is reproducible in the spectra, are 
clearly not uniquely deducible from Figs. 4 and 5, 
above 2 Mev of excitation. The identification of any 
possible spectral structure is a necessary prerequisite 
to the display of meaningful angular distributions, 
however, in order to suggest relevant abscissas at 
which to sample those distributions. The identification 
of structure is justified by the recurrence at the various 
angles of deviations from monotonic spectra which are 
sustained over several successive channels, clearly 
exceed statistical fluctuations, and occur in roughly the 
same spectral areas. The positions of these recurrent 
deviations from uniformity, read for each angle in 
Figs. 2 and 3 and averaged, define the mean ‘“‘peak”’ 
positions in Table I with the mean deviations there 
shown. The dashed groups in Figs. 4 and 5 were 
obtained by assuming symmetrical groups centered at 
these mean positions, the total spectra being decom- 
posed by the usual method of successive reflection of 
exposed high-energy profile and subtraction. Thus the 
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Fic. 3. Collected spectra for In"*(d,p)In"® at laboratory angles as labeled. Numbers of independent determinations: 5, 41°; 3, 24°, 50°; 


2,35, 19°", 


dashed representation of gross structure in these spectra, 
summarized in Table I, has the following significance: 
group positions represent within the mean deviations 
shown the loci of recurrent, sustained deviations from 
uniform spectra and the number of groups is the 
minimal number of such regular deviations. Only the 
widths, and hence also the separate group cross 
sections, are dependent upon a decomposition of Figs. 
4 and 5. 

The angular distributions (Figs. 6 and 7) are of 
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Fic. 4. Energy spectrum for Sn™(d,p)Sn' obtained by integra- 
tion over laboratory angles of Fig. 2. Dotted curves represent 
minimal gross structure groups, their positions determined by 
averaging occurrences at various angles. These groups are 
summarized in Table I. 


70°, 98°; 1 determination each at remaining angles. 


ordinates at fixed excitation rather than total group 
contents integrated over energy. This method of display 
is justified by the fact that well defined groups, e.g., of 
elastically scattered particles, are seen not to vary 
appreciably in width with variation in angle. The 
various groups are sampled at excitations appearing, 
in Figs. 4 and 5, to be relatively pure in the separate 
gross structure components. Small corrections for the 
intrusion of adjacent groups have been applied for the 
0.8 and 5.0-Mev groups, which corrections slightly 
accentuate structure evident in the uncorrected 
distributions but introduce none not already present. 
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_ 5. Energy spectrum for In"5(d,p)In"® obtained by integrating 
Fig. 3 over angle; see Fig. 4 caption. 
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Fic. 6. Angular distributions of groups in Sn!™(d,p)Sn!, 
Ordinates are taken from Fig. 2 at fixed excitations for each of 
which a single gross structure group predominates. Curves are dis- 
placed vertically for display; ordinate for 1.0 millibarn/steradian 
Mev is indicated at right for each of the curves. Points at the 
largest two angles are uncertain for the highest excitations. 


The overlap correction precludes a meaningful distribu- 
tion for the 6.1-Mev group. 

In summary, the experimental observations are: (1) 
a definite doublet at low excitation (group separation 
0.8 Mev); (2) a marked minimum extending over the 
next 2 Mev; (3) structure at higher excitation which 
is weak but persistent and best represented by broad 
groups at 3 and 5 Mev; (4) angular distributions for 
various portions of the spectrum which are very 
similar but contain recurrent slight irregularities; and 
(5) a close similarity between the two reactions, in 
total cross section as well as in all the foregoing 
characteristics. 

It is important to note that the weak definition of 
the gross structure (3) is not an instrumental effect. 
Over a similar excitation range Schiffer et al.’ have 
found marked gross structure for Cr, Mn, and Fe with 
spacings of order 1-2 Mev. One expects similar spacings 
in the present experiment, since the first few single- 
particle spacings above the Fermi level show’ no 
systematic trend with A, and indeed the intervals in 
our weak structure are of this same order which is also 
of the correct magnitude for single-neutron levels in a 
spherical nucleus (Table I and Appendix). Considera- 
tion of crystal resolution, straggling in absorbers and 


7 Ross, Mark, and Lawson, Phys. Rev. 102, 1613 (1956). Note 
erratum, Phys. Rev. 103, 1906 (1956). 
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Fic. 7. Angular distributions of groups in In''5(d,p)In"®; 
see Fig. 6 caption. 


channel width indicate an experimental resolution of 
order 1 Mev, which is probably a pessimistic estimate 
in view of the definition of elastically scattered particle 
groups. The spectra at low excitation give direct 
evidence that a group separation of 0.8 Mev can be 
recognized. We conclude that the difference in definition 
of the present structure and that in the lighter nuclei? 
reflects a difference in the nuclear situation rather than 
in the detection system. 


DISCUSSION 
Spectral Locations 


It is possible that the 0.8-Mev group represents a 
single nuclear level. Both product nuclei have three 
true levels in the first 0.4 Mev of excitation®® which 
certainly for Sn’! and probably for In'® are the single- 
neutron levels 2d3/2, Itiu1j2, and 35,2; immediately 
above, In''® has six levels between 0.8 and 1.7 Mev.® 
These spacings are in agreement with the shell- 
dependent semiempirical level density formula” from 
which we may further deduce that in the present 
experiment we might well resolve nuclear levels below 
1 Mev and certainly could not do so above 3 Mev. 
The level pattern in Sn'*! above the low-lying isomeric 
group is not known, but an analogy exists in Sn!’ 


8M. Goldhaber and R. D. Hill, Revs. Modern Phys. 24, 179 
(1952). 

9 Nuclear Data Cards (National Research Council, Washington, 
DC,). 

0 T, D. Newton, Can. J. Phys. 34, 804 (1956). 
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Fic. 8. Number of single-particle levels in the spheroidal well! 
occurring within one spectrometer channel, as a function of 
excitation (abscissa, Mev). Distortion parameters +0.08 for 
In"*, +-0.04 for Sn’. Arrows show level positions in the un- 
distorted Nilsson well, in order (right to left, increasing 
excitation): 2d3/2, Uhiij2; 2fr2, Voie; Mise; 3p3/2, 2fo2; 3prie. 
Energy scale: see end of Appendix. 


which has the same low-lying triplet and in addition a 
level at 0.9 Mev.® We conclude that the 0.8-Mev level 
found for both reactions could reflect a distinct nuclear 
level. It is not clear why this level appears strongly 
enough to be seen in our spectra whereas its neighbors 
do not, nor why this should be the case in both reactions. 
The level does not appear to match a single-particle 
excitation, and rotational collective levels are not to 
be expected so close to a stable spherical nuclear 
shape," nor is it reasonable to expect the same rotational 
patterns for the two nuclei. It is possible that the level 
is a vibrational one, which might well be common to 
the two nuclei, although the 2-phonon vibrational 
energy in this region''” is probably around twice the 
0.8 Mev in question. Further, there is no clear reason 
to expect a vibrational state to be strongly excited in 
the (d,p) reaction. 

Above 2 Mev true levels are certainly not resolved. 
There remain the questions of whether the pronounced 
minimum around 2 Mev and the broad groups around 3 
and 5 Mev correspond to the pattern of single-neutron 
levels and, if so, why those groups are not more pro- 
nounced. These questions are related to the collective 
distortions of the nuclei concerned, a point of significant 
difference between this experiment and that with the 


1K. Way et al., Annual Review of Nuclear Science (Annual 
Reviews, Inc., Palo Alto, California, 1956), Vol. 6, p. 147. 

2A. Bohr and B. R. Mottelson, Kgl. Danske Videnskab. 
Selskab, Mat.-fys. Medd. 27, No. 16 (1953). 


, AND J. LOWE 
lighter nuclei’ since that part of a given absolute distor- 
tion (as determined, e.g., from measured quadrupole 
moment) which must be assigned to the nuclear core 
increases markedly between the lighter nuclei and those 
of this experiment (see Fig. 3 of Ford and Hill'’). The 
collective (core) distortion of In''® may be estimated 
from the measured quadrupole moment, the single- 
particle contribution, and the effective projection 
factor [reference 12, Eqs. (V.2), (V.10), and Table IX]. 
The distortion parameter (Nilsson' 6) is +-0.08, which 
may be taken as a good estimate for In'® as well 
inasmuch as the same value is also found for In"*, As 
for Sn, although one expects small! deformation because 
of the proton magic number, the deformation need not 
vanish absolutely since some polarizing effect of the 
unfilled neutron shell is to be expected. Indeed the 
existence of measurable isotope shifts among the Sn 
isotopes'® shows that most of the intrinsic distortions 
must be finite. In particular, the measured shift for 
Sn'-Sn'* allows an estimate of the deformation 
parameter for Sn"! as about +0.04. The estimate may 
be roughly confirmed from first excited state systematics 
(see Figs. 4 and 5 of Ford!*) which give a deformation 
parameter of +0.05+0.05. We conclude that the 
deformation parameters for In"® and Sn"! are of the 
order of +0.08 and +0.04, respectively. 

The effect of these deformations on single-particle 
levels'* is to remove degeneracy to such an extent as 
apparently to disperse the spherical well pattern 
entirely. However, for these distortions the component 
levels diverge symmetricallly about their origin in the 
spherical well, by amounts less than or comparable to 
the separations of the spherical well levels, the shifts 
generally occurring inside the resolution interval of 
this experiment. It follows that a single spectrometer 
channel will generally comprehend several of the 
spheroidal levels and so respond to the gross form of 
their distribution in energy, which itself reflects the 
original distribution of levels in the undistorted well. 
That this is the case, and particularly that the observed 
distribution will be similar for the two nuclei in spite 
of their differing distortions, is shown by Fig. 8. This 
represents a count of the spheroidal well levels’ for 
In''® (67 neutrons, deformation +0.08, ground state 
=hy1)2, 1/2— as dictated by this distortion) and Sn"! 
(71 neutrons, deformation +0.04, ground state=d3,2, 
1/2+). The ordinate is the number of spheroidal 
levels occurring within +0.25 Mev (roughly +0.5 
channel) of the excitation abscissa. Positions of the 


original spherical well levels are indicated on the same 


18K. W. Ford and R. D. Hill, Annual Review of Nuclear Science 
(Annual Reviews, Inc., Palo Alto, California, 1955), Vol. 5, p. 25. 
The regions of low distortion are readily identified in Fig. 3. 

4S. G. Nilsson, Kgl. Danske Videnskab. Selskab, Mat.-fys. 
Medd. 29, No. 16 (1955). 

16 P. Brix and H. Kopfermann, Revs. Modern Phys. 30, 517 
(1958). 

16K. W. Ford, Phys. Rev. 90, 29 (1953). 
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excitation scale," i.e., relative to zero for the spheroidal 
well ground states. 

It is clear that Fig. 8, although intended only to 
indicate qualitatively the reappearance of spherical 
well level positions when the spheroidal well is examined 
with poor resolution, reproduces the gross characteris- 
tics of the spectra observed in this experiment, v7z., 
the marked minimum around 2 Mev and broad maxima 
at 3 and 5 Mev. The minimum reflects the large single 
particle level spacing which is responsible for the magic 
number 82, and the two broad maxima correspond in 
position to the near coincidence of the pairs of single- 
neutron levels 2f7/2, 1/2 and 33/2, 2fs/2. It is likely 
that the single-particle levels of the spheroidal well do 
contribute a structure to the spectra on a scale of 
separation of the same order as the energy resolution 
of this experiment. This would account for the observa- 
tion in individual spectra of a number of ‘‘fluctuations” 
of greater than statistical magnitude (as attested by 
the statistical analysis performed on the ground-state 
intensities). Such fluctuations, being sensitive to the 
exact location of channel boundaries, would not be 
expected to reproduce in successive determinations and 
so would be eliminated from the “representative” 
spectra of Figs. 4 and 5. 

It seems likely therefore that the structure reflecting 
true single-particle levels was not really resolvable in 
this experiment, but that the distribution of such 
levels, itself conditioned by the pattern of spherical 
well levels, may well be reflected in the weak gross 
structure which was observed. It remains to inquire 
whether the expected correlation in spectral positions 
exists between the gross groups and the two positions 
of near coincidence of spherical well levels. That this 
correlation exists is clear from Table I, in which the 
spherical well level positions (deduced from binding 
energy data; see Appendix) are compared with the 
gross structure. 

Although not apparent in Fig. 8, the doublet from 
the low-excitation group is entirely consistent with the 
distribution of spheroidal well levels in that region. 


Angular Distributions 


These are notable chiefly for their similarity. The 
relatively small peaks and inflections of Figs. 6 and 7 
are most marked at the particular excitations plotted; 
distributions for arbitrary positions in the spectrum 
show less structure, and if integrated over successive 
1-Mev portions of spectrum the distributions are 
almost perfectly superposable. The absence of the 
usually dramatic stripping minima cannot be attributed 
to the counter’s acceptance angle, of order 1°. nor is it 
possible with any reasonable radius to extend the 
principal stripping peak over the full physical range. 

17~In obtaining Fig. 8 the energy scale of the Nilsson diagram 
has been adjusted to correspond to spherical well positions based 
on experimental mass differences; see end of Appendix. 
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TABLE I. Gross structure and single-neutron levels.* 


In!!5(d,p)In'6 Single neutron levels 
Exe. Width a 
(Mev) (Mev) (mb) 


Sn!20(d,p)Sn!2t 
Exc. Width o 
(Mev) (Mev) (mb) 


Exe. 
(Mev) 
0.00 
0.04 
0.3 +0.1 


2d; 2 
0.4 64 {nie 
351/2 


0.0 0.3 4.9 0.0 


0.8+0.1 0.4 5.3 
2.940.5 13 168 


0.8+0.1 0.5 4.9 


3.2402 1.0 20.2 2.83+0.3 


3.07+0.0 


2frie 
Vhy/2 


asa yee 


4.5340.2 


32.8 49404 1.1 


6140.1 0.9 


5.0+0.1 
15.9 


£6.5 70.8 $6.5 63.8 
5 


St; 78.6 


® Exc. = position of group peak (excitation of product nucleus) determined 
by averaging positions in all individual spectra. Width =half width at half 
maximum. Cross sections are integrated over angle and energy; totals 
include all contributions up to excitation limits specified. Single-particle 
levels are for spherical well and are deduced from binding-energy data 
(Appendix), the uncertainty in each referring to its separation from the 
preceding one. 


Strong stripping minima are not to be expected 
within the interpretation of the preceding section, for 
in the distorted nucleus the single-particle / fails as an 
exact quantum number, and values of total nuclear 
spin are well mixed in the gross groups of Fig. 8. 
However, for the weak to intermediate coupling situa- 
tion represented here,!’:"* / is an approximate constant 
of motion so we may anticipate for a gross structure 
group an angular distribution which, though largely 
smooth, may retain some traces of the maxima char- 
acteristic of the / value which predominates among the 
single particle levels it includes. In a similar fashion, 
in case of intermediate coupling, the energy spectrum 
is enhanced in the region of a single-particle excitation 
even when the latter fails as a constant of motion. 

In fact even the / values are mixed to the extent of 
one to three values per gross structure group. Only the 
0.8-Mev group is pure in / (/j,,2 at the excitation 
chosen for the angular distribution). The 0-Mev group 
contains d3,2 and /y,,2, the 3-Mev group f7,2, /y/2, and 
1432, the 5-Mev group f5,2 and p3)2. The 73,2 levels are 
widely dispersed; they are represented only weakly 
around 3 Mev and not at all around 5 Mev. Thus the 
parity is predominantly odd for all groups but pure 
only for those at 0.8 and 5 Mev. In case of mixed / 
values of the same parity, one expects the stripping 
structure to be lost at small angles but preserved at 
large ones for which the Bessel functions assume their 
asymptotic forms, in which case the / dependence 
degenerates to a parity dependence, leaving the large- 
angle peaks coincident for given parity. 

On this basis the following qualitative features of 
the angular distributions are readily understood. (1) 
The strongest resemblances are for the same excitation 
in different reactions rather than for the same reaction 
at different excitations, suggesting as do the spectra 
that the operative mechanism is more sensitive to 
excitation than to the specific nucleus involved. The 
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angular structure is more marked for In than for Sn, 
presumably as a consequence of the use of an In target 
about half as thick as the Sn, resulting in better energy 
resolution. (2) The strongest resemblances among all 
groups occur at large angles. (3) The most pronounced 
structure at large angles occurs for the 0.8- and 5-Mev 
groups. (4) At small angles the structure is most 
pronounced for the 0.8-Mev group. (5) The largest 
number of peaks is found for the 0.8-Mev group. For 
these two groups the mean spacing of the observed 
peaks, interpreted as an interval in the stripping phase 
variable QR, is 1.08%+15%. This should be of order 
x for a single / value or mixed / values of the same 
parity. The value quoted is based on a radius dictated 
by the condition that the observed number of peaks 
fall within the physical range, a rather restrictive 
condition. The radius so determined is 7.9K 10-" cm, 
in close agreement with the usual stripping radius 
(1.7+1.2A') 10-8 cm. With this radius, the stripping 
curve envelope declines with angle at a rate reasonably 
consistent with the observed gross form of distributions, 
as distinguished from the far faster variation over a 
single peak. 
Cross Sections 


Significant stripping cross sections cannot be com- 
puted without the refinements of machine calculation, 
but their order of magnitude may be estimated by 
schematic models.'** The rudimentary estimate for 
the range studied in these reactions is of order 50 mb, 
quite consistent with the observed 64 and 71 mb 
(Table I). Cross sections for a compound-nucleus 
process are of order 5 microbarns and 0.1 microbarn 
for Sn and In, respectively. 

Both reactions have been examined previously at 30° 
in the laboratory (Harvey, reference 1 and private 
communication). In the In reaction the two deter- 
minations of the cross section of the 0 excitation group 
agree within 25% of the earlier determination, for 
which the quoted error is 40%. For the Sn reaction 
the isotopic abundance of the enriched target used by 
Harvey is not known, but an enrichment factor of 2 
brings the intensities into agreement. For each reaction 
there is detailed agreement in the spectral shape 
substantiating the gross structure which has been 
discussed. 
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APPENDIX. SINGLE-NEUTRON LEVELS 
IN SPHERICAL NUCLEI 


Insofar as the observed spectra reflect the distribution of 
single-neutron levels, broad maxima are expected at energies 
corresponding to the positions in spherical nuclei (A~120) of 
three clusters of single-neutron levels, viz: Group I—2d3/2, 1411/2, 
and 35,2; Group II—2f7/2 and 14/2; Group ITI—33/2 and 2f5/2. 
The positions of levels in Group I are experimentally available 
from data on the isomeric states of the nuclei in question, but 
those of the higher clusters must be otherwise deduced. Direct 
calculation of the positions in a square well or oscillator potential 
is insufficiently accurate, as are the results of even more refined 
phenomenological potentials,” * absolute level positions being 
most sensitive to the details of initial assumptions. 

The sequence of single-neutron levels is known from the 
empirical filling order™-*! for odd-N even-Z nuclei and the separa- 
tion between any two successive levels may in principle be 
deduced from the difference between the last neutron separation 
energies of neighboring isotopes whose Fermi levels are, respec- 
tively, the two in question. For levels occupied only by neutron 
pairs in nuclear ground states, such as 1/, the relevant separation 
energy is one half the difference between the separation energy 
for the neutron pair and the empirical pairing energy. Level 
positions so deduced refer to cores of assorted sizes (A), and to 
produce a level scheme for a single nucleus it is necessary to 
adjust the raw spacings for change in A. The adjustment is 
straightforward in the case of a spherical square well of infinite 
depth. In this case the single-neutron levels are defined by unique 
values of the interior phase variable AR so that any single- 
neutron level position reflects a unique, A-independent value of 
EA\, E being the level position referred to the bottom of the well; 
any level position and all spacings are proportional to A~!. This 
relation should remain a fair approximation for the finite square 
well, so long as the Fermi Jevel remains much closer to the top 
of the well than to its bottom. However, other qualifications to 
this simple level adjustment require specific corrections. 

Level positions are strongly affected by parameters of the 
diffuse nuclear surface and, of course, the spin-orbit interaction. 
However, it has been shown’ that for a potential incorporating 
values of these parameters compatible with the empirical filling 
order, the elevation of any level in the realistic well above its 
position in the corresponding square well is a unique function of 
the diffuseness parameter, itself insensitive to A. This considera- 
tion and the foregoing lead to the defining relation 

[V —ea—Ba(A) JA'=ca, (1) 
and thence to the working formulas 
(2) 
(3) 


(4) 


Ba(A2) =By(A1)+¢a(Ay!—A2), 
Dav (A 2) = Dav(A1) + (Ca— co) (Ai i—A, i), 
Ca=0y(A1 A»)§+A,§[B,(A2) — Ba(A1) +e—€a J. 


The subscripts a,b refer to particular levels and 1,2 to different 
nuclei, isotopes in practice. Ba(Ai) represents the position of 
level a in the real nucleus of mass A;, measured from the top of 
the well, and Da(A1) = Ba(A1) — By(A1) is the separation between 
adjacent levels in a particular nucleus. The elevation of level a in 
the real well above its position in the corresponding square well 
is represented by éa, independent of A as observed above, and 
V is the depth common to real and square wells, the same for all 
levels and nuclei. Equation (1) defines the quantity ca, whose 
independence of A is a consequence of the foregoing arguments 
and is the basis of the method of level adjustment. The value of 
Ca could be determined from (1) on the basis of a single known 
occurrence of the level, given values? of V and e,. However, in 


*” P. F. A. Klinkenberg, Revs. Modern Phys. 24, 63 (1952). 

21M. G. Mayer, in Beta and Gamma Ray S pectroscopy, edited by 
K. Siegbahn (North-Holland Publishing Company, Amsterdam, 
1955), Chap. 16. 
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view of their considerable sensitivity to V, it is preferable to 
deduce the values of the ca from binding data through (2)—(4), 
thereby utilizing only the constancy of V and not an a priori 
value. This procedure in effect determines V from the binding 
data, and the credibility of the values so obtained provides a 
plausibility check on the method of adjustment. Empirical 
evaluation of the ca for each set of isotopes is the more important 
in that, through the B, appearing in (1), they are expected to be 
somewhat sensitive to Z; e.g., for Z=50 the abnormally strong 
binding of levels suggests that the ca will be abnormally small, 
as is found. When the appropriate ca are known, Eqs. (2) and (3) 
provide for the translation to different A of a level and a spacing, 
respectively, and require no quantities other than those found 
empirically for the isotopes in question. For evaluating a particular 
Ca, Eq. (2) requires the level position to be known in two isotopes 
reasonably separated in A. When this information is lacking, 
Eq. (4) provides for the determination of ca from a single occur- 
rence of the level a, by comparison with another level on which 
more data are available. For this kind of determination it is 
necessary to use @ priori values of the é¢4, which have been taken 
from reference 7 and are (in Mev): 2d3/2, 2.55; Iie, 5.31; 
2512, 1.72; 2f7/2, 1.70; 1h9/2, 5.86. The absolute well depth used in 
reference 7 is 40.8 Mev, but any value in the range 45+10 Mev 
seems reasonable. 

The level positions B, may be identified directly with neutron 
separation energies, S(A)=mass of isotope (A—1)+mass of 
neutron— mass of isotope (A), only if the total binding energy of 
the core (A—1) in isotope (A) is the same as that of nucleus 
(A—1). This is not the case, even ignoring interaction between 
last neutron and core, as shown by the slow but systematic 
decline of average binding energy per particle in the region 
A 2100. That this effect is important is immediately clear from 
the tabulated separation energies, which decline systematically 
with increasing A whereas the level bindings (Ba) must, by the 
preceding arguments, increase. Thus instead of By(A)=S(A) 
when a is the Fermi level in A, we have 


B,(A)=S(A)+(A—1)[F(A—1)—F(A)], (5) 


where F(A) is the mean binding energy per nucleon in nucleus A. 
It is not appropriate to evaluate F in this correction term from 
mass data, since the observed value F(A) will depend upon B, as 
well as the core. Instead, for the systematic behavior of the core 
it is appropriate to employ the semiempirical mass formula. So 
evaluated, the correction in (5) involves the surface, Coulomb, 
symmetry and pairing terms, for which the constants of Green” 
have been employed. The correction has the anticipated effect, 
yielding level bindings (B,) which increase with increasing A 
(compare Tables II, III). Since only differences among Ba values 
are used, the results are insensitive to any constant systematic 
error in the magnitude of the core variation correction, and only 
slightly sensitive to a systematic error varying with A. 

The pairing term in the semiempirical mass formula, though 
appropriate to the representation of core behavior, is not adequate 
for use in the case of a Fermi level occupied by a neutron pair, 
for the semiempirical term is an average representation for all 
nuclides, from which the specific term required may be expected 
to deviate for particular ranges of nucleon numbers. An adequate 
power-law representation must be established for the range of A 
to be used. It is found from analysis of the Sn isotopes that 
PA*t=constant is an adequate representation (P?=pairing 
energy), and the constant is evaluated independently for each 
set of isotopes used. 

The last complication in the deduction of spherical well level 
positions from binding data is the sizable level shift arising from 
any appreciable nuclear distortion.’ However, Fermi level 
positions initially deduced from undistorted nuclei and translated 
to the A of interest (~120) by the formalism outlined will provide 
the desired pattern of single-neutron levels for the spherical well 


2 A. E.S. Green, Phys. Rev. 95, 1006 (1954). 
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TABLE IT. Neutron separation energies and excited configurations." 


A Configuration S,U 


Source 


Tin Isotopes 
7.56+0.2 bsr 
9.37+0.28 r 
7.17+0.37 i,b;m 
0.161 j 
0.320 
9.10+0.2 
6.54+0.12 
0.024 
0.089 
8.95+0.34 
6.14+0.07 
0.037 
8.73+0.10 
5.96+0.48 i,b;m-+r 
0.00 i 


8.50+0.15 ¥ 


(S1/2)! 
116 (A112)? 
117 (Aii/2)?(S1/2)! 
117 (A112)? (3/2)! 
117 (Ai1/2)8 
118 (Aii/2)4 
119 (Air/2)4* (S12)! 
(Ay1/2)4 (d3/2)4 
(Ai1/2)® 
(Mi1/2)® 
121 (Ai1/2)®(d3y2)! 
121 (hiy/2)? 
122 (hi1/2)8 
123 (Ay 2)8(d3/2)! 
123 (hi1/2)® 
1244 (Ay1/2)” 
125 (hiss2)"! 5.74+0.07 i,bsr 
125 (hi1/2)" (d3/2)! 0.036 1 
Xenon isotopes 
127 (hy 2)3 (sy 2)! ~7.245 
127 (hi3/2)8 (d32)! 0.125 
127 (Ay 2)? 0.300 
129 (Ar1/2)"°(S1/2)! 6.9140.33 
129 (Hi1/2)* (des)! 0.039 
129 (Ayy/2)"! 0.235 
131 (hy3/2)'* (d3/2)! 6.60+0.05 
131 (Ayi/2)! (S12)! 0.080 
132a 8.92+0.07 
133 6.74+0.08 
1344 8.24+0.07 
135 (Ay 2)? (do 3)3(sy 2)? 6.55+0.10 
1364 (hi1/2)!? (d3/2)4 (51/2)? 7.91+0.09 
137 (2f7/2)4 4.47+1.0 


Barium isotopes 


7.68+0.19 
0.012 


133 (S12)! 
133 (d3/2)! 
1344 9.26+0.14 
135 (ds; 2)3 6.85+0.12 
136 9.18+0.12 
137 (d3/2)3 (sy 6.99+0.09 
137 (d3/2)4(s1 2 0.281 

1384 (ds; 2)4*(Si/2 8.67+0.09 
139 (2fyi2)! 4.71740.01 
140 (thg/2)? 6.43+0.15 


« S,U designates neutron separation energy for ground-state configuration 
and ,excitation for higher configurations (following) in same nucleus. 
“Sources” of data (r,m,7) and configurations (1,b,s) are: r =nuclear reactions 
[R. W. King, Revs. Modern Phys. 26, 327 (1954); L. J. Lidofsky, Revs. 
Modern Phys. 29, 773 (1957); D. M. Van Patter and W. Whaling, Revs. 
Modern Phys. 29, 757 (1957) and reference 6], m =mass spectroscopic data 
(CH. E. Duckworth et al, Revs. Modern Phys. 26, 463 (1954); 29, 767 
(1957)], j=a self-consistent set of mass spectroscopic determinations 
(W. H. Johnson, Jr., and A. O. Nier, Phys. Rev. 105, 1014 mys dy 
1 =nuclear isomer assignment (reference 8), b =beta decay assignment (re' 
erence 21), s =assignment from spin value (reference 9). The two-neutron 
separation energy for any nucleus is the sum of the single-neutron separa- 
ion energies listed for it and its predecessor. However, for nuclei marked a 
the uncertainty in the two-neutron separation energy is substantially less 
than the combination of uncertainties in the two contributing values. 


near A=120. Nuclei especially suitable as sources of data are 
thus those for which each nucleon number is nearly magic," for 
which Z is even (to avoid complications of cross-pairing energy) 
and for which reliable mass data are available. 

The starting data for the present calculations are presented in 
Table II, involving tin isotopes of 65 to 75 neutrons, xenon 
isotopes of 73 to 83 neutrons, and barium isotopes of 77 to 84 
neutrons. It appears that a slight proton excess (over 50) and 
neutron deficiency (below 82) act together to maintain low 
distortion over these isotopic ranges. From the separation energies 
and configuration excitations of Table II the positions of the 
single-neutron levels in the various nuclei are obtained by cor- 
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TABLE III. Corrected level positions in tin isotopes.* 


Ba B, Bi 
A (Mev) (Mev) (Mev) 


116 10.478 
117 10.620 
119 10.498 
121 
123 


125 


10.300 
10.409 
10.535 
10.833 
10.834 


10.459 
10.501 
10.572 
10.883 
10.992 


* Body of table gives (B,Mev) position below top of well of level in Sn 
isotope of mass indicated (including the ‘‘single’’ neutron), obtained from 
the neutron separation energies of Table II corrected for variation in the 
binding energy of the core. Levels are designated by subscripts d (2d3;2), 
h (Ahiys), and s (3s1/2). Nonsignificant figures are carried to show values of 
the core correction; for applicable uncertainties see Table 


rection for core variation, through equation (5). The results are 
given in Table III for the tin isotopes; in the cases of xenon and 
barium the trustworthy level deductions are less regular and will 
be cited in the appropriate discussions 


Tin Isotopes 


The level positions shown in Table ITT are free of pairing energy 
complications and provide a direct check on the proposed adjust- 
ment formula (1). The d and / level data fit straight lines when 
plotted against A~!, with positive slopes cg=320 and c,=330, 
the main deviations being 0.06 and 0.05 Mev, respectively. 


Clearly the three 51/2 values do not form a straight line, but the 


first two define a slope c,=280. The relative magnitudes of these 
slopes confirm the a priori expectation; the d3;2 level being more 


strongly bound than /yi;2, we expect ca<ca», and similarly the 
51/2 level being the lowest (for the first two isotopes in Table IIT) 
we expect c, to be the smallest of the three slopes. In effect this 
verifies an expected correlation of slope with intercept in the B-A 
plots. Values of V implied by the observed slopes and intercepts 
are 26.4 Mev (from d3/2) and 29.5 Mev (from /y;/2); their con 
sistency is an additional check of the method, and their low 
absolute magnitude may reasonably be attributed to the anoma 
lous core situation at Z=50. 

In addition to the data in Table III we have a good value of 
the two-neutron separation energy in each of ten isotopes, each 
representing a neutron pair in 4/2. The five values for odd A 
may be used to determine the de facto pairing energy in this 
region, by comparison with the single-neutron separation energies 
from the singly occupied /,;/2 configuration in the same nuclei. 
The five pairing energies so obtained have been tested for con 
stancy of the product PA" and the following deviations from 
constancy found: n=0, 2.09%); n=4, 1.3%; n=}, 1.6%; n=1, 
1.70). We conclude that PA4=constant is the best representation. 
The value of this constant (30.7+0.4) is roughly three times the 
average pairing energy term in the semiempirical mass formula, 
which is quite reasonable in view of the fact that the nucleus is 
proton-magic and that the level involved is the highly asymmetric 
h level. It is apparent from the filling order that pairing in this 
level is sufficiently strong to depress it below s,/2 and d3,2 for 
even neutron numbers. 

The two-neutron separation energies for the five even-A 
isotopes may now be used, with the empirical pairing energy just 
deduced from the odd-A isotopes, to give an additional inde 
pendent check of the adjustment formula. The /);/2 level positions 
(B,) so deduced fit a straight line against A~! with mean deviation 
0.03 Mev, the slope checking the previous determination (c;) 
within 15°) and the value of V within 7%. 

The isomeric state data of Table II give the relative positions 
of the levels in Group I for Sn! without further adjustment, and 
locate Iii. at 0.037 Mev above the ground state (2d3)). 
Systematics of the isomeric states in this region® allow a good 
estimate of the position of 35,2 in the same nucleus, at about 
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0.3-Mev excitation. Level shifts resulting from translation to 
A=116 (for the indium case) are all less than 0.05 Mev. Clearly 
the levels within Group I could not be resolved in the experiment 
reported. 


Xenon Isotopes 


The following usable level information is obtained by core- 
correction of data of Table II (subscripts refer to levels; f=2f7/2, 
others as before) : 

A=127, B,=10.835 Mev, B,—Bi=0.125 Mev, 
B,—B,=0.300 Mev; 

B,—Baz=0.039 Mev, 
B,—B,=0.235 Mev; 


Ba=11.086 Mev, Bs—B,=0.080 Mev; 
2Bi+2B,+2P =50.405 Mev; 

A=136, Bay+P=13.369 Mev; 

A=137, By=10.092+1.0 Mev. 


The fourth and fifth lines, together with one absolute location 
and one separation chosen from the first three lines provide three 
simultaneous equations from which may be determined the Ca 
and q@ of the two levels concerned, and the constant PA}. 
Equation (4) then allows cy to be evaluated by comparison with 
either of the lower levels. These having been determined, the 
position of either of the levels may be translated to A =137, the 
separation between it and 2/72 determined at A=137, and 
translated finally to A=120, by Eqs. (2) and (3). The first three 
lines provide five independent sets of starting data, and the 
consistency of the results derived constitutes an additional check 


A=129, B,=10.964 Mev, 
A =131, 
A=135, 


of the method. 

The extrapolation constants obtained are in the sequence 
Ch<Ca<Cs, an Order opposite to that of the corresponding B values; 
i.e., the expected correlation of slopes and intercepts is again 
observed. All three values are much smaller than their counter- 
parts in the Sn isotopes, as is the constant PA}, confirming the 
consequences of qualitative arguments in the Sn discussion. 
Mean deviations among the values for the constants ¢,, Ca, Cr, Cs, 
PA*, and V based on different choices of starting data are of 
order 20° in all cases which, though large, represent consistency 
within the combined uncertainties in the starting data. Numerical 
values obtained are PA4=13242 Mev and V=51+10 Mev, both 
of which are physically reasonable and the former now only 30% 
higher than the pairing term in the semiempirical mass formula. 

Fortunately the value for the position of the 2/;/2 level relative 
to 2d3,2 is substantially less sensitive to uncertainties in the 
starting data than are the working constants just discussed. 
Deviations in this quantity resulting from alternative choices of 
starting data are of order 8% and the weighted mean value is 
2.80 Mev. The limits +0.25 Mev, —0.15 Mev include the full 
variation of independent determinations, but do not include the 
systematic uncertainty (+1.0 Mev) associated with the Xe! 
separation energy. 


Barium Isotopes 


The following level information (from Table II, corrected) is 
used (i= 1h/y/2; d, s, f as before) : 
A=133, B,—Bz=0.012 Mev, 
A=137, B,—Ba=0.281 Mev; 
A=135, 2Ba+P=24.534 Mev; 
A=137, 2B,+P=25.399 Mev; 
A =139, s=9.801 Mev; 
B=140, 2B,+P=21.505 Mev. 
These are sufficient for a single determination of the positions of 
2f7/2 and 1/2 in the spherical well at A =120. The first four lines 
provide three equations relating c,, ca, and PA}, and the last two 
lines give one good occurrence of each of the two Group IT levels. 
The extrapolation constants cy and c, may thereby be determined 


B,=11.558 Mev; 





GROSS STRUCTURE IN 


(Eq. 4) by reference to cs. Finally the separations B,(139) 
— B;(139) and B,(140)—B,(140) may be determined and trans- 
lated to A =120. 

The constant found for PA? differs by only 0.3% from that 
found from the Xe data, and the value of V (36.746.5 Mev) is 
again physically reasonable though very sensitive to the starting 
uncertainties. Since there are two independent data at A =133, 
the computations may be carried through with reference either 
to the d3/2 or 51/2 level, the consistency again providing a measure 
of the reliability of the method. The 2/72 level is found to lie 
above the 2d3/2 ground state by 2.86+0.33 Mev at A=120, in 
agreement with the Xe determination, and 1/2 is found above 
2f7/2 by 0.235+0.003 Mev. The anticipated crossing of those two 
levels between A=140 and A=120 is reproduced by the level 
adjustment method. 


Group IIT Levels 


Since the levels of Group HI are filled in the strong-coupling 
region, mass data cannot be applied as in the foregoing to locate 
Group III in the spherical well. However, the position of 2f5,2, 
and hence of Group III, may be fixed relative to its spin-orbit 
partner 2/7/2, already located, by comparison with the spin-orbit 
separation 1/9/2—1/t1/2. 

The separation of a spin-orbit doublet is proportional to the 
term (2/+1) and to the expectation value of r-'(dV/dr), the 
remaining proportionality factor being an absolute constant. The 
ratio of the first factor, for the splits in f and h levels, is of course 
7/11; it is necessary to consider the ratio of the expectation value 
in the two cases, which may be identified as f(n,). It is reasonable 
to suppose that the ratio f(2f)/f(1h) is close to unity, since this 
is implied both by oscillator and square well potentials, which 
bracket the order of shell-model levels. It is exactly the case that 
the f ratio is unity for an oscillator potential, and for a square 
well it is approximately the case for single-particle states of the 
same parity insofar as the value of the interior phase variable 
(KR) is large compared to / so that the spherical Bessel function 


approximates its asymptotic form. In the present case (the 2/ 
and 1h levels at A =120) the phase variable is not less than 11 


and / not greater than 5. That the approximation is sufficient is 


(d,p) 


REACTIONS NEAR Z=50 857 


indicated numerically by the relative spin-orbit splits resulting 
from Nilsson’s spherical well calculation,’4 which are exactly in 
the ratio of (2/+1). The proposition that f(m,/,)/f(mol2) is unity 
may be tested against experimental data in the specific case that 
my+l,=5 and n2+l.=6 (as for 2f and 1h) by reference to separa 
tions* of the 2g and 3d doublets in the spherical nuclei Pb®® and 
Bi?”, for both of which the ratio is 0.87. 

We may conclude that the ratio /(2f)/f(1h) lies between 0.87 
and 1.00, from which, and the positions deduced in the foregoing, 
it follows that at A =120 the level 2/5/2 lies above 2f7/2 by 1.70 
+0.12 Mev and so above the ground state (2d3/2) by 4.5340.45 
Mev. The ratio of the two spin-orbit splittings is not sensitive to 
nuclear radius since the absolute parameters of the well affect the 
splitting only through a constant factor V/R?, for both oscillator 
and square well potentials. 

A wholly independent though rough check of the separations 
found for the 2f and 1h doublets may be obtained by adjustment 
of the corresponding separations in the nuclei around A =208 in 
proportion to the absolute factor just mentioned. To adjust from 
A =208 to A =120 in proportion to V/R? for constant well depth, 
multiplication by (208/120)! is required. For the heavy nuclei* 
we have f(2g) =f (m+/=6) = (2.05+0.15)/9 and f(3d) =f(n+l=5) 
= (0.99+0.13)/5. Multiplying by the size factor we obtain, for 
A=120, /(6)=f(1h)=0.3340.02 and f(5)=/(2/)=0.29+0.04, 
and hence the spacings 3.6+0.3 Mev (14) and 2.0+0.3 Mev (2f). 
These are in reasonable agreement with the values already 
deduced, viz., 3.04+0.3 Mev and 1.7+0.1 Mev. 

The single-neutron level positions are summarized in Table I. 
To obtain Fig. 8 it was necessary to determine the energy scale 
of the Nilsson level diagram, which was done by reference to 
the separation of the spin-orbit doublet 14 /2—1/j1/2. On this 
basis the energy unit of the Nilsson diagram is 5.5 Mev, or 0.66 
times the magnitude estimate in the caption to Fig. 5 of reference 
14. With this scale factor the level positions deduced in this 
Appendix for all other levels agree well with the spacings of 
Nilsson’s spherical case, with the exception of 2d3;2 which is 
misplaced in the Nilsson diagram as shown by the isomeric-state 
data.’ 

*B. B. Kinsey, Handbuch der Physik, edited by S. 
(Springer-Verlag, Berlin, 1957), Vol. XL, Pt. I, p. 362. 
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Nuclear Spins of I’ and I'*° 


J. E. SHerwoop anp S. J. OVENSHINE 
Oak Ridge National Laboratory, Oak Ridge, Tennessee 
(Received December 15, 1958) 


The nuclear spins of I'* and I'* have been measured by means of an atomic beam magnetic resonance 
apparatus. A value of 1 was obtained for I’, as predicted by Benczer et al. However, a value of 5 was ob- 
tained for I'™, in disagreement with the expectations of Caird and Mitchell. The nature of the discrepancy 


is indicated. 


The apparatus and technique are described, with special attention to the source and detector arrangements. 


INTRODUCTION 


T present, the atomic beam magnetic resonance 
technique appears to be the most fruitful method 
of measuring nuclear moments. The experimental ap- 
proach is very nearly the same as that introduced by 
Rabi and his collaborators in the thirties, the principal 
difference being that radioactive detection has made 
possible the study of many materials which were pre- 
viously inaccessible. This technique is being used for 
determining the moments of radioactive nuclei in at 
least five laboratories in this country and several abroad. 
We have chosen the neutron-excess isotopes of iodine 
for our initial studies, largely because of favorable physi- 
cal and chemical properties as described below. Several 
isotopes of iodine have been reported on by the Berkeley 
atomic beam group.! Neutron-excess isotopes may 
readily be prepared with the existing facilities at Oak 
Ridge National Laboratory. 


EXPERIMENTAL METHOD 


Nuclear spins are customarily determined from ob- 
servations of the weak-field Zeeman spectra of the atom. 
The energy levels are given, at low magnetic field, by 


Wy, m= Wolf) + mgppoll. 


Here f is the total angular momentum quantum number, 
f=ity, i+j—-1, i—j|, where 7 and j are the 
nuclear and electronic angular momentum quantum 
numbers; m= f, f—1,... —f; 


f(f+I+j(G4+1)—-i(i +1) 


81> 8 : — 
2f(f+1) 


f(f4+1)—JGA+D)+i(i+1) 
2f(f+1) 


T és 


W(f) is the internal energy of the atom due to coupling 
of the nuclear and electronic angular momenta, and po 
is the Bohr magneton. For the transitions considered, 
Am= +1, Af=0, and Wo(f) is constant. The frequency 


1 Garwin, Green, and Lipworth, Phys. Rev. 111, 534 (1958), 
Bull. Am. Phys. Soc. Ser. II, 3, 370 (1958), Phys. Rev. Letters 1, 
292 (1958). 


of the (single-quantum) transitions is then simply 
vy = g;(uo/h)H. 


Thus each i gives a g; and therefore a frequency for a 
given f, 

It is worth noting that the term in g; is very small 
and may be neglected; thus the line frequency is not 
affected by the magnitude of the nuclear magnetic 
moment. In this respect the atomic beam technique is 
superior to conventional spectroscopic methods. 

To be observable, a transition must be such as to 
cause a large change in the strong-field magnetic moment 
of the atom. In the present work, the deflecting magnets 
are so arranged that only transitions which reverse the 
sign of the strong-field atomic magnetic moment cause 
refocussing ; this is the ‘“flop-in” method of Zacharias.” 
Figure 1 shows the atomic energy levels for i=1, j=3, 
STRONG 


MAGNETIC 
FIELD 


NO WEAK 
MAGNETIC MAGNETIC 
FIELD FIELD 


Fic. 1, Atomic energy levels vs magnetic field 
for j=}, i=1, wi >0. 


2 J, R. Zacharias, Phys. Rev. 61, 270 (1942). 
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ui>O0; the observable (single-quantum) transitions are 
indicated by double arrows. Quadrupole effects have 
been neglected. 


APPARATUS 
General 


The apparatus (Fig. 2) is built around a steel table, 
3’X 3’X3’, the top of which has been machined flat. 
Brass cylinders 8 in. long and 12 in. in diameter serve 
as oven chamber and detector chamber. These are 
attached to vertical bulkheads on two opposite sides of 
the table, and are joined by a 4-in. brass “‘beam tube” 
made in three sections. The deflecting magnets slide 
on the table top; their pole tips pass through the walls 
of the first and third sections of the beam tube and are 
sealed by means of greased O-rings. The center section 
of the beam tube carries the collimator and exciter coil 
and may be moved relative to the magnet sections with 
which it communicates by means of bellows. Thus 
magnets and collimator may be aligned while the beam 
is on. Two 4-in, mercury diffusion pumps evacuate the 
beam tube and detector chamber to 2 or 3X 1077 mm 
of Hg. 

The oven chamber vacuum system includes a 4-in.oil 
diffusion pump, valve, trap, and cooled shielded flange 
which closes the oven chamber. All are mounted on a 
rolling framework. This arrangement permits easy 
access to the oven chamber. A valve separates the oven 
chamber from the beam tube so that the vacuums are 
maintained independently. 

Because of the high activities involved, considerable 
lead shielding has been provided, mainly around the 
oven chamber. Cooled baffles at the oven chamber exit 
and detector chamber entrance, as well as strategically 
placed lead bricks, enable the counting to be carried out 
inside the vacuum system as described below. 


Source 


Since elemental iodine is quite volatile at room tem- 
peratures, it is convenient to maintain the iodine source 
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Fic. 2. Schematic diagram of atomic beam apparatus. 
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Fic. 3. Frequency sweep for I'8, = 2.63 oersteds. 


at ice temperature outside the vacuum system and pass 
the vapor in through a tube. The vapor is largely di- 
atomic but our measurements indicate that substan- 
tially 100% dissociation is obtained by heating the 
vapor to 650°C, In practice, we maintain the oven head 
at 750°C-800°C. Few materials can withstand the cor- 
rosive effects of iodine at these temperatures. However, 
after a number of trials, we have adopted solid gold 
components with complete success. 


Magnets 


The gaps of the deflecting magnets are 3 in. long and 
are contoured to correspond to the equipotentials of a 
two-wire field, similar to the design given by Davis.’ 
The magnet windings are outside the vacuum system 
and are powered by general purpose regulated power 
supplies. A current of 200 ma gives an average field of 
about 10 000 oersteds. 

The C-field, in which the transitions take place, is 
obtained from the stray fields of the deflecting magnets 
by suitably placed magnetic shields. The resultant field, 
about 23 oersteds, is of a convenient magnitude for spin 
searching.’ Auxiliary coils were provided, however, for 
raising the field to about 10 oersteds. 

Since the frequencies involved in this work were only 
a few megacyles/sec, the oscillating magnetic field 


31. Davis, Massachusetts Institute of Technology, Research 
Laboratory of Electronics, Technical Report No. 88, 1948 
(unpublished). 

4 At lower fields, considerable difficulty was encountered due to 
“Majorana flop.” This phenomenon consists of unwanted transi 
tions brought on by the vagaries of weak magnetic fields and their 
gradients. 
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Fic. 4. Frequency sweep for l'. // =2.63 oersteds. 


could be obtained from a simple coil of 5 or 6 turns, so 
oriented as to favor |Am/| =1 transitions. The rf current 
was monitored. 


Detector 


Beam intensity is measured by allowing the beam to 
deposit on a metal tape (iodized copper in the present 
case) which is cooled near the point of deposit by the 
proximity of a liquid nitrogen trap. Upon turning a 
handle external to the vacuum system, the active spot 
on the tape is transferred into a shielded region where 
the activity of the spot is measured by means of an 
anthracene scintillation counter. Our tapes normally 
have provision for 100 spots so that it is only necessary 
to break the vacuum for tape rewind after 3 or 4 runs. 


I's; PREPARATION AND RESULTS 


[5 was prepared by irradiating 100-mg samples of 
elemental iodine (I'*’) in the Low Intensity Test Re- 
actor. Since the element cannot readily be transferred 
by pouring, it was necessary to irradiate the iodine in 
the same container used in the source. Thus the capsule 
must not become highly radioactive and must withstand 
the corrosive action of iodine as well as the intense neu- 
tron and y-flux of the reactor for some hours. It was 
found that ‘‘Natural Ultra-ethylux” (a plastic similar 
to polyethylene and manufactured by Westlake Plastics 
Company) met the above requirements. This material 
is similar to polyethylene but is more machineable. 

The short half-life of I'?* (24.5 min) necessitated great 
haste in the initial steps of the experiment. Thus the 
first deposition was ordinarily begun 9 minutes after 
the sample left the reactor, half a mile away. The pro- 


ANE? 3S. 
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cedure was to deposit for 5 minutes while irradiating 
the beam with rf power of one frequency and counting 
a previously deposited spot. At the end of 5 minutes, 
the tape was turned, the frequency changed, and the 
counter reading recorded and reset. These adjustments 
occupied a 30-second interval, after which the cycle was 
repeated. Thus the frequency was varied linearly with 
time and the data show the build-up and decay of the 
stray beam activity as well as any observable transitions. 

Figure 3 shows the result of a frequency sweep in the 
neighborhood of the frequencies corresponding to spin 1. 
(The frequencies corresponding to spin 2, for example, 
were 2.136 Mc/sec and 1.855 Mc/sec and were not 
covered in this run.) In this figure, spots 62 and 63 at 
the beginning of the run represent machine background 
counting rates since no beam was deposited at the cor- 
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Fic. 5. Frequency sweep for I. //=3.55 oersteds. 


responding points of the tape. The stray beam (un- 
flopped) first appears at spot 64 while the machine back- 
ground continues to rise. The 25-minute decay even- 
tually predominates, however, and in the absence of 
flop the curve would show a smooth decay after spot 66. 
However, two well-defined peaks appear superimposed 
on this curve at frequencies corresponding to spin 1. 

Similar results have been obtained repeatedly, at two 
values of the C field. These results show, unambigu- 
ously, that the spin of [8 is 1. This is in agreement with 
the decay studies of Benczer et al.® 

I'80; PREPARATION AND RESULTS 

I can be obtained in relatively large quantities as a 
fission product. Thus the Oak Ridge National Labora- 
tory Radioisotopes Department was able to prepare a 


5 Benczer, Farrelly, Koerts, and Wu, Phys. Rev. 101, 1027. 
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half-and-half mixture of elemental I!?7 and I!’ in 75-mg 
quantities. This mixture was irradiated in the reactor 
for 6 hours. The I'”* activity was allowed to decay and 
the sample was then run through the machine in exactly 
the same way as with ['°8, but with 15-minute counting 
and deposition times. 

Figure 4+ shows the result of a frequency sweep. There 
is good agreement between the observed line frequen- 
cies and those calculated for spin 5, while there is no 
indication for spin 6, the expected value. Further con- 
firmation was made by raising the C-field and repeating 
the experiment, after calibrating with T%. As shown in 
Fig. 5, verification of spin 5 was obtained, whereas no 
indications appeared at frequencies corresponding to 
spin 6 or 7. 

The decay of this isotope has been studied by Roberts, 
Elliot, Downing, Peacock and Deutsch® and by Caird 
and Mitchell’; the latter group suggested spin 6 for the 
ground state of I, 

Recently, Smith, Stelson, and McGowan’ re-examined 
this isotope. The decay scheme shown in Fig. 6 is con- 
sistent with their results and with those of Caird and 
Mitchell. Smith ef a/. also carried out gamma-gamma 
angular correlation measurements and found that the 
1.19-0.528-0 Mev level decay can be represented only 
by 4(Q)2(Q)0 by 2(969% D+4% Q)2(Q)0 transitions. 
In the first case, the 1.19-Mev level would be 4+ and 
the I ground state should undergo 8 decay to this 
level. Smith ef al. searched for such a B-group but were 
unable to find it. They were able to set a lower limit of 
9.8 for the corresponding log ft value, which is anomal- 
ously high. The second case gives rise to an anomaly 
also, inasmuch as such 2+ to 2+ transitions are known 
to proceed mainly via £2. No full explanation seems 


§ Roberts, Elliott, Downing, Peacock, and Deutsch, Phys. Rev. 
64, 268 (1943). 

7R.S. Caird and A. C. G. Mitchell, Phys. Rev. 94, 412 (1954). 

§ Smith, Stelson, and McGowan (private communication) and 
to be published. 
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Fic. 6. Decay of I. 


available at this time although the 44 assignment seems 
more plausible. 
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Lifetime of the First Excited State of Li’ 


C. P. Swann, V. K. RasmMussEN, AND F. R. METZGER 
Bartol Research Foundation of the Franklin Institute, Swarthmore, Pennsylvania 
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The Li’(p,p’)Li™ reaction was used as the source of Doppler-broadened 478-kev gamma rays to determine 
the mean life of the first excited state of Li’ by the nuclear resonance fluorescence technique. Both scattering 
and self-absorption experiments using both LiF and Li as the scattering and absorbing materials were 
performed. 

The resonance scattering gives a mean life of (1.09+0.07)X10~ sec after a 2% correction for slowing 
down of the Li’* nuclei has been made. This correction follows from the measured stopping cross sections 
for lithium ions. An additional correction, for the effect of collisions in which the Li’* nuclei lose a large 
fraction of their energy, is found difficult to estimate, although it is certainly not more than a few percent. 


For this reason, the scattering measurement is regarded as giving a lower limit for the mean life. 

The self-absorption measurements give a mean life of (1.15+0.14)X10-" sec. Debye temperatures of 
400°K and 700°K were used for Li and LiF, respectively. The error given, about twice the statistical error 
of the data, includes estimates of the effect of other experimental uncertainties. 


I. INTRODUCTION 


EVERAL measurements of the lifetime of the first 

excited state of Li’ have been reported.':* Of these, 
the one with the smallest stated error is by Bunbury, 
Devons, Manning, and Towle! who find a mean life 
of (7.7+0.8) K10—-" sec. 

An intermediate-coupling calculation of the lifetime 
has been made by Lane.’ Using Lane’s notation and 
units, the maximum transition strength, A, expected 
theoretically is 19. The mean life obtained by Bunbury 
et al. corresponds to A= 28+3. Assuming, as is expected, 
that there is no appreciable £2 contribution to this M1 
transition, a difference between theory and experiment 
is indicated. However, Lane’ points out that his analysis 
neglects the motion of the a-particle core of the lithium 
nucleus and that this correction could be appreciable. 
Under these circumstances it appeared to be of interest 
to determine the lifetime by use of the resonance 
fluorescence technique. 

A preliminary report on these measurements has 
been given.‘ While they were in progress, Beckman and 
Sandstrom? reported on a similar measurement in 
which they used the continuous x-radiation from an 
electron accelerator to produce resonance fluorescence 
in Li’. They give a mean life of (1.1+0.3) XK 10-® sec. 


II. EXPERIMENTAL ARRANGEMENT 
AND PROCEDURE 


In general, the experimental setup and procedure 
were the same as in previous measurements of nuclear 
resonance fluorescence using the Bartol-ONR Van de 


t Assisted by the joint program of the Office of Naval Research 
and the U. S. Atomic Energy Commission. 

‘Bunbury, Devons, Manning, and Towle, Proc. Phys. Soc. 
(London) A69, 165 (1956). 

2 A. Beckman and R. Sandstrém, Nuclear Phys. 5, 595 (1958). 

3 A.M. Lane, Proc. Phys. Soc. (London) A68, 189 (1955). 

4 Swann, Metzger, and Rasmussen, Bull. Am. Phys. Soc. Ser. IT, 
3, 187 (1958). 


Graaff generator.® For details reference is made to these 
earlier papers, and only considerations of special im- 
portance for the present experiment will be mentioned 


here. 

The Li?(p,p’)Li™ reaction was used as the source of 
Doppler-broadened 478-kev gamma radiation. An ample 
yield was obtained by bombarding a thick (0.015-inch) 
lithium metal target with a few ya of 1.83-Mev protons. 
In the earlier phases of this work about 5 wa of protons 
were used, and the target was covered with two }-mil 
tantalum foils. These foils served to contain the lithium 
and thereby protect the main vacuum system from con- 
tamination and also to allow for a higher, more stable 
machine energy. However, later on, while making 
studies of the possible effects of the foils it was found 
that the work could be continued with the foils removed 
and the beam current limited to about 1.5 ya. Cooling 
the target holder with a blast of air was found sufficient 
to keep the target from evaporating. In each case the 
machine energy was set so that the energy of the protons 
on the target was about 50 kev below the Li’(p,m) 
threshold and the neutrons were monitored continu- 
ously. Attempts to use the diatomic beam had to be 
given up because of the large numbers of neutrons re- 
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Fic. 1. Geometrical arrangement for the scattering 
and self-absorption experiments. 


°C. P. Swann and F. R. Metzger, Phys. Rev. 108, 982 (1957); 


Rasmussen, Metzger, and Swann, Phys. Rev. 110, 154 (1958); 
Metzger, Swann, and Rasmussen, Phys. Rev. 110, 906 (1958). 
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sulting from the deuteron contamination. The attenua- 
tion of the 478-kev gamma radiation in the target 
holder was calculated, and the effect verified experi- 
mentally at the more important angles. 

The standard ring geometry shown in Fig. 1 was 
used. The various experiments were performed with 
three different sets of scatterers.6 Two of these were 
thin-walled (0.015-in.) aluminum containers filled with 
LiF or, for comparison purposes, graphite dust. The 
inside dimensions of the containers were, respectively, 


4 in. (‘4-in. scatterer’’) 
9.1-in. i.d.X 10.4-in. o.d. 
X1 in. (“‘1-in. scatterer’’) 


The density of carbon in the comparison scatterers was 
adjusted, by adding small pieces of solid graphite, to 
give the same number of electrons per cm? as in the LiF 
scatterers. The third set of scatterers consisted of a Li 
metal scatterer 99-in. 0.d.X9-in. i.d.X2 in. long and a 
comparison carbon scatterer. For the Li scatterer, 
chunks of Li of the correct weight were compressed in 
a die to give pieces 2 in.X2 in. x ? in. and were bent to 
approximately the correct radius. After dipping in hot 
ceresine wax for protection, they were taped to alumi- 
num end rings to hold them in the desired ring shape. 
Fourteen such pieces plus 0.3 of a fifteenth were re- 
quired. Approximate allowance was made in the calcu- 
lations for the gap between the pieces. The comparison 
scatterer was made from 14 flat graphite pieces, 2 in. 
X2 in. X§ in. (approximately) held in a ring shape in 
the same fashion. 

In contrast to our previous measurements, where the 
high-energy capture radiation could be neglected, the 
(nominal) 17.6- and 14.6-Mev capture radiation in the 
present experiment gave secondary radiation, resulting 
from pair production and subsequent annihilation 
radiation and also Compton scattering, which fell 
close to 478-kev. Fortunately, the effect of the secondary 
radiation on the scattered spectrum could be measured 
by dropping the effective proton energy below the 
1.05-Mev resonance in Li’(p,p’) where the yield of the 
478-kev radiation had fallen off by a factor of 20-30. 
The LiF scatterers were found to be matched with the 
respective carbon scatterers, with a statistical error 
small enough so that no appreciable contribution was 
made to the error in the resonance fluorescence measure- 
ments. A 4% correction had to be made for the Li 
metal and carbon results because of a slight mismatch. 

One experimental precaution, also taken in our 
previous measurements, should be mentioned here 
explicitly. This was to keep the counting times with 
the principal and comparative scatterers close enough 
so that the time dependent corrections for the natural 
room background and machine background need not be 
considered. The importance of this may be illustrated 


6 A fourth set of scatterers was used in some preliminary work 
and the curves of Fig. 3 were obtained using these scatterers. 
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Fic. 2. Resonance fluorescence in Li’. The solid curve is the 
pulse-height distribution obtained as the difference between the 
4-in. LiF and C scatterers. The distribution for the direct beam is 
given by the dashed curve. A pulse-height of 43 volts corresponds 
to an energy of about 478 kev. 


by pointing out that with the 1-in. scatterers the 
maximum resonance effect was only about 15% of this 
background. 

The actual procedure was similar to previously re- 
ported experiments. The scatterers and absorbers were 
interchanged frequently. A typical scattering measure- 
ment, for example, consisted of six pairs of 12-minute 
runs alternating carbon and lithium scatterers. A typical 
self-absorption measurement consisted of 12 sets of 
four 12-minute runs, the runs in a set giving the four 
required combinations of Li and C scatterers and Li 
and C absorbers. 


III. MEASUREMENT OF THE RESONANCE 
SCATTERING AND N(Ep,§) 


Results of a scattering measurement with the 4-inch 
LiF and C scatterers as taken with a 20-channel 
analyzer are shown in Fig. 2. Also shown is a direct 
beam distribution taken with the detector assembly 
rotated 90° and moved back about eight feet from the 
target. It is apparent that there is both a shift and a 
broadening of the direct beam relative to the scattered 
radiation. The broadening is undoubtedly real and 
amounts to about 0.5 volt in agreement with the ex- 
pected Doppler broadening calculated from the reaction 
kinematics. The shift, however, could very likely be 
the result of counting-rate effects on the energy calibra- 
tion of the scintillation counters. 

Figure 3 gives the pulse-height distributions for the 
21-in. LiF and C scatterers and for no scatterer resulting 
from the high-energy capture radiation as described 
earlier. The energy of the peak corresponds to the 
annihilation radiation. 

In all of these measurements and in the self-absorp- 
tion measurement, the sum of the difference between 
the LiF or Li scatterer and the C scatterer for the pulse 
heights from 41 to 46 volts was taken as proportional to 
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Fic. 3. 
gamma rays. The upper solid curve gives the distribution ob 
tained for the 2}-in. LiF(X) and C(+) scatterers. The distribu 
tion for no scatterer is shown by the dashed curve. The lower solid 
curve represents the difference spectrum. Forty-six volts corre- 
sponds to an energy of 510 kev. 


the resonance effect. The same channels in the direct 
beam measurements were taken as proportional to the 
number of photons from the target. A 5% correction 
was made for the peak broadening as noted above. 

As discussed in previous publications, the interpreta- 
tion of the resonance scattering experiment requires a 
knowledge of N(£pr,8), the number of photons per 
electron volt in the region of the resonance energy at 
an angle 8 relative to the proton beam. The use of 
inelastic scattering to excite the nuclear level gives a 
velocity of the center-of-mass system greater in magni- 
tude than the velocity of the excited nucleus in the 
center-of-mass system. Consequently, since the Doppler 
widths due to these velocities are very large (up to 
~5 kev for Li’) as compared to that necessary to com- 
pensate for the nuclear recoil energy loss in the y-ray 
emission and absorption processes (about 35 ev for Li’), 
photons of energy Er are expected only in a limited 
conical zone around about 90° to the proton beam. 
In this particular case, this zone has a half-angle of 
about 58°; i.e., 8 runs from 31° to 147°. 

Assuming that there is no appreciable slowing down 
of the Li’* nuclei before they radiate, the function 
N(Epr,8), within the zone described above, will depend 
upon the angular distribution of the excited Li’ nuclei 
and upon the distribution of the y radiation with respect 
to the Li’* velocity. Since the spin of the 478-kev level 
of Li’ is 3, the latter will be isotropic. Consequently, 
N(Ep,8) will depend only on the distribution of the 
Li’* or, in other words, on the angular distribution of 
the inelastically scattered protons. 

The determination of N(£,8) by measurement of 
the resonance radiation as a function of 8 was per- 
formed using the 1-in. long scatterers described in 
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Sec. II, and the results are shown in Fig. 4. The flat- 
topped dashed curve was calculated using the published 
y-ray yield curve for the Li’(p,p’)Li™* reaction’ and 
assuming an isotropic distribution for the inelastically 
scattered protons. It should be pointed out that the 
separation of the experimental points represents ap- 
proximately the angular resolution. The shape of the 
experimental curve indicates, first, a definite over-all 
anisotropy of the inelastically scattered protons and, 
second, a possible tail to the distribution. Since these 
measurements were made while the target was covered 
with the Ta foils, this tail is expected as a result of 
scattering of the incident protons within these foils. 
Whether or not V(£p,8) actually goes to zero cannot 
be definitely established because of experimental limita- 
tions for 8 smaller than 31° (or larger than 147°). The 
existence of an isotropic N(F»x) underlying the main 
distribution would be possible as pointed out later. 

To verify the distribution obtained, the angular 
distribution of the inelastically scattered protons was 
also measured. A thin Nal(TI) charged-particle de- 
tector was used. The total yield from the evaporated Li 
targets (~10 kev thick at the Li7(p,2) threshold) was 
monitored by a fixed y-counter. Using the diatomic 
beam, observations were made at laboratory angles of 
50°, 70°, 90°, 120°, and 150° and at bombarding 
energies of 1.4, 1.5, 1.6, 1.7, and 1.8 Mev. Since for our 
present purpose only a measurement of modest accuracy 
of the proton distribution integrated over energy was 





INTENSITY 


RELATIVE 











fe) 4 4 4. 


90 80 70 #60 . y 36: 
ANGLE RELATIVE TO BEAM 


Fic. 4. Comparison of the calculated and measured shapes of 
the effective cone of emission for the 478-key gamma rays. The 
dashed curve was calculated assuming an isotropic distribution 
of the inelastic protons. The solid curve was calculated using the 
measured distribution of the inelastic protons. The points shown 
are the experimental results obtained using the 1-in. LiF and C 
scatterers, the results being normalized to the calculated curves 
at 85°. 


7A. A. Kraus, Phys. Rev. 93, 1308 (1954); S. Bashkin and H. T. 
Richards, Phys. Rev. 84, 1124 (1951). 
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required, individual points on this distribution were not 
taken with the care necessary for publication, so that 
we shall confine our discussion of detailed distributions 
to the remark that the most prominent feature of the 
distribution given by Mozer ef al.® at 1.24 Mev, the 
predominance of protons in the backward direction, is 
seen up to 1.8 Mev, perhaps reaching a maximum at 
~1.5 Mev. 

The data obtained were fitted to a Legendre poly- 
nomial expansion 1+ A,P;(cosé)+A»P2(cos@). Using 
the published y-ray yield curves, the lower solid curve 
of Fig. 4 was obtained for the predicted intensity distri- 
bution of y radiation of the resonant energy. The 
ordinates of the two calculated curves have been arbi- 
trarily adjusted to match the resonance scattering 
points at 85°.° The effect of the proton inelastic scatte: 
ing angular distribution on .\V(/,,8) is seen to be 
adequately accounted for. 

Using the data of Fig. 4 for V(/:,8) and the measured 
self-absorption of the resonance radiation in Li and LiF 
from part IV, a mean life for the 478-kev excited state 
of Li’ can be calculated from the scattering measure- 
ments with the 4-in. LiF and 1-in. -Li scatterers. The 
mean life so obtained is (1.07 +0.07) X 10~® sec. In this 
time there will be some slowing down of the Li™* nuclei 
before they decay. From the stopping cross sections 
given by Allison and Littlejohn,’ we estimate that the 
average Li’* nucleus in a metallic Li target will lose 
~ 2% of its velocity in 10~" sec, which corresponds to 
a 2% upward correction in the lifetime. Since the 
targets were prepared in a dry box and then exposed 
briefly to normal room air when transferred to the 
machine vacuum system, there was certainly some 
surface contamination of Li,O and/or LiOH. For a pure 
LiOH target we estimate a slowing down effect of 
about 10%. Since none of the measurements using the 
Ta foils were used in the scattering lifetime determi- 
nations, the possible effect of the Li alloying with the 
Ta does not have to be considered. 

The effect of a LiIOH target was checked by measuring 
the resonance scattering with Li and LiOH targets 
without Ta foils. The the LiOH target 
showed an increase in the scattering of (10+5)% over 
the Li target. It is indicated, therefore, that contamina- 
tion of the Li targets was not sufficient to give any 
appreciable increase in the slowing-down effect. 

There is a further slowing-down mechanism that must 
be considered. This involves nuclear (or atomic) colli- 
sions in which the Li’* nuclei can lose large amounts of 
energy. Even though such collisions may be relatively 
improbable and do not effect the usual measurements of 
gross Doppler shifts and broadening, they may be 
important in resonance fluorescence scattering studies. 


results for 


8 Mozer, Fowler, and Lauritsen, Phys. Rev. 93, 829 (1954). 

9 Note that an absolute normalization would involve the life- 
time of the Li’? excited state. 

10S, K. Allison and C. S. 
(1956). 


Littlejohn, Phys. Rev. 104, 959 
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. This is because the original Li’* velocities correspond 


to Doppler broadenings of about 5 kev whereas the 
shift necessary to compensate for the nuclear recoil in 
the photon emission and absorption is only 34.8 ev. 
A Li™ nucleus can thus lose 99% of its original velocity 
and still emit a photon of the resonance energy. In fact, 
it will have 100 times the probability of emitting such 
a photon. We have not investigated this problem to the 
extent necessary to give a quantitative estimate of its 
importance. From the discussion of nuclear stopping by 
Bohr"! it seems most likely that no appreciable correc- 
tion is required in the present case. However, there 
remains enough uncertainty as to the probability of 
processes in which a small fraction of the excited Li’ 
nuclei lose large amounts of energy rapidly that it seems 
difficult to rule out an additional few percent correction 
to the scattering lifetime. Since such processes would 
probably lead to an isotropic distribution of gamma- 
radiation of resonance energy, an experimental investi- 
gation is suggested. Unfortunately, as mentioned in 
Sec. III, the experimental difficulties encountered at 
the extreme angles with the proton beam make this 
measurement impractical. Consequently, we prefer to 
regard the scattering measurement as giving a lower 
limit to the lifetime. With the known 2% correction for 
the slowing-down effect indicated above, we get for 
this lower limit of the mean life (1.09+0.07) X 10~* sec. 


IV. MEASUREMENT OF SELF-ABSORPTION 


Self-absorption measurements were made with the 
absorbers directly around the target chamber as shown 
in Fig. 1. They were contained in thin-walled cylindrical 
cans one inch deep with path lengths normal to the 
beam direction of { inch or 3 inch. Comparison absorbers 
were made from powdered graphite with the path 
length in g/cm? adjusted by inserting slivers of solid 
graphite or foamed polystyrene spacers as required. 
Details and results are given in Table I where the 
errors given are purely statistical. Figure 5 gives a 
typical series of distributions for the various conditions. 

The mean lives were calculated from the observed 
attenuations and the measured geometries and weights, 
using the theory of Lamb” to determine the effective 
temperature. In the present case the target, absorber, 


TABLE I. Summary of results for the self-absorption experiments. 


Resonance 

absorption 
Scatterer Absorber (%) Tett (°K) r (1073 sec) 
1.14 9.19102! 
1.19 0.09" 12 
1.21_o.09?-? 
1.1 19,97°-4 


26+4 
28+2 
48+3 
52+4 


4 in. LiF 
4 in! LiF 
4 in. LiF 


2 in. Li 


1 N. Bohr, Kgl. Danske Videnskab. Selskab, Mat.-fys. Medd. 
18, 8 (1948). See also S. K. Allison and S. D. Warshaw, Revs. 
Modern Phys. 25, 779 (1953). 

2 W. E. Lamb, Phys. Rev. 55, 190 (1939). 
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Fic. 5. Self-absorption experiment with 4in. scatterers and 
4-in. absorbers. The curves represent, from top to bottom, the 
experimental pulse-height distribution obtained with (a) LiF 
scatterer and carbon absorber (w), (b) LiF scatterer and Li 
absorber (@), (c) the essentially identical distribution for the C 
scatterer with Li and C absorbers (4), (d) the sum of the differ- 
ence of curves (a)—(c) and (b)-(c). Forty-three volts corresponds 
to an energy of about 478 kev. 


and scatterer were at different temperatures. The 
effect of the self-absorption in the target was almost 
negligible in the self-absorption measurement (although 
it must be considered in the scattering measurement) 
so that the effect of target temperature could be 
disregarded. It was estimated that the absorbers, being 
directly around the target, were on the average about 
30°C warmer than the scatterers. Sample calculations 
with different effective temperatures for the absorbers 
and scatterer showed less than a 1% difference when 
compared with calculations using a single mean tem- 
perature. The remaining calculations were made in the 
much simpler form allowed by the use of a mean value. 

The Debye temperature of lithium is given by 
deLaunay™ as 400°K. Lithium fluoride exhibits a more 


'8 Jules deLaunay, in Solid State Physics, edited by F. Seitz 
and D. Turnbull (Academic Press, Inc., New York, 1956), Vol. 2, 
p. 233. 
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complicated behavior as discussed by Jones and 
Martin." Very recently Scales!® determined the Debye 
temperature at very low temperatures to be 722°K 
which agrees well with the value of 700°K we have used. 
Lamb’s theory is then used to determine the values of 
Tete as Shown in Table I. 

Two corrections of little importance in previous 
resonance fluorescence experiments® become of marginal 
significance in the present case because of the light 
mass of lithium and the relatively low-energy of the 
y-ray. The first, the forward Compton scattering of 
higher energy photons down to the resonance energy, 
is corrected for by the use of the comparative absorber. 
The second, for the forward emission of resonance 
scattered y-rays which will give photons of resonant 
energy in a finite solid angle because of the thermal line 
width, is estimated to be about 1% with an upper limit 
of 2%. Taking a mean of the values given in Table I 
and estimating errors from other experimental un- 
certainties, we obtain for the mean life 7= (1.15+0.14) 
X10" sec, 


V. DISCUSSION 


In Lane’s notation,’ our mean life of (1.15+0.14) 
X10-" sec corresponds to a transition strength of 
A=19,0+2.2. From his curves, one also finds that this 
lifetime is not a very sensitive function of the inter- 
mediate-coupling parameter a/K. Our value gives only 
broad limits of 0 to 5, whereas, Lane, from other experi- 
mental data, has already obtained somewhat sharper 
limits of 2 to 4. 

Our value of the mean life is seen to be appreciably 
longer than that given by Bunbury et al.'! The reason 
for this discrepancy is not clear, and we have not been 
able to find any source of error in our measurements 
that would lower our value. 
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The mean life of the 0.119-Mev state of N'* has been measured and is found to be 7.83(1+-0.04) x 10-° 
second. This state was produced by means of the N'5(d,p)N"* reaction with deuterons having a laboratory 
energy of 1.76 Mev. The experiment involved periodically directing the deuteron beam onto and then away 
from the target. The lifetime was determined by measuring the decay rate of the 0.119-Mev y-ray activity 


during the periods when the beam was off the target. 


INTRODUCTION 


OTH experimental and theoretical work have re- 
cently made significant contributions to an under- 
standing of the nature of the four low-energy states of 
N'®. The experimental work has included studies!? of 
the 6 decay of the ground state of N'® to various states 
of O'*, studies of the N'°(d,p)N'® proton angular distri- 
butions in relation to stripping theory,’ and studies of 
the y decay of the N'® states following their production 
by means of the N'°(d,p) N'® reaction.®® Figure 1 shows 
some of the properties of the N'® states which have been 
inferred from these experiments. 

The theoretical work of Elliott and Flowers’ has 
helped to stimulate interest in such experiments, since 
it not only accounts for the existence of four such low- 
energy states for N'® but it predicts many of the prop- 
erties that these states should have. Their work is based 
on an intermediate-coupling shell model in which the 
N'® states are found to arise from very nearly pure 
py's,; and p;—'d; configurations. The agreement between 
the theoretical work and the experimental findings is 
very encouraging. 

That the 0.119-Mev state has a lifetime of the order 
of several microseconds was first noted by Wilkinson in 
a study of the delayed coincidences between y transi- 
tions from the 0.392-Mev state to the 0.119-Mev state 
and from the 0.119-Mev state to the ground state.® 
Freeman and Hanna measured this lifetime more accu- 
rately by studies both of the delayed y-y coincidences 
and also of delayed coincidences between the protons 
which are emitted in the formation of the 0.392-Mev 
and 0.119-Mev states and the y rays emitted by the 
0.119-Mev state.® The result that they obtained is a 
mean life of 9.7(1+0.07) X 10~® sec. 

There are perhaps two reasons why a knowledge of 
this lifetime is interesting. The order of magnitude of 

* Supported in part by the joint program of the Office of Naval 
Research and the U. S. Atomic Energy Commission. 

1F, Ajzenberg and T. Lauritsen, Revs. Modern Phys. 27, 77 
(1955). 

2B. J. Toppel, Phys. Rev. 103, 141 (1956). 

3E. K. Warburton and J. N. McGruer, Phys. Rev. 105, 639 
(1957). 

4W. Zimmermann, Jr., Phys. Rev. 104, 387 (1956). 

5D. H. Wilkinson, Phys. Rev. 105, 686 (1957). 

6 J. M. Freeman and R. C. Hanna, Nuclear Phys. 4, 599 (1957). 

7]. P. Elliott and B. H. Flowers, Proc. Roy. Soc. (London) 
A242, 57 (1957). 


the lifetime identifies the transition as a quadrupole 
transition, helping in the assignment of unique spins to 
the 0.119-Mev and 0.392-Mev states. In addition, an 
accurate determination of the lifetime provides one 
more point at which the validity of the theoretical calcu- 
lations may be tested. 

The present measurement of the lifetime of the 0.119- 
Mev state, using the N'°(d,p)N'® reaction, differs from 
the previous measurements in that it employs a beam- 
interruption technique rather than a delayed coinci- 
dence method. The principle of the present technique 
can be simply stated in the following way: If the deu- 
teron beam is turned off after it has fallen on the target 
for some time, the lifetime may be measured by ob- 
serving the decay of the 0.119-Mev y-activity of the 
target. 

Since in the N!°(d,p)N'® reaction the 0.119-Mev state 
is not only formed directly but is also produced by 
y decay of the 0.392-Mev state, it is important that the 
lifetime of the 0.392-Mev state be short compared to 
that of the 0.119-Mev state. There is good reason to 
believe that this is the case since the y transition be- 
tween the 0.392-Mev and 0.119-Mev states is thought 
to be magnetic dipole. The single-particle estimate for 
the mean life of this transition, computed from the 
formula given by Blatt and Weisskopf® without statis- 
tical factors, is (1.6)X10~" sec, and it may be seen 
from Wilkinson’s survey of radiative transitions in light 
nuclei’ that with few exceptions the measured mean 
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Fic. 1. Energy level diagram for the low-energy states of N'®. 


8 J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley & Sons, Inc., New York, 1952), p. 627. 
®D. H. Wilkinson, Phil. Mag. 1, 127 (1956). 
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Fic, 2, Pulse-height spectra showing the 0.119-Mev y-ray 
photopeak for three different delay times. 





lives of known M1 transitions are less than a factor of 
10° greater than their single-particle estimates. 


EXPERIMENT 


A beam of 1.76-Mev deuterons from the Kellog 
Laboratory 2-Mv Van de Graaff generator was passed 
between a pair of parallel electrostatic deflection plates 
roughly 5 cm long and 1 cm apart before being put 
through an electrostatic energy analyzer. The deflection 
plates were oriented at right angles to the analyzer 
plates so that they deflected the beam in a plane parallel 
to the analyzer plates. A voltage of about 1.8 kv was 
sufficient to deflect the beam onto a tantalum stop about 
1.5 meters beyond the deflection plates, at the exit of 
the analyzer. When undeflected, the beam could pass 
on through a regulating and collimating slit system into 
a target chamber located about 1.2 meters beyond the 
tantalum stop. 

The target containing N! consisted of a nickel foil 
2500 A thick onto which a layer of titanium of the same 
order of thickness had been evaporated. This layer of 
titanium was nitrided by heating it in an atmosphere of 
NHs, of which the nitrogen had been enriched to 65°/ 
N'®. However, the layer also contained O'* as a con- 
taminant and possibly more N“ than was introduced 
with the enriched NH°. 


The 0.119-Mev y radiation was detected at a labora- 
tory angle of 90° in a square prism of thallium-activated 
sodium iodide 1 in. by 1 in. by Zin. attached toa Dumont 
6292 photomultiplier tube. The inner surfaces of the 
lead shielding which surrounded the scintillation crystal 
were lined with 0.010-inch tantalum sheet placed next 
to the lead and two layers of 0.018-in. tin sheet inside 
the tantalum. The lining served to degrade the energy 
of the fluorescent x-radiation from the lead and thus 
produce a cleaner y-ray spectrum on the low-energy side 
of the 0.119-Mev photopeak. The pulses from the photo- 
multiplier were sorted in a gated 100-channel pulse- 
height analyzer. 

A periodically varying voltage whose waveform ap- 
proximated a square wave was applied to the deflection 
plates. This signal allowed the beam to remain on the 
target for about 25 usec and then deflected it away from 
the target for about the same length of time. When the 
beam was off, the 100-channel analyzer was turned on 
for an interval of about 8 microseconds. This interval 
began at a time which could be delayed roughly 1 to 16 
microseconds relative to the time that the beam was 
turned off. A plot of the number of 0.119-Mev y-ray 
counts recorded per run, suitably normalized, versus the 
delay time used in the run gave directly the decay curve 
of the radiation. 

The length of a counting run was determined by the 
collection of a fixed amount of charge from the deuterons 
striking the target. However, this method of normalizing 
the number of counts per run was valid only if the shape 
of the beam current pulses remained constant from run 
to run. In order to allow for possible variations in this 
shape and permit more direct normalization of the data, 
a second counting system with a fixed delay was pro- 
vided. This monitor system consisted of a 10-channel 
pulse-height analyzer which received pulses from the 
same photomultiplier as did the other analyzer and 
which also counted 0.119-Mev y rays. This analyzer was 
turned on a fixed 2 ysec after the beam was deflected 
away from the target and remained on for about 16 usec. 
In practice, the normalization of the number of counts 
per run for a given delay time by the number of counts 
recorded by the monitor did not seem to improve the 
consistency of the former numbers, and so for the later 
runs the monitor was not considered necessary. 

The delay time intervals were measured by using an 
oscilloscope to compare the delay signals with the signal 
crystal-calibrated frequency 


from a 
standard. 

Examples of some of the best y-ray pulse-height 
spectra obtained, showing the 0.119-Mev photopeak 
for three different delay times, are displayed in Fig. 2. 
The shoulder on the low-energy side of the photopeak, 
which decays with the photopeak, is presumably due to 
photoelectric events in the sodium iodide crystal in 
which the iodine A x-rays escape. For these particular 
spectra, the relative intensity of 0.119-Mev y radiation 
was computed for each delay time by subtracting a 


4-megacycle 





LIFETIME OF 0.119-MEV 
background of 38 from the number of counts in each of 
channels 27 through 37 and summing the resulting 
numbers. 

The relative intensity of 0.119-Mev radiation as a 
function of delay time is shown for a representative set 
of runs in Fig. 3 by means of open circles. The straight 
lines in this figure represent the mean life of 7.83 (10.04) 
X 10~* second which has been derived from several sets 
of runs. 

The largest source of error in the analysis of this ex- 
periment seems to lie in the subtraction of the back- 
ground from under the photopeak of the 0.119-Mev 
radiation. It is difficult to be certain of the shape of this 
background, and it is not impossible that this shape 
varies with delay time. The standard deviation of +4% 
assigned to the mean life is based on this background 
uncertainty together with some other smaller 
uncertainties. 

Several different kinds of runs were made in a search 
for possible defects in the experimental technique. A 
target similar in construction to the N!® target but coh- 
taining only natural nitrogen was substituted for the 
N!® target. However, no pulse-height peak or excep- 
tional change in background appeared in the place of 
the 0.119-Mev radiation for any of the delay time- 
settings. The same was true when the beam was allowed 
to fall on a quartz beam stop, which greatly increased 
the radiation received by the counter during the time 
that the beam was on. Several sets of runs were made 
exposing the scintillation crystal to a constant intensity 
of 0.088-Mev y rays as well as to the radiation from the 
N® or the natural nitrogen target. This was done in 
order to verify directly that the counting efficiency did 
not change with delay time. The 0.088-Mev 7 rays were 
obtained from a Cd! source. The number of counts due 
to this source per unit time remained constant to an 
accuracy of about +3°% over the range of delay times. 


DISCUSSION OF RESULTS 


It is interesting to compare the measured lifetime 
with the lifetime calculated by Elliott and Flowers for 
this transition.? They find that their intermediate- 
coupling shell model wave functions give a mean life of 
the order of 10~* sec. They observe, however, that with 
the inclusion of collective effects, giving the nucleons 
involved in the transition an additional “effective” 
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RELATIVE DELAY TIME — MICROSECONDS 
Fic. 3. Intensity of the 0.119-Mev y radiation as a function of 
delay time. The open circles are experimental points. The straight 
lines represent a mean life of 7.83(1+0.04) X 10~° sec. 


charge, they obtain a mean life of 3.8(1+0.4) X10~® sec, 
which they note is at least of the right order of magni- 
tude to agree with experiment. The size of the effective 
charge that they choose is that which is necessary to 
account for the rate of the collectively-enhanced electric 
quadrupole transition between the 0.872-Mev and 


ground states of O', 

The mean-life value measured here is not in very good 
agreement with the value 9.7(1+0.07) X 10~® sec meas- 
ured by Freeman and Hanna. A communication from 
Dr. Hanna concerning this discrepancy was helpful to 
the author in stimulating the use of the checks on the 
experiment which are described above, but the differ- 
ence between the two results has not been resolved. 
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Illustration of the Dependence of the Sign of 5 of a Mixed Gamma-Ray 
Transition on Its Order in a Cascade* 


S. Orert 
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(Received December 2, 1958) 


An analysis of the angular correlation functions obtained for y-ray cascades following the decay of Tb!*® 
(5-day) illustrates that different signs of 6 (defined as the ratio, in a mixed transition, of the reduced matrix 
element corresponding to multipole order L+1 to that corresponding to multipole order L) have to be used 
in a case where a y ray with mixed multipolarities is the first component of a cascade and in a case where the 
same ray is the second component of a cascade investigated if the formulas and tables of Biedenharn and 
Rose are used for the analysis of the angular correlations. 


W* present an illustration, in the decay of Tb!°* 
(5-day), of the dependence of the sign of 6 of a 
y radiation of mixed multipolarity (defined as the ratio, 
in a mixed transition, of the reduced matrix element 
corresponding to multipole order 2+1 to that corre- 
sponding to multipole order L) on its being the first or 
the second component of a cascade whose angular 
correlation is investigated. We are not aware of another 
case in which such a sign change was experimentally 
demonstrated. 

If one uses the formulas and tables of Biedenharn and 
Rose! for the analysis of angular correlations of gamma- 
ray cascades, one has to employ different signs for 6 in a 
case where the mixed-multipolarlty y ray is the first 
component of a cascade and in a case where the same 
y ray is the second component of a cascade investigated. 
This sign change follows from the relation 


(27+ Gill L) = (—)tAQAtpiGiL! jy, CO) 


which holds for the reduced matrix elements as defined 
by Biedenharn and Rose, and from the fact that the 
interference term in their angular correlation formula 
[ Eq. (64) of reference 1] includes the product 


(jal La!) f) (Gil Ly DCGe! Le j) Ge) L2"|! j). 


(ji, j, and jz are the spins of the initial, intermediate, 
and final states, respectively ; L; and L;’ are the multipole 
orders connected with the first transition; 2 and L’ are 
the multipole orders of the second transition.) 

In Lloyd’s formalism,? the reduced matrix elements 
always appear in the form (/,/L'/;) where 7, and J;, 
respectively, refer to final and initial states in each 
transition of the cascade. The sign of the interference 
term and not of his 6 depends on the order in which the 
mixed y ray appears in the cascade. 

The analysis of the experimental angular correlations 
obtained for gamma-ray cascades following the decay of 


*Work performed under the auspices of the U. S. Atomic 


Energy Commission. 

t Visiting scientist on 
Jerusalem, Israel. 

1 L. C. Biedenharn and M. E. Rose, Revs. Modern Phys. 25, 746 
(1953). 

2S. P. Lloyd, Phys. Rev. 85, 904 (1952). 


leave from the Hebrew University, 


Tb'*® (5-day) shows that the sign of 6 of the 1200-kev 
transition is positive if it is the first component of a 
cascade whose angular correlation was measured and it 
is negative when it is the second component, if one uses 
the formulas of Biedenharn and Rose.' (The decay 
scheme? of Tb!*® (5-day) is given in Fig. 1.) 

The experimental angular correlation function ob- 
tained for the 1200 kev—200 kev cascade, after correcting 
for finite solid angle of the detector, was 


P(6)= A[1+ (0.04+0.01) P2(cosé) 
+ (0.11+0.02) Ps(cos@) }. (2) 


An analysis of this function (using the formulas of 


156 
65) 9) (~5d) 





) 


1815 |1315 | 1200 | 940 | 
(3) | (5) | (G0) 


) | 142) | 1045 
‘tad tat ¢ 82 
i615 }1140 | 134 | 
1935! (3) | goo] (HO) | | 
(2) (17) | 


6¢ — HM }!#_- 


Fic. 1. Decay scheme of Tb'* (5-day). (Energies are given in kev 
and intensities in percent per disintegration.) 


3A detailed description of the experiments carried out for the 
determination of the decay scheme and for the spin assignments 
will be published. 
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SIGN OF 6 OF MIXED 
Biedenharn and Rose) shows that 6=2.3+0.3 for the 
1200-kev transition. 
The angular correlation function obtained for the 535 
kev-1400 kev cascade was 
P(6)=A[1+ (0.108+0.010) P2(cos@) ]. (3) 


The function obtained for the 535 kev-1200 kev cascade 
was 


P(6) = A[1— (0.1040.01) P2(cos@) J. (4) 
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An analysis of the last two functions gives a value of 
6= —3+1 for the 1200-kev transition; i.e., the sign of 6 
is different from that obtained from the angular correla- 


tion measurement of the 1200 kev-200 kev cascade. 
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Radiative Capture of Protons in Be*t 


J. J. Sincu 
Department of Physics, University of Kansas, Lawrence, Kansas 
(Received December 15, 1958) 


Measurements have been made on the proton-capture gamma rays in Be® at proton bombarding energies 
of 662 kev and 998 kev. Branching ratios for various levels in B'° are given. 


INTRODUCTION 


S part of a survey of the gamma rays produced 
in proton-capture reactions in light nuclei, the 
gamma rays from Be’+ > reaction were studied. Mass 
10 is in the middle of 1p shell and has been used as a 
good testing point! for the validity of the intermediate- 
coupling nuclear shell model. It was part of our interest 
to examine the branching ratios from the various energy 
levels carefully to see how they compared with the 
theoretically computed values. Another phase of this 
investigation was to examine the decay of the 7.48-Mev 
level (2-, T=1) of B"”. This level has been reported? to 
decay equally by £1 and M2 or E3 radiations to the 
ground state. 


EXPERIMENTAL PROCEDURE 


Targets of approximate thickness 100 ug/cm? were 
made by evaporating spectrochemically pure beryllium 
on 0,02-in. thick copper backing. They were bombarded 
with proton beams of 60 microamperes from a Cock- 
roft-Walton H. T. Set. The gamma rays produced were 
detected with a 5 in.X6 in. sodium-iodide crystal 
mounted on an E.M.I. photomultiplier tube. The 
pulses, after amplification and shaping, were recorded 
on a 100-channel Hutchinson-Scarrott Kicksorter. The 
spectra were analyzed in the manner described in earlier 
papers.® 

t This work was supported in part by the United States Atomic 
Energy Commission. 

1D. Kurath, Proceedings of the Rehovoth Conference on Nuclear 
Structure, 1957 (Interscience Publishers, Inc., New York, 1958), 
p. 46. 

2S. Devons and G. Goldring, Proc. Phys. Soc. (London) A67, 


413 (1954). 
3 Green, Singh, and Willmott, Phil. Mag. 46, 982 (1955). 





EXPERIMENTAL RESULTS 


Two resonances were found in the gamma-ray yield 
at proton bombarding energies of 662 kev and 998 kev. 
Pulse-height spectra were studied in detail at both these 
resonances. The results are given below. 

662-kev Resonance.—The presence of a nearby 669- 
kev resonance in the F'*(p,a,y) reaction has made the 
spectrum analysis rather difficult (see Fig. 1), though 
the y rays from the fluorine reaction are well known 
and can be subtracted. The results are given in Table I. 


998-kev Resonance.—The spectrum observed at this 











CHANNEL - NUMBER 


Fic. 1. The pulse-height spectrum observed 
at the 662-kev resonance. 


SINGH 


TaBie I. Gamma rays observed at the ray is too large compared with those of other y rays origi- 
662-kev resonance in Be*+ p. Ae ‘ : 2 é 
nating from this state and it thus appears that part of this 
paaitti re y ray is due to a transition between the 5.58-Mev and 
samma-Tay samma-ray “ = 
energy Relative energy Relative 2.15-Mev levels. Such a y ray, of energy 3.44 Mev 
7 8 , 
(Mev) intensity (Mev) intensity "o a 2 
cannot be resolved from the 3.58-Mev y ray. This also 
( ? . : - 
or — me agrees with the population of the 2.15-Mev level as re- 
0.26 1.00 0.80 quired by the intensities of the y rays ea from 
partly C?(p,9 0.12 0.71 oe it. From the known‘ branching ratios for the 2.15-Mev 
0.80 0.51 3.40 H > os 
010 O41 100 level, it appears that part of the observed 2.10-Mev 
0.80 y ray arises from a transition between the resonance 
level and the 5.11-Mev state. The 5.11-Mev state then 
, ‘ — decays entirely by alpha emission, in agreement with 
TABLE II. Gamma rays observed at the ae ae, eee eee , aa ae arene 
Sab kev semmnance tn Beh0.7). other investigations. A weak 1.84-Mev y ray suggests a 
possible transition from the 3.58-Mev state to the 1.74- 
ae Dita Mev state. Such a transition, if of normal strength, 
energy Relative energy Relative ave < ‘ “hi ati ‘ 207 6 
oeeney we peasy re should have a branching ratio of about 8%. 
— 998-kev Resonance.—Besides a strong ground-state 
0.60 transition, there are y rays arising from transitions to 
3.00 the levels at 1.72 Mev, 2.15 Mev, 3.58 Mev, 5.16 Mev, 
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resonance is shown in Fig. 2. The relative intensities of 
various y rays are given in eats Il. 











DISCUSSION OF PROPOSED DECAY SCHEMES 





All the y rays observed at these two resonances can 
be fitted in terms of the known energy levels of B' as 
seen from the proposed decay scheme shown in Fig. 3. es 1 











| 


662-kev Resonance.—Besides a transition to the ground | | ee err 
state, gamma rays arising from transitions to the levels 00 | 3 
at 5.93 Mev, 5.58 Mev, 5.11 Mev, and 3.58 Mev are 
also observed. Part of the weak 2.32-Mev y ray could 
be due to a transition from the 5.93-Mev state to the 
3.58-Mev state even though the 5.93-Mev state is known 
to have large a-width.* The intensity of the 3.58-Mev y 








Fic. 3. Energy levels of B" and corresponding 
gamma-ray transitions. 


due to a transition between the 5.93-Mev and 0.72-Mev 
states. But the presence of a 4.44-Mev y ray and the 
fact that the 5.93-Mev level has a large particle width 
suggest that the 5.16-Mev level is fed directly from the 
. resonance level even though this transition will be for- 
bidden by isotopic spin selection rules for £1 radiation. 
Besides decaying to the ground state and the 720-kev 
state, the 5.16-Mev state may also be weakly coupling 
with the 3.58-Mev state. No y ray corresponding to a 
transition from 5.16-Mev state to the 2.15-Mev state 
was observed. A strong 510-kev y ray, which appears at 
both resonances, cannot be fitted in the proposed decay 
scheme. It could be due to a reaction in carbon 12. 
Coincidence measurements were made at the 998-kev 
ar ee ee ! resonance to verify some of the suggested cascades. The 
hisses canna following y rays appear to be in coincidence with the 
"Mc 2 The 1. nd ee ee » OOR-Ley ~ eee ee 29 ¢ : . an 
i a The ve ec catuneel ane alee al eta eed aay sin alee SREY, FS ERRY, DAEMON, mate: 
a 4-in. diameter hole along its axis. 
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—= 5S. M. Shafroth and S. S. Hanna, Phys. Rev. 95, 86 (1954). 
4W. E. Meyerhof and L. F. Chase, Phys. Rev. 111, 1348 (1958). 5G. Morpurgo, Phys. Rev. 110, 721 (1958). 





RADIATIVE 


1.42 Mev, 1.00 Mev, and 0.41 Mev. The 6.74-Mev y ray, 
which arises from a transition between the 7.48-Mev 
and 0.72-Mev states, was too weak to be observed under 
the strong 7.48-Mev y ray in the general spectrum. The 
coincidence spectrum is shown in Fig. 4. 


ANGULAR DISTRIBUTIONS 


The angular distribution of the 7.48-Mev y ray at 
998-kev resonance has been measured (see Fig. 5). It 
is of the form 1—0.08-+0.01 P2(cos@), in good agreement 
with the value reported elsewhere.’ Assuming the y 
ray to be F1, about equal contributions from S- and 
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Fic. 4. Gamma rays coincident with the 720-kev radiation. To 
allow for the portion of higher energy y rays under the 720-kev 
peak, the lower limit of the single-channel analyzer was raised by 
an amount equal to the width of the window and the coincidences 
were counted for the same number of incident protons. The differ- 
ernce between these two spectra gave genuine coincidences. 


7S. Devons and M. G. N. 
A199, 56 (1949). 

8E. B. Paul and H. E. 
145A (1953). 


Hine, Proc. Roy. Soc. (London) 


Gove, Proc. Roy. Soc. (Canada) 47, 
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Fic. 5. Angular distribution of the 7.48-Mev gamma ray at 

the 998-kev resonance. The errors on various points are purely 
statistical. 


D-wave protons are required to explain its observed 


anisotropy. 
CONCLUSIONS 


The 5.93-Mev level may be decaying partly (< 10%) 
by gamma emission to the 3.58-Mev level in spite of its 
large alpha-width. The 5.58-Mev level decays mainly by 
y emission to the 2.15-Mev level. No y transition origi- 
nating from the 5.11-Mev level has been observed. The 
3.58-Mev level decays to the 1.74-Mev state with a 
branching ratio of about 10%. 

It is found that the angular distribution of the 7.48- 
Mev y ray is weak and that there is no other intense 
gamma ray of comparable energy at the 998-kev reso- 
nance. In other words, our results are consistent with 
those of Devons? ef al. Mozer® has recently suggested 
another resonance at 980 kev proton energy (leading to 
a 2+, T=0 level). A 2+, T=0 level at about this energy 
of excitation has also been predicted by Kurath.' A 
polarization measurement on the 7.48-Mev y ray is 
being planned to distinguish between the two alterna- 
tive explanations of the experimentally observed? angu- 
lar correlation function between internally converted 


’ 


ete” pairs from this gamma ray. 
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On the Hyperon-Nucleon Scattering and Reaction Cross Sections* 


Fapio FerRARI,t Radiation Laboratory, Berkeley, California 


AND 


Luciano Fonpa,{ Indiana University, Bloomington, Indiana 


(Received December 15, 1958) 


The hyperon-nucleon cross sections are analyzed on the basis of symmetries among the pion-baryon 
interactions. It is shown that the assumption of the equality for the (AZw) and (ZZ) coupling constants 
leads to some inequalities between the different hyperon-nucleon scattering and reaction cross sections 


which can be verified experimentally. 


On the hypothesis of global symmetry for the pion-baryon interactions, the 2*-proton scattering is 
discussed by choosing for the nucleon-nucleon potential that of Gammel-Thaler. 


I. INTRODUCTION 


ECENTLY special attention has been focused 

upon the possible existence of symmetries in the 
strong interactions.' Gell-Mann and Schwinger® ad- 
vanced the hypothesis of global symmetry for the pion- 
baryon interactions; later Pais* discussed the implica- 
tions of symmetry hypotheses in the pion-baryon 
interactions in processes involving strong A-meson 
interactions. At present, the most direct evidence in 
favor of global symmetry for the pion-baryon inter- 
actions is that given by the theoretical interpretation 
of the binding energies of the light hyperfragments.* On 
the other hand, the experimental data exclude the 
possibility of symmetries among the A-baryon inter- 
actions if pion-baryon symmetry is assumed to hold.’ 
Unfortunately, it is rather difficult to give experimental 
support to the latter, as, even though the K-baryon 
interactions are unimportant, there are generally situa- 
tions in which the mass differences A,=my:—mz' 
(1,/=+,0,—) and As=my—my, play an important 
role. As a typical example, it is rather difficult to 
evaluate the ratio A°/D° for the 2~-proton reaction at 
rest® without detailed consideration of the effect of As. 
A much clearer answer to the symmetry questions may 
be reached by studying the hyperon-nucleon scattering 
at high energy, because one can have confidence that 
there the effects connected with the Aj, 2 mass differences 
may be described by simple phase space corrections to 
the cross sections ¢(2'V — L4N) and o(2N— AN). 


* Work supported in part by the National Academy of Sciences 
and by the National Science Foundation. 

t On leave of absence from Padua University. 

t On leave of absence from Trieste University on a Fulbright 
traveling grant. 

! For a review of the results obtained by making explicit use of 
these hypotheses see: R. H. Dalitz, 1958 Annual International 
Conference on High-Energy Physics at CERN, edited by B. Ferretti 
(CERN, Geneva, 1958). 

2M. Gell-Mann, Phys. Rev. 106, 1296 (1957); J. Schwinger, 
Ann. Phys. (N. Y.) 2, 407 (1957); E. P. Wigner, Proc. Natl. Acad. 
Sci. U. S. 38, 449 (1952). 

8A. Pais, Phys. Rev. 110, 574 (1958); Phys. Rev. 110, 1480 
(1958). 

4F. Ferrari and L. Fonda, Nuovo cimento 5, 842 (1958); see 
references to earlier work there. 

5M. Ross (private communication). 


Concerning the question of the contribution of the 
K-baryon interactions to the hyperon-nucleon poten- 
tials, no definite conclusions can be drawn from the 
present experimental data. However, if the field- 
theoretic calculations of hyperon-nucleon forces may be 
regarded as qualitatively correct, it follows that the 
K-baryon coupling constants are considerably smaller 
than the pion-baryon ones.‘ It is then probably a good 
approximation to neglect the weaker and shorter range 
K forces altogether, at least for energies of the incoming 
hyperon lower than ~220 Mev and, in particular, for 
low momentum transfer. 

The purpose of this paper is to discuss the high-energy 
scattering of charged 2-hyperons with nucleons on the 
basis of symmetries among the pion-baryon interactions. 
In Sec. II we shall give some explicit relations between 
the different hyperon-nucleon scattering and reaction 
cross sections. It will be assumed that the (AD7) and 
(227) coupling constants are equal and that the 
K-baryon coupling is weak compared with the pion- 
baryon coupling. In Sec. III the =*+-proton scattering 
will be discussed employing the hypothesis of global 
symmetry for the pion-baryon interactions. 


II. INEQUALITIES BETWEEN THE HYPERON- 
NUCLEON CROSS SECTIONS 


Let us disregard for the moment the Aj. mass 
differences. Defining the four doublets 


p ; >t Zz ; = 
N= 9 Ns: , avg ’ N= 
n Y” z = 


with 


Y= (A°—B9)/V2, Z9= (A°+B°)/V2, 


and assuming the following relations between the 
coupling constants: 


G.=G;=G, (3) 
the pion-baryon interaction Hamiltonian can be written 
in the form: 

Hy, = iG\N ys °F at iG(Neyst : aNotNuyst . aN 3) 
+iGiN yyst° aN 4. (4) 





HYPERON-NUCLEON SCATTERING 


We can now define for the (2, nucleon) system two 
scattering amplitudes f and g relative to the total 
isotopic spin T=1 and T=0, respectively. In terms of 
these, under the assumptions stated above, namely that 
charge independence as well as (3) is valid, we obtain 
immediately the =+-nucleon elastic scattering and 
reaction (charge exchange and Y—A conversion) cross 
sections as follows®’: 


a(2+p > 2tp)=0(1)=| f[?, 
o(2tn — Utn)=1(0)=4| fg’, 
a (Ztn — 2p) =ae0.(0,A1)=§| f—g\?, 


a(Z+n — A°p)=a¢.0.(0,A2)=3| f—gl?. 


(5) 


From relations (5) one can deduce the inequalities: 
oet'(1)+oe1'(0) 2 oe0.4(0), 
o.15(0)+0¢.0.3(0)2 oei4(1), (6) 
Ge04(0)+oe1'(1) 2 o14(0), 


where, by o¢..(0), we mean the sum of o¢.¢.(0,41) and 
o¢«.(0,A2), which, disregarding the A;,2 mass differences, 
are equal. 

It is to be remarked that these inequalities remain 
still valid when the incident hyperon is unpolarized, as 
the corresponding cross sections are given by expressions 
similar to (5). 

If it is possible experimentally to distinguish the 
events Stn — 2p from Ztn— A°p by analyzing, for 
example, the electromagnetic decay of the 2° hyperon, 
then it should be more convenient to use instead of the 
inequalities (6), the following: 


oe (1) +12 (0) > V20¢.¢.4(0,A2), 
18 (0) +V20¢.0.4(0,A2) > oe:' (1), (7) 
V26¢.0.4(0,A2)+o14(1) > oe14(0). 


Relations (5), (6), and (7) are valid if the Aj,2 mass 
differences may be regarded as negligible. The A, mass 
difference, which is the most important in our case, 
amounts to ~75 Mev, and when it is taken into account 
one has to do the following: 

(a) One must introduce a phase space correction to 
the o¢.e.(0,A2) evaluated in the center-of-mass system, 
which amounts to 


pams(mst+mn) pra 


i, (8) 
ps ms(ma+my) ps 


where pa and pz are the momenta in the center-of-mass 
system of the A-hyperon and =+-hyperon, respectively. 
The quantity (8) is large at low energies and approaches 
1 for high energies. 

6 W. Heitler, Proc. Roy. Irish Acad. 51, 33 (1946); D. Feldman, 
Phys. Rev. 89, 1159 (1953). 

7 Of course, one can obtain similar relations for the 2~-nucleon 


cross sections by making the substitutions 3+ — =~, p — n, and 
n — p in the relations (5). 
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(b) One must take into account the A» mass differ- 
ence in the evaluation of the matrix elements for the 
processes 2+n — 2°p and =+n — A°p that are otherwise 
equal. Actually one has to solve a system of two 
coupled differential equations in order to obtain the 
right answer at all energies. In order to draw some con- 
clusions regarding the energy dependence of the matrix 
elements for the two processes specified above, one has 
then to know the specific form of the interaction, in 
particular the magnitude of the coupling constants G 
and G,; which only come into play if the K-meson 
interactions are not taken into account. In the hypothe- 
sis G&G, Lichtenberg and Ross* have evaluated the 
total cross sections for the processes +n — 2° and 
=t+n — A°p by using Brueckner-Watson potentials with 
cores. It follows from their results that, up to an energy 
of 60 Mev for the incoming =+-hyperon, the total 
cross section o(2+n — 2°) is larger than o(2+n — A°p)?® 
but the difference between these two cross sections 
decreases very rapidly with increasing energy. However, 
this calculation has been done using only the S wave 
of the hyperon-nucleon system. By taking into con- 
sideration also the contribution from the P wave, 
which is not small for energies above ~30 Mev, it can 
be seen that for a laboratory energy higher than 80 Mev 
the ratio o(=+n— A°p)/o(Z*n— 2%p) is essentially 
given by the phase space correction (8). This result can 
be expected to have general validity if the actual 
hyperon-nucleon potentials do not happen to be 
stronger than the Brueckner-Watson potentials used by 
Lichtenberg and Ross. 

Then the substitution 


Oc.e.(0,A2) aaa Oc.0.(O,A2) ps, Pa, (9) 


in the relations (6) and (7), yields inequalities for the 
differential cross sections in the center-of-mass system 
and for the total cross sections which should be valid in 
the energy region between 80 and about 220 Mev, if 
the symmetry hypothesis (3) is verified. In particular, 
if it can be found that the relations (6) and (7) are 
contradicted by experiment, then the symmetry hy- 
pothesis (3) does not hold true. 


III. THE &*+-PROTON SCATTERING 


It is clear that the breakdown of relations (6) and (7) 
would mean also the nonvalidity of the global symmetry 
hypothesis : 

Gy =G» =Gs=G,=—C. (10) 
Possible tests for the more restrictive hypothesis (10) 
could be achieved by examining the various hyperon- 
nucleon scattering cross sections. 

8D. B. Lichtenberg and M. Ross, Phys. Rev. 107, 1714 (1957). 


® For low energy this actually depends also on the appearance of 
a bound state of the 2*-neutron system. 
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TABLE I. Calculated S and P wave phase shifts for the 2*+-proton scattering with the Gammel-Thaler 
and Signell-Marshak potentials, respectively. 


3S) 


In case relation (10) is assumed, the pion-baryon 
Hamiltonian will be written in the concise form: 


(11) 


4 
H,=iG & Nast: 2 Ni. 
i=l 


If the K-baryon coupling is weak with respect to the 
pion-baryon coupling, and if the various baryon-baryon 
mass differences are neglected in the construction of the 
potentials,” the general expression for the potential 
between baryon .V; and baryon NV» will be 


Vywo(r) = Vue (r) +208) - 2%2Vnye™ (r), (12) 
where Vyyw2? and Vay." are the same for any pair of 
baryons. As a consequence, the hyperon-nucleon poten- 
tials become linear combinations of even and odd parity 
nucleon-nucleon potentials (of course, the Pauli prin- 
ciple does not apply to the hyperon-nucleon systems). 

It is to be noted that, as at present the odd-parity 
nucleon-nucleon potentials are not sufficiently well 
established, it is difficult to make unambigous predic- 
tions. In order to analyze this point in detail, we will 
compare the results of Bryan ef al." on the =*+-proton 
scattering, based on the Signell-Marshak potential,” 
with those obtained by ( hoosing for the nucleon-nucleon 
potential that of Gammel-Thaler.’ This comparison is 
instructive because, for energies below 150 Mev the 
interacting particles are affected mainly by the poten- 
tials outside 4,r~0.7 and in this region the different 
SM and GT potentials are rather close, with the 
exception of the triplet central odd-parity potential. In 
spite of this, both potentials give good agreement with 
the nucleon-nucleon experimental data. Therefore, from 
a phenomenological point of view, it seems quite 
arbitrary to select one rather than the other. 

From expression (12) we obtain immediately for the 
>~+-proton system: 

1—o;-o> 

Vet ,=Vnn+Vyn" 'Vwn 


4 


3+): 


+ (13) 


3Vun™, 


4 


This is a good approximation as the energies involved in the 
virtual states are very high. 

'"' Bryan, de Swart, Marshak, and Signell, Phys. Rev. Letters 1, 
70 (1958). 

2 PS. Signell and R. E. Marshak, Phys. Rev. 109, 1229 (1958). 

18 J. L. Gammel] and R, M, Thaler, Phys. Rev. 107, 1337 (1957). 


3P; 
GT SM 
— 69 6.0 6.9 
— 16.2 —15.0 13.6 16.0 
— 20.5 —18.4 16.8 19.5 
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where we have adopted the notations of reference 13: 
'Vyw means singlet even-parity nucleon-nucleon 
potential and *V yy“ means triplet odd-parity poten- 
tial. They are given by 
=+o, 


= —1V (4 


r<'ro ules 


IV y N 
r> 979 
sV y' 


r<Ary—), (14) 


(r)+Sy.3V;' ‘(r)—L-S3Vz5' (r), 


r>ro' 


All potentials have Yukawa shape V (r)= Ve-#"/ur and 
are energy independent. For the different parameters 
we have assumed the values of reference 13 which give a 
good fit to the nucleon-nucleon data: 

Iy9(+}=0.4X 10-8 cm, 

379‘—) = 0.4125 10-* cm, 

1V .4)=425.5 Mev, 

3V.—=0.0 Mev, 

= 22.0 Mev, 


= 14510" cn, 
= not relevant, 
=0.8<10" cm, 


3V,5— =7317.5 Mev, = 3.710" cm. 

Comparing the GT and SM potentials, we see that 
while the SM potential *V.“~ is strongly attractive at 
short distances and has to be cut off in order to avoid an 
undesirable strongly bound (%S,+%D,) state of the 
y+-proton system (reference 11), the GT potential 
’V.— is repulsive (hard core) and therefore no bound 
state occurs in the triplet state of the 2*+-proton 
system. Nevertheless, the possibility remains that this 
system is bound in the singlet state (for a discussion of 
this problem from meson theory"). 

We have calculated the S- and P-wave phase shifts 
for the 2+-proton scattering, by following a variational 
method'® at 40, 100, and 150 Mev in the laboratory 
system. The values obtained are arranged in Table I 
together with the values given by Bryan ef al. We 
emphasize that the phase 45S; is exact as far as waves 
with />1 are neglected. This phase shift happens to be 
attractive for the SM potential and repulsive for the 
GT potential, which is simply due to the different 
spatial forms of the potential *V.“. The other phase 

4“ F. Ferrari and L. Fonda, Nuovo cimento 6, 1027 (1957). 

18 F, Rohrlich and J. Eisenstein, Phys. Rev. 75, 705 (1949). 
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shifts behave qualitatively roughly like the correspond- 
ing ones in the calculation of Bryan ef al. The differential 
cross sections at 40, 100, and 150 Mev are plotted in 
Fig. 1 together with the cross sections obtained with the 
SM potential. The characteristic peaking forward of 
o(@) at high energy which is found by using the SM 
potential, is not reproduced by the GT potential. This 
result holds in general independently of the method of 
calculation used and depends almost exclusively on the 
sign and magnitude of the “exact” °S. 

It is to be noted that the differential cross sections 
obtained with the GT potential are smaller than those 
obtained with the SM potential, the total cross section is 


F\ay(Mev) 40 
Crore? (Mb) 66.1 


100 
39.5 


150 
33.3 


while the total cross section evaluated with the SM 
potential is three to four times higher for the energies 
considered. 

It would be possible at this point to discuss polariza- 
tion in 2t-proton scattering. However, due to the 
approximation used, we can only say that it appears 
that the polarization would be much smaller for the GT 
potential than for the SM potential. 

In conclusion, we can say that the experimental 
observation of the presence or absence of a peak in the 
forward direction carries by itself no implication con- 
cerning the global symmetry hypothesis. Rather, one 
could hope that once the validity of the global symmetry 
is established by some other means, the analysis of the 
>+-proton scattering may give some indication on the 
triplet odd-parity nucleon-nucleon potential, in par- 
ticular whether it is attractive or repulsive at short 
distances. 


SM 40 MEV 


SM 100 MEV 


SM 150 MEV 


o(@) iN MB/STER 


GT 100 MEV> 


GT 150 MEV 
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Fic. 1. Differential cross sections for =+-proton scattering at 
40, 100, and 150 Mev in the laboratory system. The dashed lines 
refer to the cross sections calculated with the SM potential using 
only the S and P waves. 
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Tritium Production by 6-Bev Protons 
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Tritium-formation cross sections for 6-Bev protons on various targets between C and Pb are reported. 
No significant variations in tritium-production cross sections are observed between 2 Bev and 6 Bev. The 
problem of tritium production in nature is discussed briefly. 


INTRODUCTION 


N addition to furthering knowledge of high-energy 

nuclear reactions which eject light fragments, 
tritium formation by protons of cosmic-ray energies 
may shed light upon “natural” tritium abundance on 
the earth as well as upon tritium production—and 
“age’’—for meteorites. In a previous paper! the author 
reported the cross sections for tritium formation in a 
number of nuclei between carbon and lead induced by 
450-Mev and 2-Bev protons. Since cosmic-ray protons 
extend to still higher energies, it was desirable to extend 
the accelerator studies; this paper includes results ob- 
tained with 6-Bev protons. 

Previous results which have modified and 
pertinent results of others have been included in the 
discussion. 


been 


EXPERIMENTAL DETAILS 
Targets 


Targets, with areas of about 2 cmX2 cm and thick- 
nesses varying from 0.41 g/cm? to 4.8 g/cm?, included 
pure metals as well as organic materials. Included with 
the target material itself were monitoring foils con- 
sisting of 0,003 in. or 0.005 in. Al and usually 1 mg/cm? 
(~0,00002 in.) or 0.002 in. Au. In most cases the ends 
of the targets were milled flat at the beam end. 


Chemistry 


The procedures for the quantitative determination of 
tritium were essentially the same as previously re- 
ported.' That is, metal targets (Al, Fe, Sn, Pb) were 
heated to 950°C in an atmosphere of nonradioactive 
hydrogen in order to allow exchange with the contained 
tritium; after cooling, the hydrogen was pumped 
through palladium (to eliminate other radioactive 
gases) and into a Geiger-Miiller counter. Two modifi- 
cations were made in the previous procedure: (1) a 
quartz tube was used for the extraction in place of the 
Alundum crucible and porcelain tube, (2) 66 cm-Hg of 
()-gas? was used as the counting gas in place of 1.5 cm- 
Hg of ethylene plus 3.5 cm-Hg of argon. 

! Currie, Libby, and Wolfgang, Phys. Rev. 101, 1557 (1956). 

? Available from Nuclear-Chicago Corporation; consists of 
98.7% helium plus 1.39% butane. Experiments showed the effi 
ciency for counting tritium was the same as with the ethylene- 
argon mixture. The Q-gas was much more convenient since it 


As a check on the extraction procedure for iron 
(diffusion at 950°C in the solid), a portion of sample 
No. 53 was analyzed for residual tritium by induction- 
melting in the presence of carrier hydrogen. No addi- 
tional activity was observed. 

In order to measure tritium-production cross sections 
in nitrogen and oxygen, organic targets were used. 
Thus, it was also necessary to measure the production 
from carbon independently. Lucite (C;0.Hs) and 
melamine (C3NeHe)* were substituted for oxalic acid 
(C,O,H2) and hexamethylene tetramine (CsN4H12) 
used previously. Polyethylene (CH2) was used for the 
independent carbon target. As before, the organic 
targets were burned quantitatively in dry oxygen to 
form water which was then quantitatively reduced 
(over zinc at 450°C) to hydrogen which was counted in 
a Geiger-Miiller counter. 


Monitors 


Proton counting was accomplished by means of the 
monitoring activities: F!8 and Na*! from Al. Tritium 
cross sections at 0.120 Bev and at 0.450 Bev were based 
upon Al(p,3pn)Na* cross sections of 10 mb‘ and 10.8 
mb,°* respectively. The previous results at 2 Bev were 
based upon an Al(p,3pn)Na™ cross section of 9.0 mb. 
This number has been revised in the meantime to 
10.8 mb®7; the 2-Bev results have been revised accord- 
ingly (see Table I). 

Monitoring at 6 Bev was based upon F!* from the 
aluminum foils. The cross section employed was 7.4 
mb.* The Al(p,spall) F!® was preferred to the Al(p,3pn)- 
Na™ monitor because low-energy secondary neutrons 
may induce the reaction, Al(”,a)Na*‘.’ 
could be used directly from the cylinder without purification and 
mixing. 

3 The author is grateful to Dr. R. L. Wolfgang for suggesting 
melamine as a target material. 

4 Hicks, Stevensen, and Nervik, Phys. Rev. 102, 139 (1956). 

5 L. Marquez, Phys. Rev. 86, 405 (1952). 

6 R. L. Wolfgang and G. Friedlander, Phys. Rev. 96, 190 (1954), 
and 98, 1871 (1955). 

7Cumming, Swartz, and Friedlander, Bull. Am. Phys. Soc. 
Ser. IT, 1, 225 (1956). 

8 A. Caretto et al., Phys. Rev. 110, 1130 (1958). 

® The F!® reaction may be even more accurate for calculating 
the tritium cross sections, since it should be affected by secondary 
neutrons and protons somewhat similarly to the tritium-producing 
reactions (see Fig. 1). 
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TRITIUM 
DISCUSSION 


Tritium-Formation Cross Sections 


The results of the recent cross-section measurements 
at 6 Bev as well as an older measurement at 0.120 Bev 
and the previous results at 2 Bev (corrected for the 
change in monitor cross section) are recorded in Table I. 
In Table II other available tritium-production cross 
sections in iron targets (and one copper target) have 
been listed. Finally, from the data in Tables I and II 
and from the data at 450 Mev (Table II of reference 1), 
partial excitation functions for the tritium formation by 
protons have been plotted (Fig. 1). Only C, N, O, Al, 
Fe, and Pb have been included in the graph since other 
targets had been observed at fewer than three bombard- 
ing energies. 


TABLE I. Tritium-formation cross sections. 


Thick- 
ness 
(g/cm?) 


2.5 44 Al 8.0 


Proton 
energy 
(Bev) 


0.120 


Cross section 


Number Target (mb) 


Polystyrene (C) 2.058 
Hexamethylene 
tetramine (N) 
Oxalic acid (O) 
Mg 
Al 
Fe 
Ni 
Ag 
Pb 


Polyethylene (C) 


mun 


Melamine (N) 

Lucite (O) 

Al 

Fe 

Sn 

Pb 450 


b 
510° (480 


On oem we 


vt 


~ 
> 


® Previous results (from Table II of reference 1) corrected for the sub- 
sequent change in monitor cross section. 

b Arithmetic average. 

¢ Result of a 25% correction for loss of tritium from the thin Pb target 
due to recoil (assuming an average recoil energy of 10 Mev). 


As is apparent from Fig. 1, there is little or no varia- 
tion in the tritium production cross sections for proton 
energies between 2 Bev and 6 Bev." The slight varia- 
tions which do appear are probably smaller than the 
experimental errors. No errors have been indicated 
explicitly, but the over-all errors are estimated to be 
about +20%. Statistical counting errors in no case 
exceeded +5%; uncertainties in target analysis (tritium 
extraction and purification) are approximately +5%; 
monitor cross sections are probably not to be trusted 
to better than +10%. 


10 A least-squares analysis of the variation of the (p,t) cross 
section with target mass number in the 2 Bev to 6 Bev region re- 
sulted in: ¢=1.40A! mb. Although there is no obvious justifi- 
cation for such an analytic function, the analysis may be useful 
as an indication of the importance of intranuclear secondary 
reactions. 
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TABLE IT. Tritium cross sections in iron by other observers. 


Cross section Proton energy 
(mb) (Bev) 


cee 4s 0.050 
50 7.2 0.160 
wee 6.6" 0.177 
183 65» A 
36 62° 
183 88> 
0.212 2024 
163 110» 


Thickness 
(g/cm?) 


® K, Goebel, Nuclear Sci. Abstr. 12, 6961 (1958). 

bE, L. Fireman and J. Zahringer, Phys. Rev. 107, 1695 (1957). 
cross sections refer to the proton-entry side of the target.) 

¢ EK, L. Fireman, Phys. Rev. 97, 1303 (1955). 

4 Copper target (rather than iron): D. Barr, University of California 
Radiation Laboratory Report UCRL-3793, May, 1957 (unpublished), p. 58. 


(These 


One apparent discrepancy seems worthy of mention. 
Namely, the tritium-production cross sections in Fe 
reported by Fireman (Table II) become somewhat 
larger than those reported by us at higher bombarding 
energies. The author believes that this may be due 
partially to the contribution of secondary particles to 
tritium formation in Fireman’s relatively thick targets. 
(This contribution, of course, should be included for 
total tritium production in meteorites.) Such secondary 
reactions could take place even in the initial depths of 
the thick targets since the threshold for the reaction 
Fe®®(n,t) Mn* is but 12 Mev. 

The cross section determined by Barr for 5.7-Bev 
protons on copper is still larger. Since the tritium- 
formation cross section does not appear to be increasing 
rapidly with mass number, one would expect the cross 
section in copper to be roughly comparable to that in 
iron. Also, since Barr’s target was quite thin, secondary 
production of tritium should not be serious. The only 
conclusion that may be drawn is that additional studies 
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Fic. 1. Partial excitation functions for tritium formation 
by proton bombardment. 
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of both iron and copper targets are required to resolve 
these differences. 


Natural Production of Tritium 


Two problems involving the formation of tritium in 
high-energy nuclear reactions are of particular interest : 
the formation by cosmic rays in meteorites and in the 
atmosphere. Since the tritium-production cross sections 
are constant above 0.450 Bev for nitrogen and oxygen 
and constant above 2 Bev for iron, the discussion which 
appeared in reference 1 is essentially unaltered. Recent 
measurements of tritium in nature, however, have con- 
siderably altered the agreement between the observed 
tritium production in the atmosphere and that predicted 
on the basis of the cosmic-ray reactions.!! The predicted 

1H. V. Buttlar and W. F. Libby, J. Inorg. Nuclear Chem. 1, 


75 (1955); F. Begeman, Air Force Office of Scientific Research 
Report AFOSR-TR-58-41, December 31, 1957 (unpublished). 


CURRIE 


tritium flux remains at about 0.14 ¢/cm?-sec, whereas 
the observed flux may be 2.0+(50%) ¢/cm*-sec.” 
Possible sources for the discrepancy include: a higher 
flux of incident cosmic rays, additional tritium-pro- 
ducing reactions, influx of tritons with the cosmic rays, 
more serious secondary production of tritium in the 
atmosphere, and unsuspected loss of tritium from the 
targets. 
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Modified Analysis of Nucleon-Nucleon Scattering. I. Theory 
and p-p Scattering at 310 Mev* 
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A modified method of analyzing nucleon-nucleon scattering is discussed and applied to proton-proton 
scattering experiments at 310 Mev. The modified scheme is based on an explicit inclusion in all higher 
angular-momentum states of the terms contributed by the one-pion exchange process. This procedure 
is suggested by Chew’s conjecture that the singularities of the scattering amplitude in the cos@ plane (@ 
being the scattering angle in the center-of-mass system) that are closest to the physical region are due to 
the one-pion exchange process and are given by the Born approximation. Or, alternatively, in terms of 
ranges, the one-pion exchange contribution has the longest range of the forces contributing to the nucleon- 
nucleon interaction and hence should be primarily responsible for the contributions to the scattering 
amplitude in the high angular-momentum states. Since the only parameter in the Born approximation 
is the pion-nucleon coupling constant, the modified scheme can also provide a determination of this coupling 
constant. The application of the modified scheme to p-p scattering at 310 Mev indicates that the first two 
of the five best solutions of the conventional phase-shift analysis are more satisfactory than the others for 
two reasons. Firstly, their goodness-of-fit parameters improve markedly when the higher angular-momentum 
contributions are added, whereas those of the others remain essentially unchanged. Secondly, as a function 
of the coupling constant, the goodness-of-fit parameters of the first two solutions show minima close to the 
accepted value of the coupling constant 


1. INTRODUCTION the exchange of one pion is explicitly included in the 
scattering amplitude. This approach was motivated by 
some conjectures of Chew? on the behavior of the 
scattering amplitudes in the nonphysical region of the 
complex cos@ plane (6 being the scattering angle in the 
barycentric system). Chew argues that the singularities 
will be restricted to the real axis and that those closest 
to the physical region, —1<cos#<1, will be two 
symmetrically situated poles associated with contribu- 


T has been suggested by one of us! (M.J.M.) that 
the conventional phase shift analysis of nucleon- 
nucleon scattering experiments be replaced by a 


modified scheme in which the contribution due to 
* Work done under the auspices of the U. S. Atomic Energy 
Commission. 

t University of California Radiation Laboratory, Berkeley, 
California. 


t University of California Radiation Laboratory, Livermore, 


California. 
' Michael J. Moravesik, University of California Radiation 
Laboratory Report UCRL-5317-T, August. 1958 (unpublished) 


tions to the scattering amplitude of one-pion inter- 


* Geoffrey F. Chew, Phys. Rev. 112, 1380 (1958). 
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mediate states. If these poles are removed the remaining 
singularities will be, according to Chew’s arguments, 
at least four times as far from the physical region. 

Assuming these conjectures to be correct, one would 
expect that the contributions corresponding to more 
distant singularities could be adequately represented in 
the physical region by fewer powers of cos@ and hence 
by a smaller number of partial waves. On the other 
hand, the contribution associated with the two near-by 
poles is identical with that of the lowest-order perturba- 
tion approximation to the one-pion exchange process, 
and is readily calculated in terms of the pion-nucleon 
coupling constant. 

These circumstances suggest that the poles (i.e., 
the one-pion exchange) be explicitly included in the 
scattering amplitude. This should reduce the number 
of partial waves that are required to represent the 
remainder, and also permit an evaluation of the pion- 
nucleon coupling constant, g, which would now enter 
as a new parameter. This method of determining g 
differs somewhat from that proposed in reference 2, 
which uses instead the conventional phase shifts to 
obtain the coupling constant from nucleon-nucleon 
scattering experiments. 

The same idea of explicitly including the one-pion 
exchange contribution in the higher-angular-momentum 
states is suggested also by the consideration that higher 
partial waves correspond to the forces of longer range, 
and the forces of longest range are due to the one-pion 
exchange contribution. 

In the following sections some of the detailed formulas 
required for the application of the above scheme are 
presented and the results of the modified analysis of 
proton-proton scattering experiments at 310 Mev are 
discussed. 


2. THE POLE CONTRIBUTION 


In the conventional phase-shift analysis one expresses 
the scattering amplitude as a function of a limited 
number of phase shifts, the remaining ones being 
approximated by zero. This conventional expression 
we denote by M(6), where M is the matrix of the 
scattering amplitudes corresponding to the various 
initial and final spin states** and 6 represents the limited 
number of phase shifts. In the modified analysis we 
wish to add to M(6) the lowest order perturbation 
contribution to the one-pion exchange process, that is, 
the pole contribution. In order to preserve the unitarity 
condition in the angular-momentum states represented 
by M(6), the pole contributions are added only in those 
states that are absent in M(6). For instance, if M(6) 
contains contributions to and including Jinax then in 
the modified analysis one replaces the M(6) of the 


31. Wolfenstein, Phys. Rev. 96, 1654 (1954). 
4Stapp, Ypsilantis, and Metropolis, Phys. Rev. 105, 302 
(1957). 


conventional analysis by 


M (5,g2)=M(8)+M?(g2,I>Jinax), (2.1) 


where M?(g?, J>Jmax) is the pole contribution from 
states J>Jmax. In order to compute M(6,g*) it is 
necessary to obtain the decomposition of the pole 
contribution into the various angular-momentum 
eigenstates. One method of computing this decomposi- 
tion is outlined in the remainder of this section. 

We define four-dimensional positive-energy Dirac 
spinors 


m—ip 
[2m(E+m) }} 


A 


Uy, 
(2.2) 
tir (p)Us(p)=5r., P=P-¥— Povo, 


where m is the nucleon mass, / the total energy of the 
nucleon, and 


The y’s are defined as 


= _ 0 es 
= o} "\-1 =o}? 


, © 
p= tye= (( “it 


We shall also use the notation 
x=cos6, 
where @ is the barycentric scattering angle, and 
xo= 14+ (u?/mT) = 14+ (u?/2k?), (2.6) 


where u is the pion mass, 7 the initial nucleon kinetic 
energy in the laboratory system, and & the barycentric 
nucleon momentum. For p-p scattering uw denotes the 
mass of the neutral pion. 

In this notation the pole contribution to the M 
matrix can be written as 


M 5,18? (2,95 P',q’) 
gm? th, ( p) sur: (p’)t.(q) sts’ (q’) 
ORE xo—% 
tir ( p)V sts’ (q’) ts (q)Y5ttr’(p’) 
Xotx 


g?= (2m/p)* f?= 14, 


where p’, q’ are the initial, and p and q the final nucleon 
momenta. The subscripts 7, 7’, s and s’ take the values 
plus and minus. The matrix M” may be written in 
terms of the two-dimensional Pauli matrices if we 
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observe that 
ti, (p)ysu,'(q’)=(1/2m)[o-(p—q’) }r. (2.8) 
Using this formula and the notation 
I= (q+q’)/é, m=(p—p’)/A, n=(q’Xq)/n, 
where, in the center-of-mass system, 
£= 2k? (1+ cos8), 
A?= 2k?(1—cos6), 
n’=k' sin’, 
one may express Eq. (2.7) in the form 
— (g2/8E)[al+ (8+a) (oe -le® -1 
—o)-me®-m)—8(e") -le® +1 


M ys, 7'4"" = 


+o-me®-m)—aoe™ -no®-n),.-7, (2.11) 


where / is the unit matrix, @” and 0 the two nucleon 


gV4 


1 
M,,"” M l \P= \- Y ,°(6,6) + (xo— 1)? 
2E v3 


1 a 
V°(0,6)—x0(xo-1) > 


v3 L=1, L odd 


ga 


3 


L=1, L odd 
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spin matrices, and 
a=(1+x)/(xo+x), B=(1—x)/(%o—*«). (2.12) 
In Eq. (2.11) the r indices refer to 6 and the s indices 
refer to o. In the singlet-triplet representation,® 
Eq. (2.11) becomes 
M,,?’= M 1 ‘a - (g? 8E)[a(1+x)—B(1—x) ], 
M,?= Mo? = ace M_,?= 7 Mo - 
= — (g’v2/8E)(B+a) sind, 
M,_,?=M_,,?=— (g?/8E)[a(1—x)—B(1+2)], 
Mo? = (g? 4k) (B+a)x, 
M,,” = — (g?/4E) (at+8). 
In order to separate the contributions from the various 
final angular-momentum states, one may expand 
these matrix elements in terms of spherical harmonics. 
This gives 


(2.13) 


on 


(2L+1)'O1(x0) ¥ 1°(0,¢) } 


(2L+ 1)!O1(x0) Y 1°(0,0) } 


2L+1 


gry) (2\3 > ) 
. {( ) Y11(0,6)—(xo—1)(x?—-1)! - | Ora ¥ X09), 
VIE.NNG L=1, L odd LL(L+1) 


2L+1 7 
~ Oriad¥6)|, (2.14) 
L(L+1) 


2 
? 


3 


3, L odd 


2L+1 

2E L 

ova 2L+1 
2E 

gy/ : 

=——}—YV,°(6,6)+(m—-1) > 


L=0, L even 


MF 


The VY ,"+(0,6) are the spherical harmonics as defined 
by Blatt and Weisskopf,® and the Qz(xo) are the 
associated Legendre functions of the second kind as 
defined by Morse and Feshbach.’ 

Using Eq. (2.14) one may separate the contributions 


5 Henry P. Stapp, University of California Radiation Labora- 
tory Report UCRL-3098, August, 1955 (unpublished). In Eq. 
(2.13) we have taken ¢, the azimuthal scattering angle, equal to 
zero. 

6]. Blatt and V. Weisskopf, Theoretical Nuclear Physics 
(J. Wiley & Sons, New York, 1952), p. 782. 

7P. Morse and H. Feshbach, Methods of Theoretical Physics 
(McGraw-Hill Book Company, Inc., New York, 1953). Note 
that the recursion relations (m+1)Qnsi(")+"Qn—i(x) = (2n+1)x 
XQ,(x) do not hold for n=0. One has instead for n=0 the 
formula Q;(x) =xQo(«)—1. 


j 
) Y :'(0,6) — (xo—1) (ao?—1) 


(L+2)(L+1)L(L—1) 


L=3, Lodd L(L+2)(L+1)L(L— 


L=1, L odd 


012(xo) V 12(6,6), 


_ 7 O17 (x0) Vi °(0,0), 


(2L+1)!Q1 (x0) V1°(0,¢) } 


from the various final angular-momentum states. 
Specifically one obtains the quantities M(L,S,L,,S.; 
S’,S.'), defined by 


Ms,s.'(0,6) =>. 1 VY 1"=(0,6)M (L,S,L.,S.; S’,S.’), 


where the primed and unprimed variables refer to 
initial and final states, respectively. The quantities 
M(L,S,L.,S.; S’,S./) contain those contributions to M 
which correspond to the final orbital angular momentum 
L. 

For the singlet case, comparison with Table III of 
reference 4 allows one to obtain at once the expression 
for the singlet amplitude a ,. For the triplet case, 
however, one must first separate the contributions from 


(2.15) 
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TABLE I. Goodness-of-fit parameters for p-p scattering at 310 Mev. 


g?=0 
(conventional 
Set analysis) g2=9.4 g?=14.4 g?=19.4 g? =28.8 


17.92 14.37 13.97 14.83 20.09 
21.66 18.32 17.59 17.89 21.85 
23.79 23.66 25.01 27.29 20.09 
24.51 25.44 17.59 17.88 21.85 
34.58 34.05 34.98 35.44 34.77 


the three possible values of J that are consistent 
with this value of L. We express the separation of 
M(L,S,L.,S.; S’,S.’) into its constituent J contributions 
by the equation 


Ee SSS" S.”) 
=> > M(J; LS,L,5.;5',5,'). (2.16) 


The isolation of the individual J value may be achieved 
by the use of the projection operators P(J,J.; L,S,L2,S2; 
L,S,L,’’,S;'), defined by 


SF) 288.5 £50" 35” 


S,/'L,"" 


SMES Se Sse) 
=M(J;L,S,L2,S25,52'), (2.17) 


where J,=L,+S,=L,"+S,"=S,'/+L,'=S,'. The van- 
ishing of L,’ is a consequence of the choice of coordinate 
system.‘ Recalling that the Clebsch-Gordan coefficients 
Crs(J,J.2,L2,S:) are simply the transformation matrices 
between different representations, one may easily see 
that the necessary projection operators may be expres- 
sed as 
rls £515); £3546 5.) 

“CruJJ,: LSC ull J. 1) Ss). (4d) 
For the case J= L the projection operator immediately 


isolates the contribution from azz. For the cases 
J=L+1, however, the projection gives, instead, the 


sum of contributions from the two amplitudes a7, and 
a’. However, the three values of J, give two linearly 
independent equations which are readily solved. We 
obtain in this way the final expressions 


ikg? 
2E(2L+3 


> 
ar, iyi = 


Le: } 1(Xo) = Oy (xo) |, 


ike? 
oa [O1(x%0)-QOL 1(Xo) A 
2E(2L—1) 


ikg? 
LOL } 1(Xo) 
2E(2L+1) 
(2.19) 
+ (L+1)O1-1(%0) — (2L+1)O1(x0)], 


ikg? 
2— LJ (J+1) }} 
2E(2L+1) 


x LOW, 1(X») +O, 1(.¥o) — 207 (x0) |, 
kg” 
[( xo 1 )O1 (xp) —6, 0 ]. 
E 


The symbol 679 is the Kronecker 6 function. The 
contribution from 679 in the S state, which arises 
naturally in the relativistic Born approximation, 
corresponds in the nonrelativistic case to the explicit 6 
function appearing in the potential.® 


3. p-p SCATTERING AT 310 MEV 


In this section the application of the modified 
procedure to p-p scattering data at 310 Mev is discussed. 
A conventional phase-shift analysis at this energy is 
given in reference 4, and this is used as a basis of 
comparison. 

In the conventional analysis, phase shifts up through 
H waves were used. Our first step was to take in turn 
each of the five ‘‘best’’ solutions of that analysis and 


TABLE IT. Conventional (g?=0) and modified (g?= 14.4) phase shifts* for p-p scattering at 310 Mev 


Set 1 
Old New 


—10.1 — 10.9 

12.9 12.1 

1.0 2 

— 14.3 —14.0 

—26.7 — 26.2 

—4.4 -4.6 
0.1 
1.3 
16.1 
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® Nuclear bar phase shifts in degrees as defined in reference 4. 
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Peterson, and Company, Evanston, 1955), Vol. IT, p. 301, Eq. (13). 
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Fic. 1. Goodness-of-fit parameter vs pion-nucleon coupling 
constant for the five “best” solutions of the modified analysis 
of p-p scattering at 310 Mev. For Solutions 1 and 2 a parabola 
was drawn through the points at g?=9.4, 14.4, and 19.4; 
these parabolas have their minima at g?=13.48 and g?=15.42, 
respectively. 
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Fic. 2. Plot of P/sin@ cosé vs 6 for Solutions 1 and 2 at g?= 14.4. 
Experimental values are shown for comparison. 





simply add the pole contribution in the angular- 
momentum states beyond the H waves. For the coupling 
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constant we used, in turn, the values 9.4, 14.4, 19.4, 
and 28.8. The goodness-of-fit parameter increased at 
g’=14.4 by about 15 in all cases. This constituted a 
change of between 40% and 80%. Next, with the added 
pole contribution unchanged, a search was made for 
the new best sets of phase shifts. All partial waves up 
through H waves were allowed to vary. For g’= 14.4 
we obtained what we believe to be improved sets of 
phase shifts. 

The calculations were carried out on the IBM-704 
electronic computer, the code being the same as that 
of reference 4 except for the inclusion of the pole 
contribution. The results of the new search are given in 
Tables I, II, and III, and in Figs. 1-7. 

Table I gives the goodness-of-fit parameter x? for 
the five new sets of solutions. In the first column are 
the values of x’ for the conventional analysis. This 
corresponds to the modified analysis with g?=0. The 
various values of x? are also shown in Fig. 1. For 
Solutions 1 and 2, parabolas through the lowest three 
points are also given. These have minima at g?= 13.48 
for Solution 1 and g?=15.42 for Solution 2. It will be 


TABLE III. The value of the observables as determined by the 


phase shifts, for p-p scattering at 310 Mev, Set No. 1. 


Obsery 
able* 


7,(90°) 
r(9.1°) 
r(11.3°) 
r(14.8°) 
r(18.6°) 
r(23.4°) 
r(31.9°) 
r(36.0°) 
r(44.8°) 
r(52.4°) 
r(60.8 
r(64.0 
r(71.4 
r(80.2 
s(76.2 
$(63.9 
s(53.4 
s(42.9 
s (32.3 
s(21.6 
(23.0 
t(25.8 
t(36.5 
(52.0 
1(65.2 
t(80.5 
u(22.3 
u(34.4 
u(41.8 
u(54.1 
u(70.9 
u(80.1 
v(25.4°) 
v(51.4°) 
v(76.3°) 
or=20 


® r(x) =10(x)/10(90°); 


One-pion term, 
old phase shifts 


Old 
value Value 


3.72 mb 3.85 mb 
1.041 1.076 
1.034 1.057 
1.079 1.090 
1.094 1.105 
1.079 1.097 
1.044 1.052 
1.033 1.024 
1.012 0.958 
0.993 0.916 
0.985 0.911 
0.986 0.921 
0.994 0.955 
1.000 0.988 
0.622 0.602 
0.628 0.645 
0.661 0.697 
0.734 0.747 
0.850 0.820 
0.956 0.915 
0.760 0.749 
0.702 0.721 
0.519 0.570 
0.469 0.409 
0.530 0.499 
0.512 0.557 
—().226 —().249 
—0.173 —().152 
— 0.006 0.007 
0.314 0.294 
0.521 0.505 
0.606 0.613 
— 1.148 — 1.202 
0.011 0.095 
0.436 0.379 
22.14 mb 22.14 mb 


=R(x)/cos( 4x); v(x) =A (x)/sin(}x). 


s(x) =P(x)/sinx cosx; 


One-pion term, 
new phase shifts 


Value 


Oo CO wn, 


ens UI Uh 
i. Oo ¢ 


movi 


0.603 
0.631 
0.677 
0.737 
0.821 
0.916 
0.724 
0.700 
0.576 
0.448 
0.500 
0.528 
—0.213 
—0.103 
0.050 
0.314 
0.517 
0.623 
—1.315 
0.005 
0.381 
22.10 


t(x) =1—D(x); 


€ 
change 
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Fic. 3. Plot of D vs 6 for Solutions 1 and 2 at g?= 14.4. 
Experimental values are shown for comparison. 





observed that the plot of the goodness-of-fit parameter 
for Solution 4+ contains only the g?=0 and g’?=9.4 
points. For the larger values of g* the solutions were 
identical with those obtained from Solution 2. This 
indicates that for g’=0 Solution 4+ was probably ; 
relative minimum separated from Solution 2 by a 
rather low barrier and that the addition of the g° 
contribution either eliminated the relative minimum or 
distorted the contours enough to give the effect 
observed. Similarly Solution 3 goes over into Solution 1 
at g’=28.8. These effects are not surprising if one 
considers that even at g?=0 the predictions‘ of Solutions 
1 and 3 were quite similar for the various observables 
even in the region where no experiments exist. Similarly, 
the predictions of Solutions 2 and 4 at g?=0 are also 
similar. 

Table II gives the new sets of phase shifts themselves 
and alse, for comparison, the corresponding sets from 
the conventional analysis. Finally, Table III gives, 
for set No. 1, the observables (a) as given by the 
conventional analysis, (b) as given by the conventional 
phase shifts (unchanged) plus the pole contribution 
in the angular-momentum states above H waves, and 
(c) as given by the new phase shifts plus the pole 
contribution in angular-momentum states above JH 
waves. This table is given to show the detailed effect 
upon the observables of the modifications involved in 
the present scheme. 

Figures 2-7 give the predictions of Solutions 1 and 2 
at g’=14.4 for the various observables as defined in 


reference 5. It is clear from these figures that the 
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Fic. 4. Plot of R vs 6 for Solutions 1 and 2 at g?= 14.4. 
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Fic. 5. Plot of A vs @ for Solutions 1 and 2 at g?= 14.4. 
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two solutions differ markedly for some range in some 
of the observables, so that even a qualitative experi- 


ment, if properly chosen, could distinguish between the 


two solutions. 
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4. CONCLUSIONS 


The significant features of the results contained in 
Tables I, I, and III are as follows. 

1. The goodness-of-fit parameter x? decreased appre- 
ciably only for Solutions 1 and 2. This is the behavior 
expected of the correct set of phase shifts. 

2. For solutions 1 and 2 the parameter x’, considered 
as a function of g’, is represented by a smooth second- 
order function that shows a minimum near 14.4, the 
presently accepted value of this parameter. 

3. The inclusion of the pole contribution in higher- 
angular-momentum states produces changes ranging 
from about 0% to about 80% of the experimental 
errors. These changes are significant enough to warrant 
incorporation into analyses of experiments of this 

nature. 

4. Although the observables changed significantly, 
the new best sets of phase shifts differ generally by less 
than a degree from the solutions obtained in reference 4. 

Work is under way to extend the present scheme in 
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Fic. 7. Plot of C,, vs 6 for Solutions 1 and 2 at g?= 14.4. 
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a number of directions. First we plan to fix the H and 
G phase shifts at the values given by the pole contribu- 
tions, since these values do not differ markedly from 
the values obtained in the calculations presented here. 
This procedure reduces the number of free parameters 
and should increase the sensitivity with respect to the 
value of the coupling constant. Also this procedure 
may further help to resolve the ambiguity with regard 
to the various sets of phase shifts. We also plan to 
extend the application of the present method to other 
energies and to n-p scattering. Finally, work is in 
progress on the incorporation of the two-pion exchange 
contribution into the above scheme, and it is hoped 
that eventually other processes may also be included. 
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The matrix element for bremsstrahlung and pair production is 
written in a particularly simple form which reduces to the well- 
known matrix element for nonrelativistic energies, in terms of a 
vector which is closely related to the nonrelativistic current 
density vector. 

The cross section for high-energy bremsstrahlung and pair 
production involving arbitrarily polarized photons and electrons 
has been calculated. The Coulomb and screening effects are taken 
into account exactly. It is found that the screening and Coulomb 
corrections to the polarization-dependent part of the cross section 
are analytically of the same form and numerically of the same 
magnitude as the corrections to the polarization-independent 
part of the cross section found earlier: We also give the cross 
section for bremsstrahlung summed over spin and polarization 
directions and integrated over the direction of motion of the 
final particle, i.e., the angular distribution of the radiation, which 
has a very simple form. 

Formulas are given for the linear and circular polarization of 
bremsstrahlung from arbitrarily polarized electrons and for the 
spin polarization of pairs from arbitrarily polarized photons. 
The circular polarization of bremsstrahlung from longitudinally 
polarized electrons is complete at the upper end of the spectrum 


1. INTRODUCTION 


HE linear polarization of bremsstrahlung was 
studied first by Sommerfeld! for low electron 
energy and by May and Wick? for relativistic energies. 
It was found that for low photon energies the electric 
vector of the radiation is in the plane of emission, which 
is what would be expected from classical considerations. 
The photons of high energy, on the other hand, are 
emitted in the plane of the magnetic vector. Thus at 
high energies the radiation is always polarized in a 
direction perpendicular to the plane of emission, In 
addition to the work of May and Wick there have been 
calculations by Gluckstern ef al. and by Gluckstern 
and Hull.‘ These calculations have always been per- 
formed in the Born approximation and with exponential 
screening. The present work supplements these papers 
at high energies in that it takes into account the 
Coulomb correction and the screening exactly. 
It was apparently noticed first by Zel’dovich® that 


* Work partially supported by a grant from the National 
Science Foundation. 

+ Present address: National Bureau of Standards, Washington, 
D.C. 

1A. Sommerfeld, Ann. Physik 11, 257 (1931). 
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Wick, Phys. Rev. 81, 628 (1951); M. M. May, Phys. Rev. 84, 265 
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4R. L. Gluckstern and M. H. Hull, Phys. Rev. 90, 1030 (1953). 

5 Ta. B. Zel’dovich, Doklady Akad. Nauk S.S,S,R, 83, 63 (1952). 


and is much larger than from transversely polarized electrons 
throughout the spectrum. In the same way, circularly polarized 
photons produce longitudinally polarized electron-positron pairs, 
the probability of producing transversely polarized pair particles 
being, in general, much smaller. The faster one of the pair particles 
is always polarized in the same sense as the photon. On the other 
hand, the linear polarization of bremsstrahlung is smallest at the 
upper end of the spectrum and increases with decreasing photon 
energy. It is independent of the spin of the initial electron if one 
sums over the spin of the final particle. The circular polarization 
of the emitted photons is to a high degree independent of screening 
and Coulomb corrections, at the high energies considered here. 
The linear polarization is, however, significantly dependent on 
these corrections. Similar conclusions hold for pair production 
from circularly and linearly polarized photons, respectively. 

Finally, the electron spin-photon polarization correlation for 
bremsstrahlung and pair production is discussed. The depolari- 
zation, because of bremsstrahlung, of polarized electrons passing 
through matter is calculated and is appreciable over a radiation 
length. It is greater for a transversely polarized electron than for 
a longitudinally polarized electron. 


the bremsstrahlung emitted from polarized electrons 
may be circularly polarized. Since the discovery that 
the particles emitted in weak processes are polarized, 
a number of papers on circular polarization of brems- 
strahlung have appeared.*” In all these articles the 
Born approximation has been applied, and the screening 
has been taken into account by an exponential screening 
factor. As for the case of linear polarization we extend 
these results at high energies by taking into account the 
Coulomb correction and screening exactly. We also 
give the cross section for definite spins of the final 
electron; this then allows us to calculate the depolari- 
zation of polarized electrons because of emission of 
bremsstrahlung. A preliminary note of some of these 
results has already been given.'!” 

6 G. Bobel, Nuovo cimento 6, 1241 (1957). 

7A. Claesson, Arkiv Fysik 12, 569 (1957). 

8K. W. McVoy, Phys. Rev. 106, 828 (1957); K. W. McVoy 
and F. J. Dyson, Phys. Rev. 106, 1360 (1957); K. W. McVoy, 
Phys. Rev. I11, 1333 (1958). 

9C, Fronsdal and H. Uberall, Nuovo cimento 8, 163 (1958); 
Phys. Rev. 111, 580 (1958). 

1 Haridas Banerjee, Phys. Rev. 111, 532 (1958). The case of 
arbitrary photon polarization without screening is considered. 

1 Olsen, Wergeland, and Maximon, Bull. Am. Phys. Soc. II, 
3, 174 (1958). 

22H, Olsen and L. C. Maximon, Phys. Rev. 110, 589 (1958). 
It should be noticed that the term 

+[ (€:2?— eg?) (3+21) —2keo(1 4+4vr) ]S,-R(ik-2*x) 

in Eq. (1) of this reference should have the opposite sign; see 
Eq. (7.1) in the present paper. 
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In Sec. 2 we discuss a simple method for obtaining 
the cross section directly in terms of the initial and 
final spins of the electron. The differential cross section 
for bremsstrahlung with specified initial and final spins 
of the electron and specified polarization of the emitted 
spectrum is then derived in Secs. 3 and 4. In Secs. 5 
and 6 we integrate over the direction of motion of the 
final electron, for the cases of no screening, intermediate 
screening, and complete screening. Formulas for linear 
and circular polarization of bremsstrahlung are given 
in Sec. 7, and in Sec. 8 we discuss the correlations 
between the spins of the initial and final electron and 
the photon polarization vector. In particular the cir- 
cular polarization of the photon beam is considered. 
The discussion covers all cases of screening. The de- 
polarization of the polarized electrons in the radiation 
process is derived in Sec. 9. Finally, in Sec. 10 we write 
down the corresponding quantities for pair production. 


2. SPIN FORMALISM 


We use a method by which the absolute square of the 
matrix element appears directly in terms of the spin 
vectors $; and s» of the initial and final states, respec- 
tively." The procedure is simplified by the fact that 
the spin part of the wave function at high energies 
involves a plane-wave spinor uw. It has in fact been 
shown" that for processes such as high-energy brems- 
strahlung and pair production in which the momentum 
transfer g is always much smaller than the momentum 
p of the electron, i.e., processes in which significant 
angular momenta are />>1, the Sommerfeld-Maue type 


ia-V 
ue 
2e 


is a good approximation. p is the momentum of the 
electron in units of mc, «= (p’+1)! its energy in units 
of mc, a the Dirac operator, and r the electron’s coor- 
dinate in units of #/mc. u is the free-particle spinor. 
F, is the solution of 


wave function, 


yi=e 1— (2.1) 


(V?+ 2ip-V—2eV )F=0, (2.2) 
normalized so that F(r) > 1 as r— ». The subscript 
+ (—) refers to wave functions with the asymptotic 
form of a plane wave plus outgoing (ingoing) spherical 
waves. For an unscreened Coulomb potential V = —a/r, 
a=Ze/hc, the solution F was given by Sommerfeld and 
Maue,'® and for an arbitrarily screened potential by 
Olsen, Maximon, and Wergeland.'® 


18 The present method differs from that which is usually applied 
in polarization calculations. See, e.g., F. W. Lipps and H. A. 
Tolhoek, Physica 20, 85, 395 (1954); H. A. Tolhoek, Revs. 
Modern Phys. 28, 277 (1956). 

14H. A. Bethe and L. C. Maximon, Phys. Rev. 93, 768 (1954); 
in the following referred to as BM. 

16 A. Sommerfeld and A. W. Maue, Ann. Physik 22, 629 (1935). 

16 Olsen, Maximon, and Wergeland, Phys. Rev. 106, 27 (1957); 
in the following referred to as OMW. 


MAXIMON 


The free-particle spinor u satisfies 


(a-p+fS—e)u=0. (2.3) 


We want to write # in such a way that the two-com- 
ponent Pauli spinor v appears explicitly. To this end, 


we use the representation 


0) 
o 


where @ is the Pauli spin matrix vector and @ the cor- 
responding Dirac matrix vector’ in “charge space.” 
v and w are two-component spinors (the “large” and 
‘small’? components, respectively), and NV a_nor- 
malization factor. Introducing these expressions into 
the four-component wave equation (2.3), this equation 
splits into two two-component equations: 
o-pwt+(1—e)v=0, o- prv—(1+e)w=0. 


The desired solution is thus 


v 1 
=N )s 
oie vos o-p/(e+1) 


(2.6) 
N=[(e+1)/2e]}, 


where v has been assumed to be normalized. For appli- 
cations it should be noted that the separation of the 
spin space from the charge space is complete in the 
sense that in (2.6) the matrices pz operate only on the 
charge space part of u, viz., 


1 
ao: p/(e+1) 


v is clearly the Pauli spin state referred to the system 
in which the electron is at rest. Let s/s= (s=}4) be 
the spin direction in this system. Then 

€-ov=2. (2.7) 


The well-known explicit solution of this equation is 


( I+; ) 
(2tey Pe tic, 7 


or in terms of the angles x, ¢;, where 


(2.8) 


€= {sinx cos¢,, sinx sing,, cosx}, 


e~ teal? alas 
e's!2 sin(y/2) 

7P. A. M. Dirac, The Principles of Quantum Mechanics 
(Clarendon Press, Oxford, 1947), third edition, pp. 255, 256. 


we can write 


(2.9) 
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We shall not, however, need these explicit forms. In 
fact, only (2.10) and (2.11) below are needed for the 
following calculation. 
Multiplying the equation adjoint to (2.7) by v from 
the left, we have 
v' ({-0—1)=0. 


For normalized v the solution is clearly 


v'=3(1+2-a). (2.10) 
vv' is the projection operator for the spin state v. We 
shall also need the well-known diagonal matrix elements 


(v,0v) = ¢. (2.11) 
This also follows from (2.7) by multiplication from the 
left by vf and noting that @ is the only vector in the 
rest system. 

The high-energy wave function which we shall use 
for an electron may thus be written (since in this limit 
N=1/v2) 


1 la:V 1 
Vel, 4=- ee(1- : )( 
v2 2e oa: p/(e+1) 


In the matrix element for pair production there appears 
the charge conjugate of the positron wave function 
having the asymptotic form of a plane wave plus ingoing 


spherical waves, viz., CYpos,—*(€,p,0), where C= iBay. 
CYpos,—* can also be considered as the wave function (not 
conjugate) of a negatively charged electron with energy 


—e, momentum —p, —), spin —€ with the same 
asymptotic form of a plane wave plus ingoing spherical 
waves: 


CW pos, —*(€,9,P,f) =Ve,-(—€, —P, —P, —%). (2.13) 


The spinor factor in the wave function Cy,.s,—* is there- 


fore, from (2.6) and (2.7), 
e—1\3 
v=( ) 
2e 


1 
u=V( . )u-9, 
o-p/(e—1) 


where 2(—@) is a normalized solution of 
C-o (2b) 


Alternatively to (2.13), the spatial part of the positron 
wave function may be obtained directly from that of 
an electron by reversing the sign of the Coulomb inter- 
action, so that we may also write 


1 ia: V 1 
CW ys, *(6,p,0) =— ne(ut )( / ) 


X0(—-OF_*(—Z), (2.16) 


F_*(€,p,p, —Z)=F (=). p; =i) Z). 


BLE CT 
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3. MATRIX ELEMENTS FOR BREMSSTRAHLUNG 


We calculate the amplitude A- e* for bremsstrahlung!® 
for specified spins of the initial and final electrons using 
the representation (2.12) of the wave function, in which 
the two-component spinor v is separated out. e is a 
vector with complex components @; and a in the « and 
y directions, respectively : 


e=a 1e@,+ Q2€,, 


and is normalized so that 


By choosing a; and a2 appropriately, one obtains the 
amplitude for any desired polarization. Thus the am- 
plitude for radiation plane polarized in the x direction 
is found by choosing a;= 1 and a.=0; in the y direction 
by choosing @;=0, a2=1. The amplitude for circularly 
polarized radiation is obtained by setting a;=1/v2 and 
d= +i/V2, the upper and lower sign referring to right 
and left circular polarization, respectively. (We use 
the same convention as in Blatt and Weisskopf.!’) 
The amplitude” is given by 

A-e*= (Wo,_, a-e*e “* Y, ,) (3.3) 
with ¥;,, and Wo_ as given in (2.12). Neglecting terms 
of relative order 1/e, we have 
(3.4) 


A-e*= (us, {a-e*],+a-e*a: 1,4 ea: Ia: e*};), 


where J, I., I;, defined before,”! are given by 


I, = fe *e 4 tPF ,d*r, 


; 
I,=— fir: _*ea-ty i, .d3r, (Brems.) (3.5) 
2e€) 


; 
fovr *)e ath, dp. 
2€2 


These integrals have been evaluated for an unscreened 
Coulomb potential (BM), and also for the case of 
arbitrary screening (OMW).!® 

For the following calculation it will be useful to 
note that the three integrals (3.5) are related. By a 


SW. Heitler, The Quantum Theory of Radiation (Oxford Uni 
versity Press, New York, 1954), third edition, p. 143. It should 
be noted that in Eq. (21b) of this reference @-e* should appear in 
place of @-e, as is apparent from Eq. (19). 

19 J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley & Sons, Inc., New York, 1952); note p. 807, Eq. 
(5.1). 

” Reference 18. In order to simplify the following equations, 
numerical factors are omitted in this definition of the amplitude. 
These are finally included in the expression for the matrix element 
for bremsstrahlung, Eq. (4.1) in the present paper. 

*1 Reference 16, Eq. (4.2). 
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partial integration on I;, one finds 


i 
I,=—- - fF 0c 'F +)d*r 


2€s 


q 
*e8-"YF, .d*7-+-— *e'a Fi d®r, 


€2 


Therefore, comparing with the definitions (3.5), we have 


€1 q 
a ee (3.6) 


€5 2€s 


The amplitude A-e* may thus be expressed in terms of 
only two of the integrals (3.5). Noting that at high 
energies only the components of I, and I; perpendicular 
to k contribute to the matrix element [see Eqs. (3.4), 
(3.13)-(3.15) ], it will prove convenient to introduce 
the vector J given by 
1 
J moh, 


2e1€2 


(Brems.) (3.7) 


u 1 v 1 
J,=- 1,4+—I1.,.=— I,+—Is,. 


2e1€2 €9 2e1€2 €) 


The latter equality results because of (3.6), noting 


that q,=u—v. u and v are the components of p; and 
Pp: perpendicular to k, respectively. Using Eqs. (4.2) 
and (7b.10) of OMW, the vector J is given by 


= B{ut&— vn t+k(t—n)}, (Brems.) (3.8) 
with 
&=(14+ 2)", n=(14+2°)", 
u=pii, v= pbde, 
B=(4na/k@)A, k=k/k, 
where A is given for arbitrary screening by Eq. (7b.10) 
of OMW. For the special case of no screening, one has 
LEq. (7b.11) of OMW and Eq. (8.20) of BM], 
| B|?= (4ra/kg?)?R(y), 
R(y)=(V?2(x) +e PW?(x) 1/V? 
y=1—x=8/(in@), baal = 


V and W are the hypergeometric functions 
V (x) 
W (x)= 


=F (ia, —ia;1;x), 
F(1+ia, 1—ia; 2; x), (3.9a) 
(1)=F (ta, —ia; 1; 1)=|P'(1+7a)|~*=sinhra/za. 


We now turn to the amplitude A-e* given in (3.4). 
Written in terms of the spin amplitudes 1 and 2, the 


L. C. MAXIMON 
first term becomes 


(uo, w-e*u,)I, 


1 
(SC vietn))* 
2 éeo+1 O° pi/ ‘(ex+1) 


1 
=-(», {« e* fou is 
2 


Separating the components of p; and pz in the direction 
of k and perpendicular to k, we have 


opi ope 
——_-+—-e 
a+1 e241 


* 

é.+1 

eile oa. =) (3.10) 
eo+1 


ex +1 
Neglecting terms of relative order 1/¢, we may therefore 
write 


(us, a-etm)hi= (, 


opi 
ee 


o- Po 
e ae 
e+1 


-o-e*=o-e 


4. 2 
e+ 


g-e 
{~(e-u—o)h 
2€1 


a-e* 
o-v—0,)1;— Hs). (3.11) 
Eo 


We shall use this form later in Eq. (3.15) for the am- 
plitude. 
The second term in A-e* 


(uo, a-e*a- To1;) 


el ue Te, 


1 
: 


1 


O° Po opi 
: {o-e%o- Ie —§dg-e*o- ],— :.). (3.12) 
etl e+1 


o°p2 Opi ; 
=——=¢,+0(1/e). 
e+1 atl 


Therefore the part of the last term in (3.12) containing 
o,l2, exactly cancels the part from the first term con- 
taining ¢,J2,, while the part containing o,-I., adds to 
the first term, giving 20-e*o-I.,. The amplitude A-e* 
thus depends only on the perpendicular components 
I;, and I.;: 

(to, a: e*a: Tou) — (vo, o:e*a: | iP (3.13) 
and in exactly the same way we find 


(us, a: T3a-e*u1) = (v2, o- I4,0- e*2)). (3.14) 
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For the amplitude we may then write, recalling (3.7), 


o:u 0; 
—I,+e:I,,—- 1] 
2) 261 


ov Cz 


2€2 a€2 


= (v2, {e.0-e*o-J+e0-Jo-e*}0;). 


The matrix element thus depends on the integrals (3.5) 
only through the vector J of Eq. (3.7). Using the rule 

ao: Jo-e*=J-e*+io-JXe*, (3.16) 
we have the simple expression for the amplitude, for 
arbitrarily polarized bremsstrahlung, 


A-e*= (v2, { (ertes)J-e*+ikoX J-e*}01). 
(Brems.) (3.17) 


The corresponding expression for pair production is 
obtained from (3.15) and (3.17) by making the sub- 
stitutions €, k, e* + —e,, —k, e and by replacing the 
bremsstrahlung expressions J, and J, by those for 
pair production. This substitution is justified by the 
discussion at the beginning of Sec. 5, where it is noted 
that the outgoing or ingoing nature of the wavefunction 
is contained only in F [Eq. (2.1) ], and not in the free- 
particle spinor “, with which the substitution 6: — «1 
is concerned. For pair production, the J, and J, 
analogous to (3.7) are 


J,=- 


2€)€2 


I), 
(P.P.) 
u 1 y 1 
f+ I..=- I,— -I5,, 


e162 €2 


(3.18) 


= 


where now the integrals (3.5) are replaced by 


n= [P: *eia-th d*r, 


i 
I,= [Pa teewr dr, PP) 3.19) 
1 


‘ 
= five: *\eth, d®r, 


2e€s 


For pair production, for large values of the momentum 
transfer g, screening is unimportant and J is given by 
BM Eq. (6.23) or OMW Eq. 6b.5) and the equations 
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following OMW Eq. (6b.5) : 


47a F 
*RV(1) 


—(ué+ vn) V (x)+iagn(ug— vn) W (x) | : 
¢? 


(P.P.) 
1 
—(§—n) V (x) +-iak&n(§+n—1)W (x) . 


(3.20) 


In (3.20) the quantities u, v, &, and » are the same as 
in (3.8a). However, x and y are given by 


y=1—x= ing’, (P.P.) (3.20a) 


rather than as in (3.9). V and W in (3.20) are the 
functions defined in (3.9a), but have as argument x as 
defined in (3.20a). For small g, where the screening is 
effective, the Coulomb correction is negligible. Thus in 
this case J is given by the Born-approximation value 
including screening, viz., from OMW Eggs. (7a.5) 
(7a.10) and 
(7b.11), 


the equations immediately following 


4ra P — {1-F(q)} 
; { (wé+ vn) + k(E—n)} ———_-, 


@? 
(P.P:) 


Jpomn= 
(3.21) 


F(q) being the atom form factor.” 
It may be noted that with 


W=e'P fF, 


we may write J, and J, in the form 


1 
jJ,= - fir ik -1q3y 
2€1€2 
1 ‘ 
. foe ik -rq3y 
2e1€2 
1 


j=—(:*VVi-ViV¥,*), p=v"h, 
2i 


J,=- 
with 
(3.25) 
as may be verified by comparison with (3.7) after per- 
forming a partial integration. Now in the nonrelativistic 


limit (in which k-—>0), the amplitude (3.17) [apart 
from the trivial spin factor (v2,21) | approaches 


Net cet= fivete 


[That A-e* as given in (3.17) approaches the nonrela- 
* 


eet ephy: (3.26) 


tivistic amplitude 2J,-e* is of course accidental, since 


*% Reference 16, equation preceding (7b.12). 
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in the derivation of (3.17) we have made the high- 
energy approximation throughout. It may be noted, 
however, that this same limit is obtained for A-e* as 
defined in (3.4), using (3.6) and observing that in (2.6), 
in the low-energy limit, .\V=1.] Thus, since ¥ is, in the 
nonrelativistic limit, the exact solution to the Schré- 
dinger equation, the amplitude given in (3.17) for 
relativistically high-energy bremsstrahlung is 
correct in the nonrelativistic limit. The spin-dependent 
term in (3.17) is, apart from the energy factors, that 
which would be expected from a radiating magnetic 
dipole of moment @ with J= /je~‘*-'d’r. However, 
since [pe ‘*'d'r= f j.e~'*-*d’r, the vector J occurring 
in (3.7) and (3.17) has the opposite sign on its 2 com- 
ponent to that which would make such an explanation 
of this term plausible. 


also 


4. DIFFERENTIAL CROSS SECTION 


In terms of the amplitude A-e* given in (3.3), the 


matrix element H,,.’ for bremsstrahlung is!*”° 


Hy! = —ehc(2r/k)}(h/mc)*A-e*. 


The transition probability per unit time is 
w= (2r/h)p,| Hy.’ |*, 
in which the density of final states py is 


py = (mc?) (2rhc) 8RdkdQ preod Qs. (4.3) 
The differential cross section, do, is equal to the 
transition probability normalized to unit current of the 
incident particle. We therefore divide w by the velocity 
of the incident electron, CPi €1, obtain (after 
making the high-energy approximation e=p) the dif- 
ferential cross section for polarized bremsstrahlung: 


and 


1 eh ee 
A-e* |*k*dkdQ,dQs, (Brems.) (4.4) 
(2a)4 mc? mc k 


do 


? 


where A-e* is given by (3.3) 
ingly, for pair production 


and (3.17). Correspond- 


1 P h €5" 
A -¢ *by"d pdQ\dQs, 


(2x)4 mc? mc k 


da (P.P.) 45) 


where A-e is obtained from the bremsstrahlung am- 
plitude in the manner discussed following (3.17). 

The evaluation of the absolute square of the ampli- 
tude is greatly simplified by applying (2.10), thereby 
eliminating two of the spinors, 272., 


(v,M0,) |?= (91, M tro) (v0,M 2) 


=3(m, Mt(1+-%-0)M2), (4.6) 


where M = (e:+)J-e*+ikoXJ-e*, and @ is the unit 
the We 


spin vector of final electron. then write 
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Mi(1+@-@)M as a linear function of # by repeated 
use of 


o:-Ao-B=A-B+io-AXB, (4.7) 


and finally use (2.11) to obtain |A-e*|? directly in 
terms of the unit spin vectors for the initial and final 
states, € and @». (This procedure is clearly to be pre- 
ferred to that which would perhaps appear more 
straightforward, namely multiplying out the matrix 
element (v2,M2;) explicitly using (2.8) and then taking 
the absolute square.) In this way one finds for brems- 
strahlung 


A-e*|2=38?| J |2+-2e16(14+01-%) |J-e*|’ 
+ 4k? Re{ {J \?&1-G2—25-% 
+he. Re{[|J|\°%,-e—2J:- 

— ke, Re{[|J|%2-e—2J- 

+3k| J 2( eS: t+ 2%): (ie Xe*) 
+3k Re{ J ? (ei +102): (7eXe*) 
—2J- (€2%:+6%2)J*- (ieXe*)} 
+3kLR(1+ 01-2) (ie X e*) 

+ (ert) (U1 G) X (ie X e*) 

+ (ert €2) (Ci +2) 

— 2Re{e* (efi: + e%,)-e} ]- IxJ*). 


(Brems.) (4.8) 


For bremsstrahlung it is found, both in the case of no 
screening [BM Eq. (8.15) and ff.] and for arbitrary 
screening [OMW Eqs. (7b.5)-(7b.10)], that the 
integrals (3.5) are given by their Born-approximation 
values times a common factor. Thus, in the case of 
bremsstrahlung, J is real apart from a trivial phase 
factor, and (4.8) simplifies to 


A-e* 2 SRI? + Qee0(1 +01: &) 'J-e 
+R LP S2— 25 - GI +h] 
+ ke. Re{[J*{-e—2J-eJ-%; ]f.-e*} 


-e—2J-eJ-& JU -e*} 


—ke, Re{[J°%. 
+3RI?( 6101+ €2€2) - (ie Xe*) 


+ 3k J?( eli +6102) F (eX e*) 


_ 2J- (€2€) +€,%)J- (ieXe*) |. 
(Brems.) (4.9) 


For pair production the square of the amplitude is found 
(4.8) by 


from making the substitutions «1.— —«1, 
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@— —%& and e*—e: 
|A-e|2=282| J |?—2eeo(1— 1%) |J-e* |? 
— 3k Ref |J|°U1-G—2)-GI*-G) 
+key Re{[| J |?f1-e*—2J-e*J*-% J&-e} 
+key, Re{L| J |?%-e*—2J-e*J*-% JU-e} 
+3h| J |? (ei: + €2%2) - (ieXe*) 
— tk Re{ | J |?(e2%i +182): (ieXe*) 
— 23+ (eo€: +1%2)J*- (ieXe*)} 
—dkR(A—%-) (iexXe*) 
— (€1:— €2) (U1 X C2) X (ieXe*) 
+ (€1— €2) (Ui— 2) 
— 2Re{e* (efit e2t2)-e} ]- (iI XI"). 
(P,P) (4:10) 


It should be noted that the cross section is symmetric 
with respect to the positron and electron, as it should be. 

Equations (4.9) and (4.10) give the cross sections for 
bremsstrahlung and pair production for specified mo- 
menta of incoming and outgoing particles and for 
assigned directions of the initial and final spins and 
polarization. In the next section the cross section is 
integrated over the direction of motion of the final 
particle, giving the correlations between (1, @, e, k 
and p;. The spins and polarization are then successively 
averaged over, giving the various correlation functions. 


5. CROSS SECTIONS INTEGRATED OVER 
DIRECTION OF MOTION OF THE 
FINAL PARTICLE 


We shall integrate the bremsstrahlung and_pair- 
production cross sections for an arbitrarily screened 
Coulomb potential over the direction of motion of the 
final particle, but without summing over spins. Now it 
has been shown” that if we sum over the spin of the 
final particle as well as integrate over its direction of 
motion, then the pair-production cross section may be 
inferred from that for bremsstrahlung by changing the 
sign of €, and making the appropriate change in the 
final-state density factor. However, since we are using 
Sommerfeld-Maue type functions (2.1), this 
inference may be made even if we do not sum over the 
the spin of the final particle. This may be seen by 
noting that the difference between pair production and 
bremsstrahlung (apart from changes of sign in energy 
and momentum) results essentially from the choice of 
final-state wave function (i.e., whether it is of ingoing 
or outgoing type), which choice affects only F in (2.1). 
Moreover, F satisfies the spin-independent equation 
(2.2) and thus forms a complete set of states with the 


wave 


*3 Haakon Olsen, Phys. Rev. 99, 1335 (1955). 
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same energy but different propagation directions for 
either the outgoing or the ingoing type solution. There- 
for, even if we do not sum over the spin but only 
integrate over the direction of motion of the final 
particle, the choice of final-state wave function is 
immaterial, i.e., the pair-production cross section may 
be inferred from that for bremsstrahlung. 

Consider, then, pair production. As previously shown, 
the Coulomb and screening corrections occur for dif- 
ferent values of the momentum transfer g, viz., for large 
qg one has only Coulomb correction, for small g only 
screening correction. Thus to include the effect of 
screening we add to the exact unscreened 
section the integrated Born-approximation screening 
correction, which is, apart from factors, 


cross 


fi A-e Born, screened — A-e Born, unscreened} dQzo. (5.1) 


It should be noted that in this formulation the screening 
appears as a correction to the exact cross section for a 
pure Coulomb potential. Having used this property of 
the pair-production cross section to see that we need 
only (1) the exact integrated cross section without 
screening, and (2) the Born approximation screening 
correction, we now use the fact that these two parts of 
the pair-production cross section may be inferred from 
the corresponding bremsstrahlung cross section. This is 
the procedure we follow since the latter is in fact easier 
to evaluate. 

The integrated cross section is calculated from (4.9) 
and (3.8), from which it may be seen that all the 
integrals required are of the form 


fay J-VidQe, (5,2) 


with V, and V, arbitrary vectors, not depending on 62 
or ¢». In the next section we show that the relevant 
integrals are given by 


fsean=x+ rus, 
freee: 


=X+YVu,?, 
A+Y(1=—1/ 28)", 
VUzty, 
Yu,(1—1/2¢€), 


a= Yu,(1—1/28), 
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where, from (6.22), 
X= (4na/pok)*r?(1+T), 
VY = — (4na/ pok)*4r 81. 


(5.3a) 


The quantity IT is given by (6.23) for no screening, by 
(6.28) and (6.29) for arbitrary screening, and by (6.34) 
for complete screening. Thus in the integrated ex- 
pression (5.2) the terms with the factor Y will have the 
same form as the integrand, with the vector 


Y{u+ (1—1/2¢)k} 


replacing J, whereas the three terms having the factor 
X can be written as V,- V2. Thus we can write 


fav, J-V.d9,=YU-V, U-V2+XV;-V2, (5.4) 


where 
(5.5) 


J=ut+ (1—1/28)k. 


Noting the form of the terms in (4.9) it will be con- 
venient to observe in particular, from (5.4) and (5.3a), 
and noting that U?= (4%)", 


4rra 
[ ra. = ( 
pak 


fu, ? V.- 2J R V; J . V; |dQ, 
= (4na/pok)*xtLV1-Vet82TU-V, U-Ve)). 


(5.6a) 


(5.6b) 


The integrated cross section for bremsstrahlung may 
now be written down from (4.4) and (4.9) using (5.4) 
or (5.6a, b), and V, and V2 equal successively to 1, , 
e, etc. In this way we find 


da (pi,t1,€2,k,e) 


ese \rdkditdyg, 
(sya 
hc\mce?7 k e? Qn 
— 8e,e08°T u-e 2(1+%1-) 
+3 €?+ eo? + 2eyeo(1+27) Ui: % 
+4F2T?,-U%.-U—k? Re{{-e%-e*} 


¥(e€°+ €”)(3+2r)— €)€2 


+3k(34+ 21) (0+ €2€2) - (ieXe*) 

+4h( et: +0) -[(iexe*) +8ETU(U- (ieXe*)) | 

—8k?T Re{u-e*Le%- Uli-e 
~et:-U%-e]}}.  (Brems.) (5.7) 


Equation (5.7) is the basis for our further discussion. 


6. THE INTEGRALS 


For the evaluation of the integrals (5.3) we choose 
coordinates x, y, z with the z axis in the direction of k, 
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and x and y such that 
{uz,Uy} ={u cos¢i, u sings}, 
{v,0y} = {0 CoS¢e, v sings}, (6.1) 


so that the integrands in (5.3) may be written in terms 
of g; and ¢» from (3.8). We note first that B in (3.8) 
depends on g2 only through ¢,°=«#+1°—2uv cos¢, 
where g= ¢1— ¢. Thus it follows that 


f B? sin( vi ¢2)d go 


0 


9 


-f B sin2( vi ¢2)d go=0. (6.2) 


0 


Therefore we express the integrands in (5.3) in terms 
of g; and ¢, and, using (6.2), find indeed, directly from 
(3.8), that f/J2dQ, f-J,7PdQ, and {JJ dQ» are of the 
form given in (5.3), with 


X= f Bvn? sin? gdQ, 


r 9 9 sted vn? 
Y= 7 Bt 1—2— cosy+— cos2¢ }dQz. 
uk ure? 


Furthermore, also from (6.2) and (3.8), 


f J 2dQ)= f B?(£—n)°dQs, 
vn 
ftotatt.—n f 5@-2)(1- cose Jd (6.4) 
ug 
om 
ftotdo.—u8 f Bem (1- cose Jd 
us 


a. No Screening 


(6.3) 


Before proceeding further with the evaluation of the 
four integrals occurring in (6.3) and (6.4), we note that 
to include the effect of screening we have to add the 
Born-approximation screening correction (5.1) to the 
exact cross section, as discussed at the beginning of 
Sec. 5. We thus first calculate the integrals (6.3), (6.4) 
for a pure Coulomb potential, in which case [BM Eq. 
(8.30) and OMW Eq. (7b.11) J 

B?= (4ra/kq’)?R(y), (6.5) 
where 
1—x=y=0/in?’, 
R(y)=(V?2(«4)+eyW?(x) 1/V?(1), 
the variables appropriate to the integration being &, 
n, and y. With these new variables, we have 


(6.6) 


1 & dydn 


2 pan? y* [—(E—n)?+2\(E+n—2én)— V2} 
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where we have used the abbreviation 
A=HL(1—y)/y]. 
Thus from (6.6) and (6.7), 


(6.8) 


[—(&=n)*4+-2n(E+n— 269) — 1°} 
It should be noted that we may write, neglecting terms 
of relative order 1/e, 

qu= (®/én)L(1—y)/y], 
which may be seen as follows: If g=O(1) then 
y=0(8)<1, so that g.° ~8/ty=4¢?’, as it should since 
gi>q:. For g=O(1/e) we have q.°= (62/ény) — (6/én) 
= q’—&/&, which is also correct since for g=O(1/e), 
neglecting terms of relative order 1/¢, g2=6/én. 

In (6.3) and (6.4) we shall need cosg and cos2¢ in 

terms of £, 7, y, and to this end note that 


2uvén cosg= E+n—2in—A. 


Substituting (6.9) and (6.11) in (6.3) and (6.4), we 
perform the 7 integrals first. These are 


(6.9) 


(6.10) 


(6.11) 


dn 


J [= (e-n)+20(E+9—2e) 


f 


[—(g—n)*+2(-+n—2én) 0} 


=alE+(1—28)d], 
The limits in each integral are given by the zeros of the 
square root in the denominator of the integrand. From 
(6.9), (6.11), and (6.12) the 7 integrals in (6.3) and 
(6.4) are then 


(6.12) 


n’dn 


[—(€—n)?-+2d(E-+n—2én)—r* 
=m{2&(1—A(1—A) + [E+ (1-2) #}. 


2. @ 2 @ 
vn? sin? gdn 


J [—(E—n)+2NE+n—2én) VP 2 
dn 


x 
[—(—m)?+2d(E+n—2&n) —d?]}! 
—2mrd(1—3n), 


T 


A(1—A), 


a) 
1—2— 


ug 


vy? 
cosy+ cos2¢ 
6 » 


ue 


dn 
fin . | 
[— (€—n)?+2d(E+n—2én) —d?}! 
=mh[2E(1—£)+A(1—6€+ 6") J, 
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0] 
J (1-2 ese) em 
uk 


dn 
es 2 wf i I 
[—(€—n)?+2d(E+n— 2éy) —d?]}! 
=m(1—2£)A(1—3A), 


from which it follows that f-J7dQ, f-J,J dQ, and 
S JyJ dQ. are also of the form given in (5.3) with X 
and ¥ as given in (6.3). To evaluate X and Y we note, 
from (6.9) and (6.13), that the y integrals which occur 


are 
PrRrordy, 
frrovay 


The limits on the y integral are determined by 0’—4ac 
=( when the square root in the denominator of the 7 
integrand is written as (an’+bn+c)!, i.e., by A(1—A) =0. 
Thus the upper limit on y is given by A=0, y=1 and 
the lower limit by A=1, or, neglecting terms of relative 
order 1/é, y=&. Moreover, it should be noted that 
since the entire range of y is covered by letting ¢ go 
from 0 to 7, we must double the y integral in order to 
obtain the integral over the entire space Qe. 

Thus with \ as given in (6.8) and R(y) as given in 
(6.6), the integrand in (6.14a) is, apart from a factor 6, 


x 1 Vy? 
—R(y)=— (. - torr) — (v4 0409] 
1-—x V2(1)LN\1—x 


Now from the differential equation for V, viz.,”* 


df dV 
(1—x) (« )-0v, 
dx\ dx 


dV/dx=@W, 


(6.14a) 


and 


(6.14b) 


and from 


it follows that 


d y2 
(xVW)= 


+axW?, 
dx t 


1-—x 


and 
d 
—[aV2—22(1—x)@W? ]=V2+a?x?W?, (6.18) 


dx 


*%4 Davies, Bethe, and Maximon, Phys. Rev. 93, 788 (1954); in 
the following referred to as DBM. Note DBM, Eqs. (30)-(32), 
and reference 14, Eqs. (8.12)—(8.14). 
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from which 


R(y)dx 


[xVW—aV2+2(1-—x) CW? ] 
V7(1) 


= —]né*—1—2 f(Z)+O0(6" Ind), 
where we have used, from DBM Eq. (34), 
W(1—y)=—V(1)[Iny+2/(Z) ]+-O(y Iny) 


for yK1, (6.20) 


a 1 
{(Z) a> 


_™ 


n=1 n(n*+-a*) 


In (6.14b) the contribution to the integral coming from 
y=O(1) will, because of the extra factor & in A, be of 
O(6) relative to the entire integral. Hence the only 
nonnegligible contribution to (6.14b) comes from 
y=O(®), in which case we can write R(y)=1, \=8/y, 
and 


1 
f \R(y)dy=6?+O0(6' Ind). (6.21) 


Thus, substituting (6.9) in (6.3), using the 7 integra- 
tions (6.13) and the y integrations (6.19) and (6.21) 
[which must be doubled according to the remark fol- 
lowing (6.14b) ], we have 


Y = (41a pok)?r® | 1+T), 
VY =—(4ra pok)*4rE'7, 
where 


In(1/6)—2—f(Z). 


b. Screening 


As we have noted, the effect of screening is included 
by adding to the exact unscreened cross section the 
Born-approximation screening correction, (5.1). As in 
the case of the exact cross section, the Born-approxi- 
mation differential cross section is given by (4.9), with 
J as given in (3.8). However, the factor B in (3.8) is, 
in the Born approximation including screening, given by 


dra [1—F(q) | 
(6.24) 
k q 


rather than by (6.5). F(q) is the atom form factor.” 
Since F(qg) is only given numerically, the variables 
appropriate to the integration are now &, n, and g rather 
than £, , and y. However, we are here concerned only 
with the screening correction, which is significant for 
y<Z'/137<1. This permits us to use the variables &, 
n, y of the unscreened case since |&—-n| <q and hence 


MAXIMON 


for these small g we may replace by & in the argument 
qg=6/(&y)! of F(q), which then becomes F(6/é/y), 
independent of n. The integrals are then as before and 
are given in (6.13). Therefore, since it follows that 
merely after integrating over 7 (but not over y) the 
integrals shown in (5.3) have the form given there, the 
Born-approximation screening correction to these in- 
tegrals, with 


{(1—F(6/Ev/y) ?—1}dndy 


1 /4ra \? 
B'dQ,= ( ) 2 
2\ pbk [—(E—n)?+2A(E+n—2Em)—V7]}! 
(6.25) 


will also be of the form (5.3) with Y and Y given by 
(6.3) and B’dQ, as in (6.25). In (6.3) the integral over 
n is given in (6.13), but these expressions are, in the 
present region g1, much simpler since \ <6?/y S$ @<1, 
and hence we need only retain the terms of first order 
in A. The y integral occurring in both X and Y is, 
therefore, 


f ((1—F(6/Ev/y) P—1)ady. 


As in (6.14a, b), the upper limit, which corresponds to 
small g, is y=1. The lower limit may be taken to be 
y=6 rather than y=0?/qe? (Tse qoK1, where fee is 
the screening radius), since for y<6*/go? the integrand 
is zero. Changing now to the variable g=6/e/y, we 
have 


l 
: {(1—F(8/Ey/y) P—1} Addy 
§2 


x (g?—62/£") 
20 f {{1-—F(q) ?-1} dq. 
5/t q® 


(6.26) 


The upper limit in the g integral in (6.26) is taken to be 
infinite but may be chosen to be any value of ¢ 2 qo. 
The X and Y to be substituted in (5.3) to obtain the 
Born-approximation screening correction to the inte- 
grals in (5.3) are therefore, from (6.3), (6.13), (6.25), 
and (6.26), 

X sc. corr= (41ra/ pok)*r#5 (6/€), 

V sc, corr= — (41a/ pok)*4r#'5 (6/) (6.27) 
where 

x (?—-& '£°) 
5(6/é) f {{1—F(q) ?—-1} ; dg. (6.28) 
8/3 y 

Therefore the Y and Y for arbitrary screening are again 
given by (6.22), but where now 


lr =In(1/6)—2— f(Z)+5(6/é). (6.29) 


This, then, is the general expression for T to be used 
in (5.7). T is always positive for the high energies 
considered here. 

We have calculated ¥(6/£) for the Thomas-Fermi 
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TABLE I. $(6/£) for the Thomas-Fermi model of screening as used by Moliére. 


Z'6¢/1216 —F (6/£) 0.5 1.0 2.0 
0.0144 0.0492 0.1400 


40.0 
2.001 


25.0 
1.564 


30.0 
1.731 


Z36§/1216—F (5/é) 


model as used by Moliére, viz.,”* 


1—F(q) 3 
=> —_,, (6.30) 
q° i=1 BP +g? 
with 
a, =0.10, 


B= (23/121)d;; 


a3;=0.35, 


b;=0.30. 


ae= 0.55 


6,=6.0, 


, 


bo= 1.20, 


The result is rather simple: 


3 
$(6/E)=—4 ¥ a? In(1+B;,) 
i=l 


$ 3 1+b; 
+> aa in +B)+3| (6.31) 


s=!j=1 
13 


eed 


We use the abbreviation 


B ;= (B;€/6)?. (6.32) 
In the special case of complete screening, 8 ;¢/6>>1, we 
get, from (6.31), 


5 (6/E)=In(111Z-38/£), (6.33) 


giving 


P=In(111Z-'/&)—2—f(Z). (Compl. Sc.) (6.34) 


For the Thomas-Fermi model of screening as used by 
Moliére, (6.30), %(6/&) is given in Table I. 


7. THE POLARIZATION OF BREMSSTRAHLUNG 


From (5.7) we may write down the polarization of 
the emitted radiation and the depolarization of the 
electron. In Secs. 7 and 8 we consider the polarization 
of the radiation, leaving the depolarization to Sec. 9. 

To avoid complicated expressions we shall consider 
only correlations between the sets of variables 
(pi,@1,k,e) and (pi,01,02,e). The first set gives the angular 
dependence of the polarization of the emitted radiation 
and is discussed in this section. The latter contains the 
correlation between the three polarization variables &, 
@, and e; this cross section, discussed in Sec. 8, is 
considered only after the angular dependence of the 


radiation has been integrated out. When the final 


25 G. Moliére, Z. Naturforsch. 2a, 133 (1947). 


4.0 8.0 
0.3312 


50.0 
2.216 


15.0 
1.127 


20.0 

0.6758 1.367 

100.0 
2.897 


70.0 
2.545 


80.0 
2.676 


90.0 
2.793 


60.0 
2.393 


electron is not observed, the cross section is 


da( Pi,€1,k,e) 


9 9 


ese \rdkdt dg, 
me ( ) { (€?+ 2”) (3-+2P) 
mc 


he ke? le 
— Qeyen(1 +4721) — 8eeou?#T' (2| 4-e|?—1) 
+[(e2— 2?) (3+21) —2heo(1+4721) Jt, -k 
X (ieX e*) -k—4keot(1—2£) 


XPG-u(ieXe*)-k}. (7.1) 
This result was given in a previous note.” The radiation 
is seen to be elliptically polarized, the major axis of the 
ellipse being perpendicular to the plane of emission, 
since the coefficient of (2/#-e|?—1) is always negative. 
The linear polarization of the radiation is independent 
of the polarization of the initial electron when the final 
electron spin is not observed. The cross section summed 
over polarization directions, i.e., the angular distribu- 
tion of the radiation, is 


eye yi dkde 
da(p;,k) = 22? ( ) 


he \ me Rk ¢; 
X { (e+ ee”) (3+27P)—2ee(1+4eET)}. (7.2) 
As the distribution is independent of ¢:, we have 
integrated over this variable. 
The linear polarization is given by 


do,—do, 
F , 
do, t da 


where do, and do;, are the cross sections for brems- 
strahlung polarized perpendicular and parallel to the 
emission plane, respectively. 


See ET 

P(pi,K,@hinear) ; 
(€?>+ €2”) (3-+27) — 2e;e.(1+4072T) 

ee) 


This expression is an extension of the results of May 
and Gluckstern ef al.’ in that it takes into account the 
screening exactly and includes the Coulomb correction. 
The radiation is linearly polarized perpendicular to the 
plane of emission. The maximum polarization for any 
element in the case of no screening occurs for &=4, or 


u=p,0,=1. Screening will increase this value of u 
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Fic. 1. Bremsstrahlung spectrum, do(pi,k)/dkdt, of 50-Mev 
electrons in lead at a photon emission angle 6,;=¢«, '!=10~ rad. 
o=Z*(e/hc) (e/me)?. Curve a and b as explained in Fig. 2 


slightly. The polarization is always maximum at the 
lower end of the spectrum, while it is smallest at the 
upper end. 

The circular polarization, P=do,—do,/do,+dai, 
where do, and do; are the cross sections for right and 
left circularly polarized bremsstrahlung!® respectively, 
behaves in exactly the opposite way, increasing with 
increasing k. In general, the circular polarization from 
longitudinally polarized electrons is considerably greater 
than from transversely polarized electrons. Note that 


because of the small angle between p,, ps, and k, 


U-k=%-p, when neglects terms of relative 
order 1/e. 
The circular polarization from completely longi- 


tudinally polarized electrons, @-fi= +1, is given by 


one 


P( Pid long»K,Ccire) 
Phaidon )(3+2P) —2e.(1+472T) 
a + es?) (3420) —2eye(1+4eer) 


(7.4) 














Fic. 2. Linear polarization of bremsstrahlung, P (pik, Clinear), 
perpendicular to the plane of emission, of 50-Mev electrons in 
lead at a photon emission angle 6;=¢€,'=10 rad. Curve a: 
Exact calculation involving Coulomb correction and screening. 
Curve 6: Born-approximation calculation with only screening 
taken into account. Curve c: Born-approximation calculation 
neglecting screening. 


C. MAXIMON 
It is remarkable that at the upper end of the spectrum, 
k~e,, the polarization of the radiation is complete 
for any element. 

The circular polarization of bremsstrahlung from 
completely transversely polarized electrons, €1-f:=0, is 


P( Pi,01 ccunnt lt Mlictnn) 
(1° u) therg g(1— 2é)I 


(e,? 24 62)(3-420 ) — Deven (1+-400 ep) 


(7.5) 


This contribution is zero for just those values for which 
(7.4) is maximum, viz., =} and k= e;. Only for values 
far from these is (7.5) comparable to (7.4). It should 
also be noted that P(pi,01 trans,K,@circ) » Eq. (7.5), 38 
maximum when @ is in the plane of emission, while it 
is zero when the photon is: emitted in a plane per- 
pendicular to @. 

In Figs. 1-3 we give curves for the cross section and 
the linear and cire ular pol: wizations for = 4 and €,= 100. 
In this case the circular polarization from transversely 
polarized electrons, P(pi,@1 trans,K,€cire), is zero. This 
quantity is exhibited in Fig. 4 for e,=100 for the case 
when it is close to its maximum value, namely for 
u=0.414. P( pili transK,€cire) is much smaller than 
P(p1,€1 tongsK,€cire). AS shown by the curves, the 
screening and Coulomb corrections are quite important 
for the spectrum and for the linear polarization. How- 
ever, these corrections do not have any significant 
influence on the circular polarization. 


8. THE POLARIZATION CORRELATION 


In Secs. 8 and 9 we consider the dependence of the 
cross section on the polarization variables €1, 2, and e. 
Since at the high energies considered here the momenta 
Pi, Pe, and K are all inside a very narrow cone of opening 
angle of order 1/¢, we may still give a meaning to the 
polarization of the photon and electron beams (Secs. 8 
and 9, respectively), determined from the cross section 
integrated over the direction of motion of the photon 
as well as that of the final electron. 


a. No Screening 


The cross section for final spin % and polarization of 
radiation e, when the initial electron has spin &, 
obtained by integrating (5.7) over the direction of 
motion of k (¢; and &), is particularly simple for the 
case of no screening : 


da( Pi,01,€2,e) 


9 


e e? \2 dk 
-1_( ) 3+2P){a?-+er— fees 
ek 


he\ me? 
+4 (er te2)?U1-Go— FR? Re{Gi-e G2: e*} 


+R (ert 4e2)0i + (eo+4e:)lo]-(ieXe*)}. (8.1) 





PHOTON AND 
Since 3+2I appears as a common factor, the various 
polarizations are in this case independent of I and 
therefore independent of the Coulomb correction f(Z). 
Thus the Born-approximation values for the polariza- 
tions of the beam are exact in the present case. The 
linear part of the polarization of the radiation is per- 
pendicular to the line dividing the angle between (1 
and f, into two equal parts. It should be noted that 
this linear polarization is proportional to k*; thus it is 
zero at the lower end of the spectrum. The linear 
polarization is 


P( P1,€1,€2,€tinear) 
R*\ ii) | Cea 


= . (8.2) 
(€:?+ 2) (3-+-512602) — 2ereo(1— 201 1° C21— F128 22) 


It is maximum when the spins are both completely 
transverse, ().=¢1.=0, and antiparallel, (1=—2. At 
this maximum, P is the same all over the spectrum: 
Pa 
P( pi, 1, €2,€tinear) = 3- 


The circular polarization of the photon beam is 


P( P1,01,€2,€cire) 


BRL (ert feeSiet (eat geré 22 | 


The elliptic photon polarization is given by 
P( P1,1,2,€e11) a Fae Cline alt Ccire) |}. (8.4) 


b. Arbitrary Screening 


When integrating (5.7) for arbitrary screening over 
g, and & we get, instead of (8.1), 











1 1 
0 1 . J “ d 7 
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8 kk, © 


Fic. 3. Circular polarization of bremsstrahlung of 50-Mev 
electrons in lead, polarized in the direction of motion, 
P(pi,@1 tongs K,€cire), at a photon emission angle 6;=«,'=10? 
rad. Curves a and ¢ as in Fig. 2. 
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POLARIZATION 





100 


Pa 











n 
+ hfe, 


Fic, 4. Linear polarization of bremsstrahlung, 
Ptin= P (pi,k,etinear), 


longitudinally 


circular polarization of bremsstrahlung from 
and from 


polarized electrons, Peire tong= P(p,€1 tong) K,€cire) , 
transversely polarized electrons, 


Prire trans > P(pi,Gi trans, M,@cire) / (C1 -t), 
of 50-Mev electrons in lead at a photon emission angle 
6; =0.41e, 1=(0.41 x 10-2 rad. 


Coulomb and screening effects are included. 


da (p1,1,€2,e) 

fe \? dk 

tp ( ) { (er? + €2”)Yi—Ferere 

hc\me] e;? 
+ (€:°+ €27) (Wi— Fa) fre 22 
+ eres (Wi Fo) Cia Cort ayot isle. | 
+ 3k Wo(lir-l2i— 2 Re{Gi-e Y-e*}) 
+ hpi (elit 62%.) - ieXe*) 


+h(Wi— 32) (elites): (ieXe*)}. (8.5) 


y, and y2 are given by”® 


1 
vno44f riedt, 


1 
vn o+24 f £(1—£)1'(E)dé. 


26 The integrals (8.6) for the case of arbitrary screening are 
most easily evaluated by substituting ['() as given by (6.29) 
and (6.28) [choosing the upper limit in (6.28) to be 1 rather than 
x2], omitting the region 0<<6 in (8.6) (the lower limit then 
being 5), changing to the variable «=6/£, and integrating succes 
sively by parts. One then obtains 


n=l (q—8)?(1—F'(q))?g *dg+1— (2) | 


w= f (q'— 68%g In (q/5) +36%g — 46°) (1— 1° (q))? 
Xq ‘dq+é -s(2)|. 





900 H. OLSEN AND 





~s 








1 st 4 1 1 
a ms) = Lj 4 J 





Bh ceil 
B kf, 10 


Fic. 5. Circular polarization of bremsstrahlung beam from 

longitudinally polarized electrons, 
Py =P pi€: long;€cire) y 
and depolarization of longitudinally polarized electrons, 
Dy =D(pi%: long) 

and of transversely polarized electrons, Dy=D(pi,1 trans)- 
Coulomb and screening effects are included. The curves’ for Pi; 
and D, are valid for all elements and for any incident electron 
energy above 20 Mev. Dy depends slightly on the electron 
energy; curves are shown for incident electron energies 20 Mev 
and 10 Bev. 


From the Bethe-Heitler spectrum for arbitrary screen- 


26,27 


ing, it follows that ° 
y= ¢oi— 4 InZ—4f(Z), 
Yo=go— § InZ—4f(Z). 


(8.7) 
¢; and @¢2 are the functions given®’ and tabulated** by 
Bethe and Heitler. It is remarkable that also in the 
polarization-dependent parts of the cross section only 
these functions appear. 

The expressions for the polarizations for arbitrary 
screening analogous to Eqs. (8.2) and (8.3) are given 
below. 

The linear polarization of the photon beam is 
(8.8) 


P(p1,€1,02,€ linear) k*p> Gi Co) art 


W here 


M= (€1? + €2”)[ Spit (Spi — Wo) hr-k2: | 
a 2e:€.[ P2— (Spi — 22) G11 Cor — Pk fo. ]. 


At the lower end of the spectrum, because of the factor 
k®, the polarization is very small and hence the screening 
visibly affect the polarization 
curve. At the upper end of the spectrum, on the other 
hand, there is no screening correction at all, since 6> go 
[F(q)=0 for g=qo] for large k. Thus in general the 
screening correction to the polarization curve will not 
be very important. This is also true for the other quan- 
tities in this section. 


correction does not 


27H. A. Bethe, Proc. Cambridge Phil. Soc. 30, 524 (1934). 
*®H. A. Bethe and W. Heitler, Proc. Roy. Soc. (London) 
A146, 83 (1934). 


C. MAXIMON 


The circular polarization is given by 


P( P1,€1,02,€cire) = 3k (evaet+ €of22)W1 
+ (€2f12+ ef22) (Wi-— Fh2) J/N, 


where 2 is given in (8.8). 

Of greatest interest is perhaps the circular polariza- 
tion of the photon beam irrespective of the spin of the 
final electron: 


(8.9) 


koi Lewite(yi- 3¥2) | 


(8.10) 
(e+ €2)yi- Fei€o2 


P( P1,€1,€cire) = 


The quantity P(pi,€1,€cire) is Shown in Fig. 5. Screening 
has no influence on the curve; thus an excellent ap- 
proximation to (8.10) for all energies is the expression 
for no screening, 
Ret 3e)hiz 
P(p1,1,€cire) = 
er+e"— 


(8.11) 


2 
3 E1€2 


As this quantity depends only upon the ratio k/«, the 
curve in Fig. 5 is valid for any value of €:. 

In order to check the Moliére representation for the 
Thomas-Fermi model, Eq. (6.30), we have calculated 
¢; and @» from the integrated expressions (8.6) and 


from (8.7): 
l 


o=o+4f I (é)d=+4 InZ+4/(Z), 


or, introducing the expression (6.29) for T'(&), 


1 
6,=19.25—4 ny +4 f 5(6/é)dE. (8.12) 


y is the quantity defined in Eq. (61) of reference 27: 
y= 100RZ-3/ €,€5. (8.13) 


In the same way we find 


(8.14) 


l 
6.=19.25—4 Iny +24 f &(1—£)5(6/é)dE. 


0 


Using the expression (6.31) for &(6/£), we find 
§)dt=—} DY a,A(B;/6) 
i=l 


3 3 Bi 
+> > aa; 


s=1j=1 
i xj 


A(B;/6) 
87—f7 


} 3 6° 

ee — 

t=1j=1 B.-—B£, 
i xj 


B(B;/6) 


3 


+3 > Dd awa;. 


s=1j=1 
Here t#J 


A (8;/6) =InL1+ (8,/5)? ]+2(6/8;) tan(8,/6) —2, 


(8.15) 
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Taste II. Comparison of values of ¢; computed from Eqs. (8.12)- 
(8.16) with values taken from curve of Bethe and Heitler.* 


1.22 1.65 


16.23 
16.22 


0 0.4 


20.84 
20.84 


0.826 


18.01 
18.00 


17.08 
17.08 


19.28 
19.28 


oi (Eq. (8.9) 
¢ (Bethe-Heitler) 


8 See reference 28. 


and 


B(8,/6) = —|InL1+ (8;/6)? ]4+2(8;/6) tan(8,/5) —2. 
(8.16) 


In terms of Bethe’s variable y, 8;/6= 1.6530;/y. 

We have computed ¢; from Eqs. (8.12)—(8.16). The 
result is compared in Table II with the values taken 
from the curve of Bethe and Heitler.?* The excellent 
agreement shows that the Moliére representation (6.30) 
is satisfactory. 


9. DEPOLARIZATION 


It will be useful to denote by do(pi,€1,2) the cross 
section integrated over the direction of motion of the 
final electron and the photon, and summed over the 
polarizations of the photon. Further, we denote by 
do siip and dono flip the value of da ( Pi,01,%2) with (= os q 
and (=, respectively, and let do=dopiiptdons tip be 
do(pi,%i,f2) summed over final spins. 

The depolarization of the electron because of brems- 
strahlung is then 


D(pi,01) = 1-| 


dono aed 
dono flip to flip 


(9.1) 


2d¢ fiip ‘do. 


For the case of no screening we have, from (8.1), 


e e” \? kdk 
do pip=Z° ( ) (3+2P) (1—3:."), 


he \me? 
(No sc.) 


) 


€1 
(9.2) 
and 
A ae 

(No sc.) 


(9,3) 


D( pie) 


’ 2 2 
e+e" 3 €1€2 


From (9.3) the depolarization is only important for the 
harder quanta, the upper part of the spectrum. The 
depolarization of a transversely polarized electron, 
¢1.=0, is 3 times the depolarization of a longitudinally 
polarized electron, ¢).= 1. 

We may also derive the mean depolarization per 
centimeter path length, 74.p, when the electron passes 
through a material with density of atoms .V: 


do 
Tdep \ fren dk 
dk 


2Nonip, 


(9.4) 


“RON 


POLARIZATION 


where ofiip is the total cross section for spin flip: 


17! do nip 
crin= f dk 
dk 


(9.5) 


Thus for no screening we have, from (8.1) and (6.23), 


9 9 


e e 2 
( “ ( 1 ia 4¢,,7) 
he \ me? 


X([In(2e.)—3—f(Z)]. (Nosc.) (9.6) 
Analogously to the radiation length Lysa, defined by 


1 where 


a-l k do 
Trad = vf dk 
€ dk 


Das oa Trad 
(9.7) 


is the mean energy loss per centimeter path length, we 
define the depolarization length Laep= For no 
screening we have, from (8.1), 


e e 
| ee I= Trad 4NZ* ( 


he \ me? 


1 
Tdep 


) [In(2e,)—4—f(Z) ]. 


(No sc.) (9.8) 


Thus there is a close relationship between these two 


lengths, v7z., for the case of no screening, 
2fIn(2e:)—43—f(Z)] 
(1—4¢,.?)[In(2e:) — $— f(Z) ] 


Lae 


- (No sc.) (9.9) 
Daa 


In general, for arbitrary screening, the spin-flip part 
of the cross section is, from (8.5), 

e> \? kdk 

{hi-fi (vi 32) }, 


(Arb. sc.) (9.10) 


do ship? 


the depolarization of the electron spin is 
RL — 612 (pi- ve) J 


D(pi,0) (Arb. sc.) (9.11) 
(€,° + €.")Y; = ata 


and the mean depolarization per centimeter path length 


eve\?1 es 
we 
hce\mes é? Jy 


At extremely high the 
screening is complete, we find, using (6.34) and (8.6), 


Is 


1 
ky 1.2 (Yi— 22) Idk. 


(Arb. sc.) (9.12) 


energies, In which case 


vi=4In(111Z-!)+2—4 /(Z) =4[In(1832-!) — f(Z)], 


(Compl. se.) (9.13) 


Y= 4[1n(183Z-!) — f(Z) J—3. 


Thus for complete screening the spin-flip part of the 
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cross section is 
e 7 e \* kdk 
do pip = 22° ( ) 
hce\ mes ¢; 
x ([in(1832-4) — f(Z) 1 —42)—3) 
(Compl. sc.) (9.14) 


and the cross section summed over final spins is 


9 2 


‘ 
ese 
do =42Z? 
hc \ mc? 


x [ln(183Z-!)— f(Z) J+ Gere}. 


(Compl. sc.) (9.15) 


2 dk 
) { (e+ €:?— 312) 
ek 


Substituting (9.14) and (9.15) in (9.7) and (9.4), we 


have 
Laie 2[1n(183Z-!) — f(Z)+1/18 } 
coe [In(183Z-) — f(Z) ][—1—4t.2]—3 
(Compl. sc.) (9.16) 


If in (9.16) we neglect the small quantities 1/9 and 
1/18, we obtain the very simple relation 


egg timoen (9.17) 


heat 

= 5o12" 
For the case of no screening, if we neglect the numbers 
4 and 3, we find the same expression, (9.17), for Laep. 
Therefore this simple relation between the depolariza- 
tion and radiation lengths is always approximately 
valid. 


10. PAIR PRODUCTION 


From the formulas in Secs. 7 and 8 we may obtain 
the corresponding formulas for pair production by the 
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Fic. 6. Energy distribution of electrons do(k,p:)/dedt pro 
duced by 500-Mev photons in lead at an angle 6;=k-'=10° rad. 
Curves a and 0 as in Fig. 2. 


L. C. MAXIMON 

substitutions €2,€:—> —é€2, —& while all the other 
variables, €;, pi, {; and k, k, e remain unchanged. In 
connection with the change from outgoing to ingoing 
waves one should consult Sec. 5 where this question 
is discussed in some detail. In the cross section the 
statistical factor must be changed, k*dk — p,*dfi, as is 
well known. 

It should be noted that the alternative substitutions 
1, Pi, G1 —41, — Pi, —%: and k, k, e— —h, —k, e*, 
while leaving €2, {2 unchanged, leads to the same result 
as the one used above. This follows since the processes 
described by these matrix elements are inverse proc- 
esses. The change in statistical factor is the same as 
above. 

Also in this way we obtain from (5.7) the cross section 
for pair production by a quantum k with polarization 
e when the direction of motion of one of the particles 
is integrated out: 


do (k,e,pi,01,%2) 


esverrde dg 
= Z*- (—) —dt—{4(e?+”)(3+2Ir) 
hc\mce?} k® 2 


7 
+ €1€.4+-8e 621 |u-e |?(1—f1- Cs) 

— Aes? + 2 eren(1 +27) ]01- le 

—4R2TU-UZ.- U+k? Re{%i- ef: e*} 
44k(3+2F) (et: e2ts)- (ieXe*) 

—4R( ei tet): [(iexe*)+8erU(U- (iexe*)) ] 


+8k2ET Re{u-e*[ ef: Ug -e+ 620) : U%®-e}}}. 
(10.1) 
Here 
U=u4 (1—1/28)k, (10.2) 
which is the same as in (5.5). T is given by the same 
expressions as in the case of bremsstrahlung, Eqs. 
(6.23), (6.28)—(6.29), and (6.34) for the cases of no 
screening, arbitrary screening, and complete screening, 
respectively. 

Equation (10.1) may also be derived directly from 
(4.10) and (3.20), performing the integrals as was 
done in Secs. 5 and 6 in the case of bremsstrahlung. 
The required integrals are similar to (5.2), of the form 
S'I-V,J*-VedQ2. For the case of no screening, with J 
as given in (3.20), the 7 integrals which occur are given 
in (6.12) and the integrands in the y integrals are the 
exact differentials which appear on the right-hand side 
of Eqs. (6.16) and (6.17). y and x are given by (3.20a) 
and \=£nq.2?=y—6. The result of these integrations 
(although considerably more tedious to perform than 
in the case of bremsstrahlung) is identical to (5.4) given 
for bremsstrahlung, viz.: J-J-V,J*-VedQ.=VU-V,U-V> 
+XV,-V. where X and ¥ are given in (5.3a), with the 
obvious modification for pair production, k=e:+e2. In 
particular it follows that f/ JX J*dQ,=0, and hence that 
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Fic. 7. Asymmetry ratio, R(k,ejinear,pi1), of electrons produced 
by linearly polarized 500-Mev photons in lead at an electron- 
photon angle 6;=k!=10-* rad, and longitudinal polarization 
of electron produced in lead by a circularly polarized photon of 
the same energy and at the same angle. Curves a, b and ¢ as 
explained in Fig. 2. 


the integral of the last four terms in (4.10) over Q, is 
zero. 

As is the case of bremsstrahlung, we now alternatively 
sum over @» and integrate over the directions of py. In 
the former case we obtain the cross section for the 
production of an electron (or positron) with momentum 
pi and spin @,; in the latter case the spin correlation 
and other polarization properties of the electron- 
positron beam as a whole are obtained. 

The cross section for production of an electron with 
momentum p; and spin @% is, from (7.1), 


do(k,e,pi,01) 


9 


esvyerr-de dy 
7>—- (“ ) —di—{ (€,?+ 2”) (3427) 
mc? 


he ce Oe 
+ 2€:60(1+4072T)+8e e720 (2| %-e|?—1) 
+ (e2— 2) (3-+2P)+2he(1 +4027) ] 
Xt k(iexe*)-k 


+4heot(1—2£)PG,-u(iexXe*)-k}. (10.3) 


The cross section for pair production by unpolarized 
photons when the spin is not observed is 


2 
a2 


e? 2 de, 
do (k,p;) = 2Z27— (- ) eo (€;°+ eo”) (3+27P) 


he \me? 


+ 2ere(1+4221)}. (10.4) 


The energy distribution of electrons, do(k,pi)/de.dé, 
produced by 500-Mev photons in lead at an angle 
6,=k "= 10" rad, is shown in Fig. 6. 

When the photon is linearly polarized, the electron is 
most likely to be emitted im the plane of polarization, 


ELECTRON POLARIZATION 


the asymmetry ratio then being 


da (ti=e)—da(t-e=0) 


" do(A=e)+do(4-e=0) 


Seew72T 


~ (e2-be’) (3422) + 2ereo(1+ 4227) 


(10.5) 


R is greatest when the electron and positron are equally 
fast, and is minimum when either one of them is very 
slow. Even at the maximum it is never very large, at 
most of the order of 20%. 

A circularly polarized photon will produce a polarized 
electron-positron pair. From (10.3) we find the longi- 
tudinal polarization 


P(k,€cire, P11 long) 
+k[(e:—e)(3 +22) +2e(1+40W#7P) ] 
we ee eeccmennimeccencnacet CM 
(€:°+ 2?) (3+2P)+2e:62.(14+4072P) 


+ and — stand for right- and left-handed polarized 
photon’’, respectively. The faster one of the pair particles 
is always polarized to a high degree in the same sense 
as the circularly polarized photon; at the upper end of 
the energy distribution, ¢: =k, ¢,=1, the polarization 
is 100% for any element. The slower one of the par- 
ticles is polarized in the opposite sense to that of the 
photon at the lower end of the energy spectrum. This 
is also shown in Figs. 7 and 8 for the case of k= 1000. 
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Fic. 8. Asymmetry ratio, R(k,€jinear,pi), of electrons produced 
by linearly polarized 500-Mev photons in lead at an electron 
photon angle 6,=0.41k", and _ longitudinal polarization, 
Preire long= P (kK,€cire,P1,01 tong), and transversal polarization, 


Proire trans > P (K,€cire,p1,01 trans) 5 


of electrons produced by circularly polarized photons in lead at 
the same angle and energy, Coulomb and screening effects are 
included. 
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The screening and Coulomb corrections are seen to be 
relatively unimportant for the polarizations. 

The amount of transverse polarization of the spin is 
in general smaller than the amount of longitudinal 
From (10.3) find the transverse 


polarization. we 


polarization 


P( k circ, P1,01 trans) 


+4keut(1—24)T 


(€:?+ €2”) (3+2P)+2e1€2(1 +4027) 


(10.7) 


Only when the longitudinal polarization passes through 
zero (Fig. 8) is the transverse polarization of impor- 
tance; thus only in a limited range of energies is one of 
the pair particles transversely polarized. 

When the cross section (10.1) is integrated over dQ, 
but not summed over @, then the spin polarization 
correlation of the electron-positron beam is obtained: 


da\ k,e,2 1,02) 


e fe > de; 
17? ; x {(eP+e")~it feree2 
hco\mc?7 k? 


— (€°+ 2") (Yi— Fyre) freh 22 
+ evel (Yi— 2) Crs Cart spoh ker | 
— FR Wo( Cis C21 —2 Re{G- ef. e*}) 
+ hy (€:0) + 2%) - (eX e*) 
—k(Wi— 3) (E01 + e€2)- (iexXe*)}. (10.8) 


Here ¥; and yw. are the same functions as occur in the 
case of bremsstrahlung; they are given in (8.6). After 
averaging over polarization and summing over spins, we 
are left with the Bethe-Heitler terms including Coulomb 
correction: 


e* e* \* de, 
da (k,p,) SZ ( ) 
hce\ me] k 


XK { (er +" )~it (10.9) 


2 ereno}. 


The spin correlation of the electron positron pair 
produced by an unpolarized photon is 

da (= C2) —da (= — &) 
da(€,=l2)+da(t, ©) 

2er€x(Yi— he) — (Yi— gwo)hie 


(€:°+ €2)Wit fereye 


(10.10) 
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Fic. 9. Longitudinal polarization of the electron beam, 
Pi =P(k,ecire€1), the spin correlation of longitudinal spins, 
Cu=C(K,G1 tong,€2 tong), and of transverse spins, 


C= C(k,; trans,€2 trans), 


of electron-positron pairs. Coulomb and screening effects are 
included. The dependence on the photon energy & is very small. 
Curves are shown for incident photon energies 20 Mev and 1 Bev. 


The longitudinal polarization of the electron beam 
produced by a circularly polarized photon is 


+ kLewi— €2(~i— Fe) | 


P(k,€cire,%1) = (10.11) 
(e°+€")Wit fees 


The transverse polarization of the electron beam is 
zero, as it should be. 

The quantities P and C depend only slightly on the 
photon energy. This is shown in Fig. 9 where curves 
for incident photon energies 20 Mev and 1 Bev are 
given. 
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Targets of C, Al, Cu, Ag, Au, and U were irradiated with 2.2- 
Bev protons at the Brookhaven Cosmotron. The secondary frag- 
ments were collected in nuclear emulsions placed at various angles 
to the beam. From a study of the numbers and lengths of the 
“hammer tracks,” the energy distributions of the ejected Li§ 
fragments were derived for each target element at two or more 
angles. Analysis of the results, and comparison with evaporation 
calculations for Cu, Ag, and Au targets indicated the following. 
(1) In general, the observed spectra show considerably more high- 
energy Li’ fragments than the calculated spectra. (2) The higher 
the fragment energy, the greater the tendency for emission in a 


INTRODUCTION 


HE products of high-energy nuclear reactions 
can be studied by a variety of experimental 
techniques: radiochemistry, mass spectrometry, cloud 
chamber, nuclear photographic emulsions, and direct 
detection of the fragments with proportional and 
scintillation counters. Each method has its advantages 
and limitations. For example, radiochemistry can 
identify the mass and atomic number of the radioactive 
products but it cannot relate them directly to the 
specific kinds of events in which they were produced. 
On the other hand, cloud chamber and emulsion tech- 
niques can record all products (except neutrons) from 
individual events, but identification of the mass and 
charge of these products above neon is very difficult, if 
not impossible; and in the range from Li to Ne, identifi- 
cation is only approximate, especially for the shorter 
tracks. Also, in nuclear emulsion studies identification 
of the target element is often subject to some doubt. 
The present investigation was started as part of a 
program at the Brookhaven Cosmotron to supplement 
the radiochemical studies! with studies employing the 
nuclear emulsion technique. However, in the work 
described here, part of the advantage of this technique 
was sacrificed in order to have freedom of choice in 
the selection of target elements and in order to be 
almost certain of product identification. The targets 
were placed outside of the emulsion and only ‘hammer 
tracks” (which are characteristic of Li* and B*) were 
selected for measurement. The “hammers”’ result from 
the decay of Be** (daughter of Li® and B’) into two a 
particles. Targets of C, Al, Cu, Ag, Au, and U were 


* Research performed under the auspices of the U. S. Atomic 
Energy Commission. 

+ On leave from Brookhaven National Laboratory to the Weiz- 
mann Institute of Science, Rehovoth, Israel, until May, 1959. 
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forward direction. (3) From Ag, Au, and U targets, Li* may be 
ejected partially by an evaporation mechanism, but some other 
process must also play an important role. (4) For C, Al, and Cu 
targets, evaporation of Li* fragments from residual nuclei does 
not seem to be operating to any appreciable extent. (5) The Li* 
spectrum from Cu is surprising in that it lies higher in energy by 
several Mev than the Li® spectrum from Ag. (6) The spectrum of 
Li§ from U is very similar to that from Au; there is no evidence 
for emission of Li’ fragments from excited fission products. (7) The 
cross section is estimated to increase monotonically from roughly 
one millibarn for Al to roughly ten millibarns for U. 


irradiated with 2.2-Bev protons and the energy distri- 
butions of the ejected Li* fragments were measured at 
various angles to the beam. 

Previous investigations of Li’ ejected from elements 
irradiated in the Bev region were all performed by 
passing the beam through the nuclear emulsion. Munir* 
used 950-Mev protons and divided the observed Li‘ 
fragments into a group coming from the light elements 
of the emulsion and another group emitted by the Ag 
and Br. More recently, Goldsack, Lock, and Munir® 
irradiated nuclear emulsions with 5.7-Bev protons and 
studied the energy distribution of Li* fragments 
emitted from the heavier elements only (Ag and Br). 
In a similar investigation, Nakagawa, Tamai, and 
Nomoto® studied all Li and Be fragments emitted in 
the larger stars produced in nuclear emulsion irradiated 
by 6.2-Bev protons. Several earlier papers’* were 
concerned with emission of Li® and other fragments 
from stars produced by cosmic rays. Most of these 
investigators conclude that the lower energy fragments 
may be emitted by an evaporation mechanism but that 
the higher energy fragments are ejected by some other 
mechanism during the nuclear cascade. Measurements 
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Fic. 1. Typical arrangement of target and nuclear emulsion in a 
straight section of the Cosmotron. 
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various targets bombarded with 
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50 


of secondary fragments in bombardments of somewhat 
lower energy were carried out by Lozhkin and Perfilov,"® 
by Denisenko et al.," by Deutsch,” and by Wright. 
The last author studied Li* emission from various gas 
targets by means of a counter technique. 
EXPERIMENTAL 

Thin ribbon targets, 0.25 in. X 3.0 in., of polyethylene, 
aluminum, copper, silver, gold, and uranium were 
irradiated with 2.2-Bev protons in the Brookhaven 
Cosmotron. The polyethylene targets were made by 
careful stretching of a sheet 3.6 mg/cm? thick until 
the thickness was reduced to 1.7+0.1 mg/cm?. The 
aluminum targets were cut from 0,00025-in. pure Al 
foil. The copper, silver, and gold targets were made by 
vacuum evaporation of these metals onto glass plates. 
The glass was covered with a thin film of silicone oil 
so that the evaporated foils could be removed easily. 
The uranium targets were made by etching 24 mg/cm? 
foil with nitric acid until the thickness was reduced to 
11.5+1.0 mg/cm*. In order to prevent the formation 
of an appreciable oxide coat on the uranium, the etching 
was effected immediately before the irradiation. Second- 
ary particles emitted from each target were intercepted 

#Q. V. Lozhkin and N. A. Perfilov, Soviet Phys. JETP 4, 790 
(1957). 

 Denisenko, Ivanova, Novikova, Perfiloy, Prokoffieva, and 
Shamov, Phys. Rev. 109, 1779 (1958). 

2 R. W. Deutsch, Phys. Rev. 97, 1110 (1955). 

8S. C. Wright, Phys. Rev. 79, 838 (1950). 


90 


100 110 130 


by an Ilford D.1 emulsion placed at 3 in. from the 
target and at a predetermined angle to the primary 
beam. Figure 1 shows a typical arrangement where the 


average angle of the intercepted secondaries is 55° to 
the proton beam and 10° to the surface of the emulsion. 

The nuclear plate was enclosed in a brass box with 
a very thin gold window (0.5 mg/cm? evaporated onto 
0.1 mg/cm? of plastic) to protect the emulsion from 
light. The window was arranged to be perpendicular to 
the plate so that the incoming particles would always 
pass through at an angle close to the normal. The plate 
box and ribbon target were firmly attached to a metal 
frame which could be rotated about an axis parallel to 
the ribbon; thus the relative orientation of target and 
emulsion always remained fixed while the angle between 
the intercepted secondary particles and the proton 
beam could be varied. The apparatus was inserted into 
one of the straight sections of the Cosmotron while a 
large copper block was placed in a second straight 
section at such a radius that the emulsion would be 
well back in the shadow of the block while the target 
would be exposed to the beam. A thick aluminum 
“shutter” at the end of a pneumatic plunger was em- 
ployed in a third straight section’ to protect the target 
from low-energy protons lost from the beam during 
the early part of the acceleration cycle. The targets 
were irradiated with about ten pulses of 2.2-Bev 
protons, ~ 2X 10° protons per pulse. 





ENERGY 


After most of the irradiations the radioactivity in- 
duced in the central 2 in. of the target was measured. 
In this way experiments at various angles could be 
normalized to each other. C" activity was measured" 
from the polyethylene targets, Na” from aluminum,!4 
gross y activity from copper, and Tb" @ activity from 
the gold targets. The experiments with silver and 
uranium targets were normalized by means of the 
Cosmotron circulating beam monitor. This method was 
found to agree, within +5%, with the induced radio- 
activity measurements when successive irradiations 
were performed on the same day. When experiments 
were separated by long time intervals, the two methods 
sometimes led to results that disagreed by as much as 
a factor of two. Both irradiations with silver targets 
were performed on the same day, as were two of the 
three irradiations of uranium. 

The 1-in.X3-in. nuclear emulsions were 100 u thick 
for C, Al, Ag, and Au targets and 200 uw thick for Cu and 
U targets. The thinner emulsions were processed at 
constant temperature with 10-fold diluted D-19 de- 
veloper; the thicker ones were processed by the ‘“‘tem- 
perature development” technique with 20-fold diluted 
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Fic. 3. Energy spectra of Li fragments emitted at various 
angles to the proton beam from polyethylene targets. From top 
to bottom, the number of observed tracks for each histogram is 50, 
59, 110, 186, 117, and 127, respectively. 


‘4 No corrections were applied for the variation of recoil loss 
of C" or Na* from the targets as a function of angle to the beam. 
These corrections are no more than a few percent in the worst 
cases and they cancel completely for pairs of angles symmetrical 
about 90°. See R. Wolfgang and G, Friedlander, Phys, Rev, 94, 
775 (1954). 
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Fic. 4. Energy spectra of Li’ fragments emitted at various 
angles to the proton beam from aluminum targets. From top to 
bottom, the number of observed tracks for each histogram is 76, 
86, 61, 80, and 95, respectively. 


D-19. The plates were under-developed in order to 
minimize the background tracks. The surfaces of the 
emulsions were not rubbed for removal of surface 
deposit (except for a few of the aluminum runs) so as 
not to affect the lengths of the tracks. Where surface 
deposit was troublesome, the experiment was repeated. 
About 2 cm? of each plate was area scanned for the 
hammer tracks characteristic of Li and B®. Criteria for 
selection of the tracks were: (1) they must start at the 
surface of the emulsion; (2) they must be at least 5 yu 
long; (3) they must point back toward the target; 
and (4) the a’s of the hammer head must be nearly 
collinear and of nearly equal length. Well over 90% of 
all the hammer tracks met these requirements. All but 
three of the plates were scanned twice in order to 
ascertain the scanning efficiency and in order to be 
more certain of proper track identification. The efh- 
ciency varied from about 75% to 95% and depended 
mainly on the absolute density of all tracks in the plate. 
Table I gives the conditions of each irradiation and 
the number of hammer tracks observed in each plate. 


RESULTS AND DISCUSSION 


The results are summarized in Figs. 2-9, and in 


Tables I to III. The energy spectra shown in Figs. 3-8 
are for Li’ fragments emitted at the indicated angles to 
the proton beam from the various targets. The energies 
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Fic. 5. Energy spectra of Li’ fragments emitted at 55° and 125 
to the proton beam from copper targets. At 125° there are 170 
Li® tracks and at 55° there are 174 tracks. 


were derived from the measured lengths of the tracks 
and range-energy relations for Li* in nuclear emulsion 
given by Barkas'® and by Livesey.'® It was assumed that 
all of the hammer tracks are due to Li’ although B® also 
gives rise to very similar tracks. This assumption 
appears to be at least approximately correct from a 
study of the hammer track densities in some of the 
plates. Corrections to the measured ranges were made 
for self-absorption in the targets (3-10 « emulsion 
equivalent) and absorption by the window (0.7 4y). 
Because of self-absorption and the requirement that at 
least 5 w of track be visible, no data could be obtained 
for fragment energies below ~5 Mev. Thus for carbon 
there is a low-energy cutoff in the data at 6 Mev, and 
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Fic. 6. Energy spectra of Li’ fragments emitted at 55° and 125° 
to the proton beam from silver targets. At 125° there are 265 Li’ 
tracks and at 55° there are 322 tracks. 


18 W.H. Barkas, Phys. Rev. 89, 1019 (1953). 
16 T). L. Livesey, Can. J. Phys. 34, 203 (1956). 
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for aluminum at 4 Mev. Between 4 Mev and 10 Mev, 
where necessary, the observed number of tracks was 
corrected for self-absorption loss. In Figs. 3, 4, and 6 
the uncorrected numbers of tracks in this energy 
interval are indicated by the dashed lines. On the 
high-energy side, above 80 Mev for C, Al, Ag, and Au, 
there is a slowly increasing probability of losing tracks 
due to their passing completely through the 100- 
thick emulsion. For Cu and U, 200-u thick emulsions 
were used so that this effect does not start until the Li® 
fragment energy exceeds 120 Mev. No attempt was 
made to correct for loss of high-energy tracks (above 
80 or 120 Mev) but inspection of Fig. 2 shows that no 
more than a very few tracks could have been missed. 
The histograms of Fig. 2 were derived from Figs. 3-8. 
For each target the results obtained at various angles 


ie) 10 20 30 














No. of Tracks 




















90 


Fic. 7. Energy spectra of Li® fragments emitted at various 
angles to the proton beam from gold targets. From top to bottom, 
the number of observed tracks for each histogram is 101, 125, 271, 
and 119, respectively. 


were combined according to the normalization indicated 
by the last column of Table I and with appropriate 
corrections for solid angle. Thus the distributions of 
Fig. 2 represent approximate energy spectra of Li* 
fragments emitted from the various targets into 4x 
solid angle. The scale of ordinates for each of these 
histograms is arbitrary. The arrows show the upper 
limit of the Coulomb barrier for each target calculated 
on the assumptions that ro is 1.4 10~ cm and that 
the Li* fragments are the first ones to be emitted from 
the struck target nuclei. 

The dotted curves of Fig. 2 are calculated spectra 
based on the assumption that all of the Li* fragments 


were evaporated from residues of excited target nuclei 


during the evaporation phase which follows the prompt 
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TaBLE I. Conditions of irradiation and the number of hammer tracks observed from various targets irradiated with 2.2-Bev protons. 


No. hammer 
tracks 
observed 


Area 
scanned 
(cm?) 


Lab 
angle 
to beam 


Thick- 
ness 


Target (mg/cm?) 


Target 

activity 

+ beam 
intensity 


Beam 
intensity 

x10-10 
(protons) 


Average 
scanning 
efficiency 

(%) 


Normalized 
No. of 
tracks 


Activity in 
target 








127 
117 
186 
110 
59 
50 


30° 
55° 
75° 
105° 
125° 
150° 


1.68 
2.40 
2.40 
2.88 
2.40 
2.88 
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s-b Runs identified with the same letter were performed on the same day. 


knock-on cascade. The distributions of excited nuclei 
produced by the knock-on phase were derived from the 
Monte Carlo calculations of Metropolis et al.” for the 
interaction of 1.84-Bev protons with Cu®™, Ru™, and 
Bi, Small extrapolations were made!* from Ru'™ to 
Ag"®’, and from Bi to Au”, No attempt was made to 
correct the energy of the incident protons from 1.84 Bev 
to 2.2 Bev. The evaporation paths followed by the 
excited nuclei were derived from another Monte Carlo 
calculation kindly made available to the author by 
Hudis.'’ As a first approximation, it was then assumed 
that Li® fragments will evaporate with equal proba- 
bility from any nucleus whose excitation exceeds 250 
Mev, and that no Li’ will be evaporated from nuclei 
whose excitation is below 250 Mev." For each excitation 
energy E (in Mev), the nuclear temperature 7 (in 
Mev) was calculated from the relation 


E=aT’, (1) 


where a was taken'® as 4/12.4 (A=atomic weight). 
The effective Coulomb barrier, V.s, was calculated 
from the relation 


Verr=V/(1+0.0012). (2) 


V was calculated with ro=1.4X10-" cm and with the 
radius of the Li® fragment added to the radius of the 
residual nucleus. This equation gives only a weak 
dependence of the Coulomb barrier on the excitation 
energy.!® Finally for each target element, the distribu- 
tion of excited nuclei was divided into small groups 


‘7 Metropolis, Bivins, Storm, Miller, Friedlander, and Turke 
vich, Phys. Rev. 110, 204 (1958). 

18 J, Hudis and J. M. Miller, Phys. Rev. 112, 1322 (1958). 

19K. J. LeCouteur, Proc. Phys. Soc. (London) A63, 259 (1950). 
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according to the average excitation energy E, average A, 
and average Z. For each group, a spectrum of evapo- 
rated Li’ fragments was calculated from the equation 


P(E)dE=[(E— Vets) /T? Je 4"! TE. (3) 


These spectra were weighted by the appropriate proba- 
bilities, combined, and normalized to the area of the 
experimental histogram for each case. The results are 
shown as dotted curves in Fig. 2. 

Agreement between experiment and calculation is 
approached only in the case of silver. Minor adjustment 
of the parameters and assumptions mentioned above 
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Fic. 8. Energy spectra of Li’ fragments emitted at 55° and 125 
to the proton beam from uranium targets. At 125° there are 228 
Li tracks and at 55° there are 125 tracks. 
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TABLE IT. Ratios of Li* fragments emitted 55° to the proton beam to those emitted at 125°. 
Data are given as a function of Li’ energy for each target. 


Li*® energy 
(Mev) 
larget 5-10 10-20 20-30 40-50 50-60 60-70 


4.340.8 
1.6+0.3 
1.5+0.! 


1.9+0.3 
0.6+0.2 


Carbon 
Aluminum 
Copper 


>4 
6.0+1.5 


Silver 
Gold 
Uranium 


O.8+0. 
0.9+0.. 
1.2+0.7 


0.640.1 


3.8+1.0 
2.0+0.5 
2.6+0.5 


TABLE ITI. Ratios of Li® fragments emitted at a forward angle 6 to those emitted at a backward angle r—98. 


Target 
0/ (9 —@) ( Al 


55°/125 (3.640.5)* 
30°/150 (4.240.6)* 


(1.9+0.3)* 
(1.9+0.3)* 


* In these cases the low-energy portions of the spectra were not measured. 
could improve the agreement for silver for fragment 
energies below 40 Mev, but no reasonable adjustment 
can give a sufficient number of calculated events above 
this energy. The calculated spectrum from gold is much 
too narrow and predicts far too few high-energy Li‘ 
fragments. The calculated shape of the spectrum from 
copper is in fair agreement with the observations but 
the position on the energy scale is about 10 Mev 
too low. 

The results from copper targets require a separate 
discussion because the posit ion of the observed spectrum 
seems anomalous with respect to the upper limit of the 
Coulomb barrier (arrow in Fig. 2). In fact, the spectrum 
from Cu, Z= 29, lies higher in energy than the spectrum 
from Ag, Z=47. The experiments were carefully 
checked for possible sources of error. The copper targets 
were chemically analyzed and found to be essentially 
100% copper; likewise, the gold targets were analyzed 
spectroscopically and found to contain only traces 
(<0.1%) of impurities such as Ag, Cu, Ni, and Fe. 
Two of the nuclear plates used for copper (identified 
by d in Table I) were from a new batch in which the 
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Fic. 9. Ratios of Li* fragments emitted 55° to the proton beam 
to Li® emitted at 125°. Curves are shown as a function of Li 
energy for each target. The data for this figure are given in 


Table IT. 


3.9+0.4 


Cu Ag F U 


1640.1. 
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emulsions were less sensitive than those in previous 
batches. There was a tendency for some of the tracks 
to be very light near the surface, and thus more of the 
shorter ones would escape detection. This effect was 
shown to be negligible by scanning two more plates 
from another pair of runs (identified by e in Table I) 
where none of the tracks were unusually light near the 
surface of the emulsion. Within the statistics of the 
measurements, the spectra from both pairs of runs were 
identical. Figures 2 and 5 contain the combined data 
from all four copper runs. Further experimental checks 
of this phenomenon must await reactivation of the 
Brookhaven Cosmotron which is now undergoing repair. 
In the meantime these data should be taken as tenta- 
tively correct. 

The Li’ fragments produced from carbon represent 
residual nuclei from reactions such as C!*(p,4pn)Li$ or 
C!"(p,2pHe*)Li®. In the case of aluminum targets, Li’ 
can be ejected from residues most probably in the 
region of nitrogen to neon," or the Li’ can itself be the 
residue in reactions such Al’?(p,3ptan)Lis. The 
spectra from aluminum (Figs. 2 and 4) result from a 
combination of both of these processes. For the copper 
target and targets of higher Z there is virtually no 
chance of Li’ being the spallation residue. 

The Li’ fragments emitted from uranium were meas- 
ured (Figs. 2 and 8) in order to investigate any possible 
influence of fission on the shape and position of the 
spectrum. For example, if Li’ fragments were emitted 
from excited fission products following fission of the 
uranium, then the spectrum of Li* might approximate 
the one obtained from silver targets, since silver is near 
the peak of the fission yield distribution observed at 
high bombarding energies. On the other hand, if the Li’ 
were emitted before fission of the uranium, then the 
spectrum might approximate that observed from gold 
targets. Figure 2 shows that the second situation ob- 


as 


tains except for a small upward shift in energy corre- 
sponding to a 4-Mev shift in Coulomb barrier. There 
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is no evidence for emission of any Li’ fragments from 
excited fission products. 

In view of these results and the generally poor agree- 
ment with the calculations, it may be concluded that 
the evaporation mechanism does not adequately de- 
scribe the emission of Li> fragments from elements 
bombarded by 2.2-Bev protons. For Ag, Au, and U 
targets, evaporation may contribute to a substantial 
degree, but it is clear that some other mechanism is also 
playing an important role. The fair agreement between 
calculation and experiment for silver may be only 
fortuitous. It seems likely that one cannot clearly 
separate an observed spectrum (from Ag, Au, or U) into 
a low-energy region where the evaporation mechanism 
is dominant, and into a high-energy region where 
another mechanism is dominant. Very probably these 
two regions strongly overlap. For Cu targets, it appears 
that the evaporation mechanism does not contribute to 
any appreciable extent toward emission of Li’ frag- 
ments, since the spectrum (Fig. 2) is so greatly deficient 
in lower energy particles. For Al targets, it is also likely 
that evaporation is unimportant since the peak of the 
spectrum (Fig. 2) seems to be considerably above the 
Coulomb barrier, as with Cu targets. The Al case, 
however, is complicated by the additional processes 
which lead to formation of Li* as spallation residues. 
For carbon targets, the concept of evaporation does not 
apply, since the Li* has } the mass of the target. 

Previous investigators® have suggested that the 
Serber description of high-energy nuclear reactions 
(fast nucleon-nucleon knock-on stage followed by slow 
evaporation) must be supplemented by other processes. 
However, so far no precise model has been developed 
for an additional mechanism nor is there any exact 
knowledge of the relative importance of competing 
mechanisms. A recent comparison'* of the experimental 
yields of Be’ emitted in high-energy reactions from Cu, 
Ag, and Au, with yields calculated on the basis of an 
evaporation mechanism, indicates that most of the Be? 


8 20 


nuclei are emitted as evaporated particles. This con- 
clusion appears to be in disagreement with the con- 
clusions drawn here from the experiments with Li’. 
Further refinement of the Monte Carlo calculations on 
the knock-on stage and on the evaporation stage?! 
coupled with more detailed experimental investigations 
should help to resolve this discrepancy and to define 
more clearly the scope of the Serber picture. 
Additional support for the above conclusions is pro- 
vided by a study of the angular distribution of the Li> 
fragments as well as by comparisons of the spectra 
observed in the forward and backward directions with 
respect to the proton beam. Figure 9 and Table II 
show that the higher the energy of the Li* fragments, 
the greater their tendency to be emitted in a forward 
2” N. T. Porile and N. Sugarman, Phys. Rev. 107, 1422 (1957). 


21 Dostrovsky, Rabinowitz, and Bivins, Phys. Rev. 111, 1659 
(1958). 
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direction. This effect is much more pronounced for 
carbon, aluminum, and copper than it is for silver, gold, 
and uranium. Table III shows forward to backward 
ratios for Li* fragments of all energies at two pairs of 
angles. The numbers given there for carbon and alumi- 
num targets are in parentheses because in these two 
cases the low-energy portions of the spectra were not 
measured. Again, a sharp difference is noted between 
copper and silver where the ratio changes from 3.9 to 
1.6. Examination of Figs. 3-8 shows that for each target 
element, the Li* spectrum is broadened and shifted 
toward higher energies as the angle of observation 
changes from backward to forward. Calculations show 
that the observed changes are larger than could be 
accounted for by center-of-mass motion. 

No precise values of the cross sections for production 
of Li’ from the various target elements could be ob- 
tained from these experiments. A rough estimate indi- 
cates that for irradiation by 2.2-Bev protons, the cross 
section increases monotonically from approximately one 
millibarn for aluminum to about 10 millibarns for 
uranium. This behavior is also characteristic of the 
emission of He® fragments from various targets.” Be’ 
fragments, on the other hand, are produced™ with 
constant cross section of about 11 millibarns (at 2. 
Bev) from C, Al, Cu, and Ag with a decrease to about 
6 millibarns from Au. It should also be noted that the 
yield of Li* from uranium shows no depletion due to 


a 
) 


fission. 

In nuclear emulsion studies of high-energy events it 
has been customary to consider interactions with silver 
and bromine nuclei together in one group. For purposes 
of calculation,’ Ru' has been selected as a nucleus 
representing an “average” of Ag and Br. In view of the 
very different behavior of copper and silver described 
in the present work, such practice should be used with 
caution or avoided where possible. Further high-energy 
studies of Li> energy spectra from elements between 
copper and silver will be of considerable interest in 
this connection. 
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Asymmetry in the Decay of © Hyperons* 
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A search has been made for an asymmetry in the decay of = 
reactions r*+p — 2*+K*. Detection and identification of the K* 


hyperons. The =* were produced in the 
mesons by a counter technique selects 


the above reactions and establishes the plane of production. Additional counters, which detect the pions 
from the Z-hyperon decay in coincidence with the K* mesons, measure the symmetry with respect to the 
plane of production. The results yield the parameter af, where a measures the strength of parity noncon- 
servation and P is the average polarization of the  hyperon. The data give: for 2~ produced by 1.0-Bev z-, 
a-P = +0.02+0.05; for 2- from 1.1-Bev x~, a P = —0.06+0.05; for =* from 1.0-Bev x*, the decay mode 


D+ wt+n gives atP = +0.02+0.07 and the mode =* 
for 2* — w°+> strongly indicates that parity is not conserved. For the =*, 


> +p gives oP = +0.70+0.30. The value of oP 
|P| >0.70+0.30; thus we can 


conclude |a*| £0.03+0.11. The results therefore indicate that the asymmetry parameter a depends upon 
the isotopic spin states in the final pion-nucleon system. The dependence on the isotopic spin is compatible 


with the AJ = +4 rule. 


I. INTRODUCTION 


N the last two years, following the famous paper of 
Lee and Yang! experiments have shown that most 
of the elementary particles that decay through weak 
interactions violate the principle of the conservation of 
parity. Not only is parity conservation violated in 
nearly the maximum possible degree, but also the prin- 
ciple of invariance under charge conjugation is violated. 
Up to date, the decays of only the = hyperons (and the 
exceedingly rare = hyperons) have not been demon- 
strated to violate these principles. 

Several authors have reported attempts to find 
asymmetries in the decay of 2~ hyperons produced by 
high-energy x~ mesons in bubble chambers. No statis- 
tically significant asymmetry has been found.’ The 
number of 2+ hyperons observed in bubble chambers is 
too small for a significant observation. Both =~ and >+ 
mesons have been produced by A~ mesons near or at 
the end of their range in nuclear emulsion. Early results 
indicated a possible asymmetry,’ but the latest com- 
pilation of data gives an asymmetry not significantly 
different from zero.‘ The counter experiment reported 
here has been performed to improve the accuracy for 
~~ produced by 1.0- and 1.1-Bev negative pions, and 

* Work done under the auspices of the U. S. Atomic Energy 
Commission. 

t On leave of absence from Brookhaven National Laboratory, 
Upton, New York. 

t Now at Palmer Physical Laboratory, Princeton University, 
Princeton, New Jersey. 

1T. D. Lee and C. N. Yang, Phys. Rev. 104, 254 (1956). 

? Crawford, Cresti, Good, Gottstein, Lyman, Solmitz, Steven- 
son, and Ticho, Phys. Rev. 108, 1102 (1957); Eisler, Plano, 
Prodell, Samios, Schwartz, Steinberger, Bassi, Borelli, Puppi, 
Tanaka, Woloschek, Zoboli, Conversi, Franzini, Mannelli, 
Santangelo, and Silvestrini, Phys. Rev. 108, 1353 (1957); Pro- 
ceedings 1958 Annual International Conference on High-Energy 
Physics at CERN, edited by B. Ferretti (CERN, Geneva, 1958), 
p. 267. 

7M. Gell-Mann and A. H. Rosenfeld, Annual Review of Nuclear 
Science (Annual Reviews, Inc., Palo Alto, California, 1957), Vol. 
7, p. 407. 

4 Proceedings 1958 Annual International Conference on High- 
Energy Physics at CERN, edited by B. Ferretti (CERN, Geneva, 
1958), p. 267. 


to search for asymmetries in the two pionic decay modes 
of the 2+ hyperons produced by 1.0-Bev 2* mesons. 
The reactions 


a--+p— 2-+Kt, (1) 
xt+p— S++ Kt (2) 


have been used to produce the hyperons. The beam 
energies were insufficient to produce additional pions or 
K~ mesons. The associated production phenomena are 
sufficiently well established empirically® to assure that, 
when a K+ meson was produced by pions of known 
charge and momentum incident on a hydrogen target, 
a = hyperon of known charge, energy, and direction was 
produced simultaneously. The present experimental 
evidence indicates that parity is conserved in strong 
production reactions, and we will assume that this is 
the case here.* Therefore, if the 2 hyperon is polarized 
in production, the axis of polarization is in the direction 
of + (px inX pz). 
The hyperons are known to decay by the following 
three modes: 
2 — w+, (3) 


rt — awt+n, (4) 
zt — w+ p. (5) 


If the hyperon is polarized and parity is not conserved 
in the decay process, the number of decay pions (or 
nucleons) may be asymmetric with respect to the plane 
of production. Let R be the projection of the momentum 
of the decay pion on the direction p, inX pz. The dis- 
tribution function for R at an angle @ of production in 
the center-of-mass system is given by’ 


W (0,£) =1(0)dQ2X3[1+aP (6) ldé, (6) 


5See, for example, R. H. Dalitz, in Reports on Progress in 
Physics (The Physical Society, London, 1957), Vol. 20, p. 163. 

6 The possibility of parity nonconservation has been discussed 
by V. G. Soloviev, Nuclear Phys. 6, 618 (1958), and by Drell, 
Frautschi, and Lockett (to be published). 

7 Lee, Steinberger, Feinberg, Kabir, and Yang, Phys. Rev. 106, 
1367 (1957). 
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Fic. 1. Schematic arrangement of the pion beam. 


where €=R/(maximum value of R), /(@)dQ=differ- 
ential cross section for the production reaction, and 
P(@)=polarization of the © hyperon. The existence of a 
nonvanishing @ is an unambiguous proof of parity non- 
conservation in the decay process. On the other hand, 
since the asymmetry is proportional to the product 
aP(@), the observation of a symmetric decay process 
may be due to the vanishing of either a or P(@) and 
does not establish parity conservation. 

Assuming that the spin of the © is 3, the final state 
of the pion-nucleon system may be a mixture of s and 
p states, with amplitudes, say, a and 8, respectively. If 
time-reversal invariance is assumed, the asymmetry 
parameter is given by 


a= —2ab cos(6a—5s)/[.|a)?+| 6)? ], (7) 


where 6. and 6, are, respectively, the s- and p-state 
phase shifts in pion-nucleon scattering at about 189 
Mev/c in the center-of-mass system. 

The final state of the pion-proton system for the 
decay in Eq. (3) is a pure isotopic spin /=} state, 
while (4) and (5) are mixtures of /= % and /=}$ states. 
Under certain circumstances, therefore, a measurement 
of asymmetries for the three decay modes (3), (4), and 
(5) will give information about the isotopic-spin 
dependence of the decay process. This point is con- 
sidered in detail in Sec. V. 


II. APPARATUS 


The pion beam was produced by 5.4-Bev protons 
striking a Ta target in a magnetic-field-free section of 
the Bevatron. Pions produced within a small solid angle 


at 30° from the forward direction of the proton beam 
were focused on a liquid hydrogen target. The arrange- 
ment of deflection magnets and strong-focusing lenses 
is shown in Fig. 1. The optical properties of the beam 
were as follows: the first lens was adjusted to focus an 
image of the target at the center of the second quad- 
rupole lens. The second lens, operating as a “‘field” lens, 
was adjusted to focus an image of the exit aperture of 
the first lens on the hydrogen target. The angles through 
which the beam was turned by the two deflecting 
magnets, and their spacing along the beam, were chosen 
so that the images for all acceptable momenta were 
spatially recombined at the target. The width of the 
accepted momentum band was approximately +0.04 po, 
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Fic. 2. The horizontal and vertical intensity distributions of the 
pion beam at the center of the hydrogen target. 
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Fic. 3. Elevation and plan view showing the arrangement of counters and the liquid hydrogen container. 


where py is the mean momentum. The value of the mean 
momentum pp» was established to +1% by the floating- 
wire technique. 

Vertical and horizontal intensity distributions at the 
target, obtained by the use of a small probe counter, 
are shown in Fig. 2. Within the error, the image was 
spatially symmetric. Additional measurements were 
made of the horizontal intensity distribution for the 
highest and lowest momentum components of the beam. 
They established that the images for each momentum 
were properly combined to give a symmetric image, 
centered at the same spatial point, for each momentum 
component of the beam. 

The sign of the « harge of the pions selected could be 
reversed by reversing the directions of the currents in 
all the magnets. Under average operating conditions 
the intensity of the x~ beam was about 10° min~'; and 
of the z+ beam, 1.5X10® min“. The positive beam 
contained protons of the same momentum as the pions. 
The ratio of protons to r+ was ~4. 

The arrangement of the liquid hydrogen target and 
counters is shown in Fig. 3. The target has been 
described.* The hydrogen container was approximately 
12 in. long and 6 in. in diameter; the beam entered and 
exited through thin windows. All of the Kt mesons 
passed through ~0.040-inch Al windows. 

The telescopes which selected the A* 
placed at laboratory-system angles of +31° with respect 
to the pion beam (105+20° center-of-mass angles). 
Each telescope accepted K+-mesons produced within a 
cone of half-angle 6°. Approximately one-half the At 
mesons produced within this cone passed through the 
counters $1, $2, $3, and A and stopped in counter C. 
All the K+ mesons that stopped in C ionized more than 


mesons were 


8 Coombes, Cork, Galbraith, Lambertson, and Wenzel, Phys. 
Rev. 112, 1303 (1958). 


twice minimum in §2 and $3 and more than 1.5 times 
minimum in $1. Their relative velocity 8=7/c was 
less than 0.68. To select these A* mesons preferentially, 
counters S1, $2, and $3, which were 7X7X3-in. plastic 
scintillators, were each equipped with discriminators 
which were calibrated and adjusted to detect particles 
ionizing at least as heavily as A mesons. Counter 4, 
a 2-in. thick water-filled Cerenkov counter, produced 
pulses for particles with 8>1/n=0.75. Thus no A pulse 
resulted from the passage of a stopping K* meson. The 
discrimated pulses of $1, $2, and S3 were placed in 
coincidence (r=20 musec), with 4 in anticoincidence. 
The output of these coincidences we shall call G,, and Ga, 
the ‘“‘gate pulses” for the ‘‘up” and ‘‘down” A-meson 
telescopes, respectively. This coincidence requirement 
rejected fast, minimum-ionizing particles by a factor of 
~ 2000, while accepting slow particles of A-meson 
velocities with full efficiency. : 

The counters C were 8-in. cubic water-filled Cerenkov 
counters. Practically all the particles that produced a 
gate pulse had velocities too low to produce pulses in C. 
After stopping, however, ~90% of the At mesons 
produced fast decay particles which could give pulses 
from C. Stopping protons, of course, produced no 
such pulse.® The gate pulse was placed in coincidence 
with C with r=10~7 sec. If the G coincidences select 
only K+ mesons, the time relation of the C pulses to, 
say, $1 should show the characteristic A*t-meson 
lifetime with a mean life of (1.224+0.013) X 1078 sec." 

The pulses from G in coincidence with pulses from C 


®A narrow momentum band of 7* may produce a gate G, 
stop in C, and produce a pulse via the + — y* — e* decay chain. 
The e+ from the u* decay, which produces the pulse, will exhibit 
a lifetime ~200 times as large as the A*. 

10 A weighted average of the data of Alvarez, Crawford, and 
Stevenson, Phys. Rev. 112, 1267 (1958), and V. Fitch and R. 
Motley, Phys. Rev. 101, 496 (1956); 105, 265 (1957). 
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were used to trigger a fast oscilloscope (‘Tektronix 517), 
and undiscriminated pulses from S1, $3, and C’ were 
displayed and photographed. Measurements on the film 
were then made to obtain the time distribution of the 
C pulses. As is described in more detail in Sec. IV, 
about 80% of these coincidences can be ascribed to K+ 
mesons stopped in C. 

As we have remarked earlier, whenever a Kt 
recorded, a 2 hyperon was produced. To be specific, 
with an incoming m~, we had a Y~. Because of its very 
short lifetime, it decayed, with a mean free path of only 
3.6 cm, into +n. The counters Z and R, placed sym- 
metrically to the left and right of the production plane 
and roughly parallel to it (see Fig. 3), detected the 
decay m. The counters 1 and R were 2X18X 18-in. 
plastic scintillators which were equipped with dis- 
criminators. In order to reduce background rates, a 
pulse was required which was equal to one-half that 
produced by a minimum-ionizing particle crossing 
through the 2-in. dimension. 

The pulses from counter Z and R in coincidence with 
G,, and Gz were displayed on the oscilloscope trace along 
with their associated S1, $3, and C pulses. Thus, 
whenever a At+-meson pulse was identified on the film, 
we could also determine whether an / or R pulse was 
time-coincident, with a resolution of +4 musec. Such a 
pulse was found in 32+1% of the cases, a value close 
to that calculated from purely geometrical considera- 
tions. 

A simplified schematic diagram of the electronics is 
given in Fig. 4. In order that each pulse on a given 
trace be assigned to the correct counter, we have made 
use of a multichannel coincidence mixer.’ Each channel 


Was 


in the mixer was a simple twofold diode coincidence 
circuit. The gate pulse was fed in common to one 
diode of each of these twofold circuits, while the various 
pulses to be observed were connected to the other 
diode of their respective twofold circuit. The output of 
each channel was connected into a transmission line at 
intervals approximately equal to the resolution time of 
the coincidence. The amplified output of the line went 
to the deflection plates of the oscilloscope. In this way, 
the pulse from one particular counter, and no other, 
appeared within a known interval along the sweep. 
The mixer had two separate sets of channels, one for the 
“up” =U telescope and one for the “down” =D tele- 
scope. Pulses in coincidence with the U’ and the D 
telescopes were arranged to give opposite deflections of 
the oscilloscope trace. A distinction was Clearly essential 
since if, for example, a predominantly leftward intensity 
occurred for pulses associated with the LU’ telescope as 
a result of parity nonconservation, a predominantly 
rightward intensity would be expected for D. 

In addition to the counters already described, a 
beam anticoincidence counter in the approximate form 
of an annulus (see Fig. 3) was placed directly in front 
of the target. Events associated with stray particles 
were rejected by an anticoincidence with G, and Gy. 
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When the magnetic system was set to select 7 
mesons, the large number of protons in the beam 
created additional background. It was therefore desir- 
able to select out of this beam only the pions in coin- 
cidence with G. For this purpose, a 2-in. thick water- 
filled Cerenkov counter was placed in the beam just 
ahead of the second quadrupole lens. This counter 
responded well to the m+ mesons, but with very low 
efficiency to protons of this momentum. With the pulse 
from this counter is coincidence with G, most of the 
proton-created background was eliminated. 


Ill. EXPERIMENTAL PROCEDURES 


An integration over the variable & of Eq. (6) gives 
the parameter aP in terms of the measured counting 
rates and the geometry of the apparatus, that is 


aP=a(LU—RU)/(LU+RU) 
—a(LD—RD)/(LD+RD), (8) 


where LU’ is the counting rate of counter ZL in coin- 
cidence with the U AK-meson telescope, and so on in an 
obvious notation. Here a is a geometrical factor nu- 
merically evaluated for our geometry, and is equal to 
1.30+0.05. 

Even though we carefully checked the symmetry of 
the beam in position and energy, and positioned the 
counters with care, it is important to have other direct 
tests for the symmetry of the apparatus. A_parity- 
nonconserving asymmetry should appear in an opposite 
sense for the U’ and D K-meson telescopes, and we have 
thus two independent measurements of aP. On the 
other hand, geometrical uncertainties due to the loca- 
tion or symmetry of the beam, positioning of counters 
Land R, and efficiencies of counters L and R all produce 
asymmetries with the same sense for the Ul’ and D 
telescopes. Thus, they cancel out in the average of aP 
for the U and D telescopes. In our arrangement, owing 
to inefficiencies in the A telescopes, it was difficult to 
make their absolute counting rates equal. It is to be 
noted that this difference, which was ~20% in some 
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Fic. 4. Simplified block diagram of the counters and_ basic 
electronics. L, R, Si, S2, S3, and G are plastic scintillation counters ; 


A, B, and C are water-filled Cerenkov counters. D represents 
pulse-height discriminators. 
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cases, does not appreciably alter the result of averaging. 
Whereas the efficiencies of counters / and R cancel in 
the average, the electronic coincidence circuits branched 
in such a way that a different circuit efficiency could 
result in an apparent asymmetry which would not 
cancel in the average. Although checks of the pulse 
height on the film and the counting rates indicate that 
this efficiency was very close to 1, we also periodically 
reversed the counters at the inputs to the electronic 
circuitry. In each case, about one-half the counts were 
taken with Z and R reversed so that any circuit asym- 
metry should balance out to first order. The only 
geometrical uncertainty which fails to cancel out in 
these averages is that the line joining the midpoints of 
counters L and R might not have been exactly per- 
pendicular to the plane containing the K telescopes LU’ 
and D. It can be shown that the measured values of aP 
are not particularly sensitive to this misalignment. 

A more direct test of the over-all symmetry of the 
apparatus was made in the following way. With the 
discriminators of $1, $2, and $3 set to accept minimum- 
ionizing particles and with the A anticoincidence 
removed, the counting rates LU, RU, LD, and RD 
increased by a factor of ~500, owing to inelastic pion- 
proton collisions. The geometrical arrangement of 
counters was such that elastic scattering could not 
produce this coincidence. Since the beam was pre- 
dominantly composed of pions, which have spin zero, 
and the target was unpolarized, a pseudoscalar quantity 
cannot be constructed for the production process. Thus, 
except for weak decays and possible higher-order pro- 
cesses, we expect zero asymmetry for these counting rates. 
At the beginning and end of each run, we recorded on 
the film a suitable number of these pion-production 
coincidences. 

In analogy to Eq. (8), we define for pion production 
the quantity 


e=a(LU—RU)/(LU+RU) 
=—a(LD—RD)/(LD+RD). (9) 


The average value of « shows, within the statistical 
errors, no intrinsic asymmetry for the apparatus. 
Numerical results are given in the next section. 

With an incoming x beam, we looked for a >-- 
hyperon decay asymmetry for two kinetic energies of 
the incoming beam, 1.0 and 1.1 Bev. At any one energy, 
aP can be small or zero owing to a small or zero P. At 
a second, sufficiently different energy, there is no a priori 
reason to suppose that the same small value of P 
should persist. For this reason it seemed appropriate 
to use two values of the incoming pion-beam energy. 
At 1.1 Bev, most of the K*+ mesons produced at 31° 
were too energetic to stop in Counter C. A 7-inch 
carbon absorber, placed in front of the K telescope, 
reduced the A-meson energy so that a reasonable 
fraction of these K mesons stopped in Counter C. 

With x* mesons of 1.0 Bev, the 2+ hyperons produced 
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may decay by either of the two modes (4) or (5). The 
decays from which a x* meson struck the Z or R counter 
were recorded with full efficiency. However, only a 
small fraction of the x° mesons, which decayed very 
rapidly into two y rays, was recorded. These decays 
were recorded only if one or both of the y rays were 
directed toward L or R and also were converted in the 
counter or the walls of the target. This fraction of the 
m’-meson decay mode has been numerically computed 
as 20+5%. On the other hand, when a }-in. Pb radiator 
was placed in front of counters Z and R, most of the 
m-meson decays were detected, while the + mesons 
were only slightly attenuated. With the Pb in position, 
80+10% of these x° mesons were recorded. We have 
made experimental runs with and without Pb radiator. 
From these data, using the conversion probabilities and 
the known branching ratio of the two modes," 


[st + w+p | [ (z+ — w+ p)+ (+ —- m++n) | 
=0.49+0.03, 


the asymmetry for the two decay modes can be cal- 
culated. Since the counters Z or R detected the con- 
version of the y rays, and not the x’ mesons directly, 
the distribution function of Eq. (6) was modified. It 
has been shown that, when a single y ray is detected, 
the coefficient aP must be multiplied by a factor which 
depends only upon the energy and momentum of the 
a meson.” In our case, the value of this factor was 0.68. 
The ratio of the At-meson rate with hydrogen in the 
target to that with no hydrogen was approximately 10. 
The rate with no hydrogen can be accounted for by 
assuming that the source of interactions was the 
material in the walls of the empty hydrogen container. 
There is no a priori reason to suppose that the polari- 
zation of the = hyperons produced in the heavy nuclei 
of the container was equal to that in r— collisions. 
However, for lack of information on this point, we 
have assumed that these polarizations were equal. For 
the cases in which we find a very small value of aP, 
this assumption is of little consequence; for the case 
in which we find a nonzero value, it introduces an 
uncertainty of about 10%. This error is much smaller 
than the statistical uncertainty and has been neglected. 
In addition to the time-distribution curves, presented 
in the next section to show that the K telescopes indeed 
select K mesons, we have also measured the number of 
K-meson counts when the energy of the pion beam was 
reduced to 800 Mev, which is below the threshold. 
The result was that the number of counts obtained in 
which C was delayed by more than 5 musec was equal 
to that expected for background chance coincidences 
only. 
We have remarked earlier that the kinematics of the 
reactions allowed, for the most part, only the pions to 
41 Arthur H. Rosenfeld (private communication). 


2 Anderson, Fermi, Martin, and Nagle, Phys. Rev. 91, 155 
(1953). 
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Fic. 5. Time-delay distributions of the C pulse with respect to the S; pulse (a) for r~+p + 2~+K* at 1.0 Bev; (b) for +p > 


Kt+z 


at 1.1 Bev; (c) for m++p—2++K?* at 1.0 Bev. The dashed lines are normalized empirical time-resolution curves for 


the apparatus. The solid circles are the total counting rate after subtraction of the chance coincidence background. The solid line is 


the distribution calculated for pure K* 
traction of the solid-line curve from the total counting rates. 


reach counters Z and R. However, in 12+5% of the 
cases in which a pion was detected, the nucleon struck 
the opposite counter as well. Also, in 7% of the cases 
in which one of the y rays from the 7° meson struck 
one of the counters, the other y ray struck the opposite 
counter. These events led to a small fraction of cases 
in which both Counters Z and R gave simultaneous 
pulses; the ratio of these to cases in which only one 
counter gave a pulse was: for 2~, 0.032+0.007; for =* 
with no Pb, 0.06+0.01; and for + with Pb, 0.08+0.02. 
The events in which Z and R gave simultaneous pulses 
allow us to make an empirical correction for the 
number of events in which the nucleon alone was 
counted. Such events, of course, gave an asymmetry of 
sign opposite to that of the pions. A relatively small 
correction has to be made to the value of aP for 
x+— rt+n for this effect. For the other decays, the 
correction was negligible. 


IV. RESULTS 


The time distributions for the particles that produced 
pulses in the C counters in coincidence with G, and Gy 
are given in Fig. 5 for each situation in which we have 
obtained measurements. The observed data have been 
corrected for an accidental background amounting to 
about 6% of the total counts. This correction has been 
estimated by using the information from C coincidences 
with negative time delays, and from counting rates 
obtained with the C counter delayed by 160 musec. The 
solid curves, shown in Fig. 5, are the result of folding the 
empirical resolution curve with a pure exponential of 
mean life equal to 1.22 10-8 sec." These curves are 
normalized in abscissa to the zero time known from 
the measurements for ¢ and in ordinate to give the 
best visual fit to the points with time delays greater 
than 6 musec. 


mesons including a folding of the resolution curve. The open squares are obtained by a sub- 


Clearly, there was a background of coincidences near 
time zero which cannot be ascribed to K mesons. When 
the solid-line curve is subtracted from the observed 
values, the points shown as open squares are obtained. 
The excellent fit with the dashed resolution curve shows 
that this background was very probably due to protons 
or to fast pions which were accepted because the G 
coincidence did not perfectly bias out all fast particles. 
The determination of aP appears to us to be most 
reliable if we consider only those coincidences in which 
C was delayed by more than about 5 mysec. For the 
results reported here, this procedure was followed. 

The chance which appeared with 
negative time decays for C were sometimes associated 
with an Z or R pulse. The measured ‘‘asymmetry”’ for 
these chance coincidences is very small. In evaluating 
aP, therefore, we have treated the background as 
having zero asymmetry. For C time delays greater 
than ~30 musec, a large fraction of the rate was due 
to chance coincidences. For evaluating aP, we have 
therefore accepted only those counts with delays less 
than this value. Three percent of the Z or R pulses 
coincident with a K count were due to chance back- 
ground. A correction was applied for this effect. 

The mean life of the A+ mesons accepted with delays 
between 6 and 30 musec has been evaluated in each 
case by means of a least-squares fit of the data. The 
values shown on Fig. 5 are in excellent agreement with 
the published values."” We believe therefore that, except 
for the chance background discussed above, the K+ 
counts accepted for the asymmetry analysis contain 
less than 5% of particles not true K+ mesons. 

The experimental values of aP and ¢ are given in 
Table I (the errors are statistical standard deviations). 


coincidences 


The values of aP for =~ hyperons produced by pions in 


hydrogen bubble chambers are also given in Table I. 
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TaBLe I. Values of the asymmetry parameter af? for 2*- and = 
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hyperon decay. The asymmetry parameter e for inelastic pion-proton 


collisions is a measure of the geometrical symmetry of the apparatus. 


Incoming pion 
kinetic energy 
(Bev) 


1.0 +0.018+0.050 


1.1 0.058 +0.050 


+0).039+0.050 


+0.20+0.06 


aP from bubble 
chamber 
€ observations* 


0.11+0.13 
0.04+0.13 


—0.004+-0.036 
+-0.008+0.021 


+-0.04-++0.03 


+0.004+0.043 


1.0 t-().02+0.07 


1.0 +0.70+0.30 


Annual International Conference 


rivate communication) 


* Proceedings of the 1958 
Frank S. Crawford, Jr 


We have given the values for 2*, with and without Pb, 


in order to indicate which part of the error in the 


asymmetry is statistical. The values deduced for aP 


for the two decay modes include additional errors due 
to uncertainty in the branching ratio and in the con- 
version probability for the x y-rays. 

We conclude that for 2~ — 7+, at both energies, 
the value of aP does not differ significantly from zero. 
Therefore, no conclusion with respect to parity noncon- 
servation can be drawn. 

On the other hand, from the asymmetries for >* 
hyperons with and without Pb, a violation of parity 
conservation is quite strongly indicated. The value for 
aP obtained with Pb differs from zero by 3.3 standard 
deviations. The chance of observing a value as large as 
or larger than this in a single measurement, if the true 
value were zero, is roughly 1/1000. If the true asym- 
metry were zero for each of the eight series of measure- 
ments, the chance that one of them would show a 
value as large as this or larger is about 1/100. 

The error quoted is purely statistical. From the four 
values of € reported above, we conclude that the 
systematic error due to an intrinsic asymmetry in the 
apparatus is probably less than 0.03. For the =* 
hyperons, with Pb, the asymmetries obtained separately 
with the U and D telescopes show the expected reversal 
of sign [Eq. (8) ]; the values of aP are +0.21+0.09 
and +0.19+0.08, The internal 
sistency of the data indicates that the systematic 


respectively. con- 
errors are small compared with the statistical errors. 
The value of aP deduced for 2+ — r++ does not 
differ significantly from zero, so that the observed 
asymmetry with Pb is ascribed to the mode 2+ — r°+ 9p. 


m High-Energy Physi 


s at CERN, edited by B. Ferretti (CERN, Geneva, 1958), p. 267; and 


V. CONCLUSIONS 


The value a°P=0.70+0.30 strongly indicates the 
nonconservation of parity for this decay.'® For la®P| 
> 0.27, invariance under charge conjugation is violated 
as well,’ and our measurements indicate that this is 
probably the case. 

Since |a"| <1, then we have |P! >0.7040.30 for 
the =*+ hyperons produced in this reaction. Since the 
>+ hyperons are polarized, our measurement of at+P 
becomes especially significant. From the value atP 

= +0.02+0.07, we conclude that |at+| $0.0340.11. 

We can draw no further conclusions from our results 
unless we make some hypothesis which connects the 
final s- and p-state amplitudes of all the Y-hyperon 
decays. One such hypothesis is that the change in 
isotopic spin in weak decays obeys the rule AJ=+3. 
This possibility has been discussed by several authors.'® 
The present experimental evidence from the branching 
ratio in A° and @ decay appears to be in reasonable 
agreement with this assumption.'® Following closely 
the discussion of Gell-Mann and Rosenfeld,” we 


'S We adopt the notation in which a superscript +, —, or 0 
denotes the charge of the pion emitted in the Y decay; thus ay 
and W® refer to the asymmetry parameter and decay rate for 
a+ — w+ p, etc. 

4 R. Gatto, Phys. Rev. 108, 1103 (1957). 

1 R. H. Dalitz, Proc. Phys. Soc. (London) A69, 527 (1956) ; 
G. Takeda, Phys. Rev. 101, 1547 (1956); M. Kawaguchi, Phys. 
Rev. 107, 573 (1957); R. Gatto and R. D. Tripp, Nuovo cimento 
6, 367 (1957); C. Ceolin, Nuovo cimento 6, 1006 (1957); B. T. 
Feld, Nuovo cimento 6, 650 (1957). 

16 Proceedings of the 1958 Annual International Conference on 
High-Energy Physics at CERN, edited by B. Ferretti (CERN, 
Geneva, 1958), p. 273. 

‘7M. Gell-Mann and A. H. Rosenfeld, reference 3. Also see 
Y. Yamaguchi, Progr. Theoret. Phys. (Japan) 19, 485 (1958); 
K. Itabashi, Progr. Theoret. Phys. (Japan) 19, 747 (1958); T. 
Eguchi and S. Nagata, Progr. Theoret. Phys. Japan 20, 144 
(1958). 





ASYMMETRY IN DE 
assume that the AJ/=+3 rule holds, that the decay is 
invariant under time reversal, and that the spin of the 
> is 3.!° The number of amplitudes then required to 
describe all the -hyperon decays is reduced from six 
to four; the s- and p-state amplitudes for decays to 
final states with J=} and J=3%. The three known 
decay rates W*, W~, and W”, together with our value of 
at| $0.03+0.11, are sufficient to determine the four 
constants. The absolute values of a~ and a’ can then 
be computed and compared with the measurements. 
Gell-Mann and Rosenfeld have shown that, within 
about 10%, the decay rates allow us to write the a’s in 
terms of a common angle v_, thus: 


at=—sin2v_; a sin2p : ae +cos2p_; 


then 


at=—a~ <+(0.03+0.11), a®=+(0.99+0.01), 


3+ 


and for 3+ hyperons: | P| =0.7040.30. Our results 
given in Table I are clearly consistent with the A7= +3 
assumption for Y decay. 
Our values are not consistent with an interaction of 
the form 
g 0 
¥n'BYu(1+5)py- vy) 


OXp 


(10) 
vam 


similar to that suggested by Feynman and Gell-Mann.!8 
For this interaction, a large value for a® requires a large 
value for a*. 

Instead of the form (10), we have tried an empirical 
interaction of the form™ 


0 


OXy 


4 
L=——,'Bry(atbys)Py 
v2m 


(11) 


which we apply to all hyperon decays, A° as well as &. 
Assuming again AJ= +5, and time-reversal invariance, 
we can obtain ay, a3, 6; and b;, which are the amplitudes 


TABLE IT. The relative s- and p-wave amplitudes for the isotopic 
spin 1/2 and 3/2 states in the decay of = hyperons. The amplitudes 
were calculated by assuming an interaction in the form of Eq. 
(11), the validity of the AJ = +1/2 rule, and invariance of the inter 
action under time reversal. Part A is for the case in which 6; 
is small; Part B for a3 small. Note that although the signs of the 
amplitudes are undetermined, the sign of a; must be the same as 
a; and of 6; the same as )3, but a; need not have the same sign as };. 


Relative p-wave 
amplitude 


Relative s-wave 


Isotopic spin amplitude 


A. For 63 small 
[=1/2 = 
[=3/2 

B. For a3 small 
[=1/2 
[=3/2 


+ (0.36+0.08 
+ (0.72 +0.04) 


+ (1.31+0.08) 
+ (0.02+0.10) 


+ (1.09+0.07) 
3= +(0.02+0.08) 


b,;=+(0.43+0.10) 
bs; = +(0.87+0.05) 


=e. PP. M. 109, 193 
(1958). 
19We wish to thank Professor T. 


and for discussion. 


Feynman and Gell-Mann, Phys. Rev. 


D. 


Lee for this suggestion 
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TABLE III. The calculated and observed values of the asym 
metry parameters in hyperon decay and the ratio of the A®%” to 
~~-decay rates. They are computed on the basis of an inter 
action of the form Eq. (11), using the amplitudes given in Table 
IT. Note that although the signs of the a’s are not determined, 
the relative signs are determined and must all be the same 


Experimental 
(absolute 
values) 


Case 1 


Case 2 
Table III-A) Table II-B) 
a + (0.05+0.23) + (0.05+0.23) 
at <0.03+0.11 
> 0.7+0.3 


> 0.70+0.108 


+ (0.97+0.03) 
+ (0.74+0.17) 
+ (0.74+0.17) 

0.40+0.06 


+ (0.97-+0.03) 
+ (0.46+0.1) 
+ (0.46+0.1) 

0.63+0.09 


a? 
(a )a® 
(a®) 4! 


W/Wy 0.66+0.07* 


® Proceedings 1958 Annual International Conference on High-Energy 
Physics at CERN, edited by B. Ferretti (CERN, Geneva, 1958), pp. 265 
273 


for the isotopic spin /= 5 and J= 4 states of the s and 
p waves in the final r-p system. To determine the four 
constants, we use the three values of the Y-decay rates 
Wt, W-, and W® given by Barkas and Rosenfeld” 
£0.03+0.11. In ad- 
dition to a sign ambiguity, there are two possible solu- 
tions to fit these four values; Case 1 with 6; small and 
Case 2 with a3 small. The values are given in Table II. 
The absolute values are not determined unless the 
coupling constant g is known, so that the values given 
in the tables may need to be multiplied by a common 
factor. 

Using these values and the interaction (11), we may 
now compute a~ and a’ for the Y hyperon, the ratio of, 
say, the total decay rate of A° to that of =~, and the 
absolute value of a for A°® decay. The decay rate of 
each hyperon is given by" 

W =[¢?/2m* ][ p(E+M)/(E+e) ] 

X{{a]*Lotp?/(E+M) 

+ |b)*[1+w/(E+M) Fp}, (12) 

where m=pion rest M 

p=momentum of the pion (nucleon), w 

of the pion, and E= total energy of the nucleon; while 

the asymmetry parameter is given by 

a= — (a*b+b*a){ plwt p’/ (E+) | 
X[1+w/(E+M)}}/{| a)*Lwt p?/(E+M) P 

+|b/*[1+w/(E+M) Pp’). 


together with our value for | a? 


mass, nucleon rest mass, 


total energy 


(13) 


Corresponding to Cases 1 and 2, there are two values 
for W and for a. They are given in Table III. As before, 
the values are consistent with the observations on the 
Y hyperon. Neither case is a good fit to the observed 
values for both a and W4/Ws- in A° decay. Yet taking 
into account our errors, and those in the lifetime meas- 
urements, agreement with one or the other set of values 
is not highly improbable. 

The interaction (11), together with the observations 

2% W.H. Barkas and A. H. Rosenfeld, University of California 
Radiation Laboratory Report UCRL-8030, March, 1958 (un 
published). 
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reported here, gives values for |a| in decay modes of 
hyperons for which asymmetries have not yet been 
measured. Since theory predicts that the longitudinal 
polarization of the decay nucleon is equal to —a,”! 
nearly complete longitudinal polarization is to be 
expected for the proton from the decay 2+ — r°+ 9. 
From Eq. (11), the sign of the polarization should be 
the same as that of the proton in A° > 2+ . The longi- 
tudinal polarization of the neutrons in the decays of 
y-— aw +n and >+— xt-+n should be small, while 


for the =+-hyperon production process used here, the 


2 T. D. Lee and C. N. Yang, Phys. Rev. 108, 1645 (1957). 
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transverse polarization is large. The partial success of 
this model emphasizes again the importance of measure- 
ments of the polarization of the nucleons from hyperon 
decay. 
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An investigation is made of the possibility of determining the intrinsic parities relative to the nucleon 
of K—A and K—2 pairs by measuring the cross sections for photoproduction of these pairs from nucleons 
near threshold. The low-energy S and P wave contributions are calculated in a perturbation theory similar 
to that of Kawaguchi and Moravcsik. The question concerning the combination of nucleon and hyperon 
magnetic moments that is effective in the process is clarified. The calculated cross sections are quite different 
from those given in the long photon wavelength approximation by Feld and Costa. For most reasonable 
choices of the hyperon anomalous magnetic moments, certain calculated ratios of the close-to-threshold 
cross sections corresponding to different A—A and A —® charge states are quite sensitive to the K-hyperon 
parity. A model, in which the anomalous moments are the result of globally symmetric pion interactions, 


is used to illustrate the conclusions. 


I. INTRODUCTION 


EVERAL authors have pointed out that the obser- 

vation of the photoproduction from protons and 
neutrons of K meson-hyperon pairs may give strong 
evidence concerning the intrinsic parities of these pairs 
relative to the nucleons.!~* Feld and Costa* have made 
a phenomenological analysis of these processes, deriving 
expressions relating the various cross sections near 
threshold to the effective values of the electric and 
magnetic moments of the systems. However, many of 
the conclusions of these authors depend on the assump- 
tion that the photon may be treated in the long-wave- 
length approximation. This assumption cannot be 
justified since the velocity of the absorbing nucleon in 
the center-of-mass system is about one-half the velocity 
of light at the K—A production threshold. In this paper 
the K-nucleon-hyperon interaction is treated in a per- 
turbation theory in order to estimate the effects of 
finite photon wavelength. Previous perturbation calcu- 
lations of these processes have been given by Kawaguchi 


* Supported by the joint contract of the Office of Naval Re- 
search and the U. S. Atomic Energy Commission. 

1M. Kawaguchi and M. J. Moravesik, Phys. Rev. 107, 563 
(1957). 

2 A. Fujii and R. E. Marshak, Phys. Rev. 107, 570 (1957). 

3B. T. Feld and G. Costa, Phys. Rev. 110, 968 (1958). 


and Moravesik,! and by Fujii and Marshak?; these 
authors do not make an angular momentum analysis 
of the predicted cross sections, however, so that it is 
difficult to see how their results vary if the assumptions 
are changed. 

A second purpose of the paper is to clarify the ques- 
tion of the proper combination of nucleon and hyperon 
moments that is effective in the process. The formulas 
given for the effective moment in references 1, 2, and 3 
are all different, each being the result of rather special 
assumptions. 

In Sec. III the assumption of global symmetry is 
made in order to illustrate certain features of the calcu- 
lated cross sections that are sensitive to the parity of 
the interaction. 


II. IMPORTANT TERMS IN THE CROSS SECTIONS 
The six processes to be studied are: 
(1) y+-p— K°+2", 
(2a) y+p— Kt+2", 
(2b) y+ p— Kt+A’, 
(3a) y+n— K°+2°, 
(3b) y+n— K°+A°, 
(4) y+n— Kt+2-. 
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If the unpolarized, differential cross section in the 
center-of-mass system for any of these processes is 
expanded in powers of the magnitude of the momentum 
(qg) of the produced K meson or hyperon, the expression 
may be written 


do q° g 
(- ) = D,( 04 s+ B;-— coed+-C ;— sn’) 
dQ? ; My My’ 


+other terms of order g* and higher, (2) 


where My is the hyperon mass. The subscript 7 denotes 
the particular process involved (j=1, 2a, 26, 3a, 3d, 
or 4) and Dj, A;, B;, and C; are constants. Throughout 
this paper the constants % and ¢ are set equal to unity. 
The C;sin*@ term is included in Eq. (2) since, as is 
shown later, it may be large at energies within 100 Mev 
of threshold. On the other hand, other terms of order q' 
are not likely to be large in this energy region. In order 
to predict values for A, B, C, and D, we make the same 
assumptions used in references 1 and 2. The assump- 
tions are: 

(1) The nucleons and hyperons are Dirac particles 
with anomalous moments that may be treated in the 
manner introduced by Pauli. The A meson spin is zero. 

(2) The K-nucleon-hyperon interactions conserve 
isotopic spin and are of the Yukawa type. Thus, the 
dependence of the interactions on the various charge 
states is given by the expressions: 


Hy=Gy4°(K+*Tp+KTn)+H.c., 


Hs=Gs(R+T p— KT n4+-v2S-K+Tn 
+v25+K'T p)+H.c. 


(3a) 


(3b) 


The unbarred particle symbols are used to represent 
annihilation operators for the particles in question, and 
the barred symbols represent the corresponding creation 
operators. The spinor indices of the baryon operators 
are suppressed, but the dependence on these indices is 
given by the operator I’, defined to be unity if the K 
parity is even, and equal to y5 (chosen to be Hermitian) 
if the A parity is odd. We adopt the convention of 
calling the relative hyperon-nucleon parity even, so 
that the parity of the A-nucleon-hyperon interaction is 
called the K parity. 

(3) The effects of m mesons and & particles are 
neglected, except for the possible contributions of these 
particles to the masses and anomalous moments of the 
reacting particles. 

If the square of the close-to-threshold S state ampli- 
tude (A term) and the interference between the S and 
spin-flip P state amplitude (B term) are the only terms 
included, the results for any process depend on only one 
combinatibn of the particle anomalous magnetic mo- 
ments. We denote this effective anomalous moment 

4 The phrase ‘‘spin-flip” refers to a process in which the com- 
ponents of the nucleon and hyperon spins in the direction of the 
photon beam are opposite. Since the corresponding component of 


the photon angular momentum is +1, the S wave amplitude is a 
spin-flip amplitude. 
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by w;, and shall discuss the relation of 4; to the particle 
moments later. We neglect the difference in mass 
between the A and > particles and denote the masses 
of the nucleon, hyperon, and K meson by My, My, 
and Mx. The total threshold energy in the center-of- 
mass system is denoted by X=My+Mx. For con- 
venience the arbitrary constants D; are chosen to be 
1 eG; My 
D;= — - . 
2 (4r)? X?(X?— My?) 


where G,7=Goq?= G3q?=Gy?=Gz" and Gy?=Gy"?=G,?. 
The choice of units is such that e?/ (49) = 1/137. If the 
upper sign is used to refer to the scalar K case, and the 
lower sign to the pseudoscalar case, the expressions for 
A; and B; are’: 


(+X + —] 
2Mn 


Ayan] Ortw 


. X?— My? 
B,(j=2 or 3)= 0+ 0m )-n( ) 
4M\y* 


X+My —MyMy+X? 
B= -20+( ae )+20m( ) 
Mx MxMy 


X°*— My’? 
—2u( ), 
4My? 


FX X?—My? 
By= — 200+ 20a <= )-2e( ‘ ). 
My 4My? 


The factors n; are given by m2=3=1, m=ns=2; the 
values of two result from the factors of V2 in Eq. (3b). 
The quantity Q; is the threshold value of the relative 
effective electric dipole moment for the process de- 
noted by 7. The Q; are given by 


(5b) 


(5c) 


Qi=- (Mx/My), 
Qh= i, 


O;=0, 
Os= (X/My). 


(6) 


The effective anomalous magnetic moments for 
either of the charged particle emitting reactions may 
be written 


Mj=uNi FY); (/a) 
where again the upper sign refers to the scalar case, and 
un; and py; are the static anomalous moments of the 
nucleon and hyperon in question. All magnetic moments 
are given in units of nuclear magnetons. The negative 
sign for the scalar case in Eq. (7a) results from the 


5 These expressions may be determined by expanding the 
relevant expressions of reference 1 in powers of q. If this procedure 
is followed, the quantities yy-Fuy(M/SM) of reference 1 corre- 
spond to the yw; used here. There is a misprint in Eq. (3.18) of 
reference 1, but the calculation is correct. The expressions for Q, 
and Q, in this equation should be reversed, and the sign of the 
resulting expression for Q4 should be positive. 
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fact that the sign of the energy difference between 
initial and intermediate states depends on the time 
order of the photon absorption and K-meson emission. 
In the pseudoscalar theory this sign is compensated by 
a sign change resulting from the baryon spin flip 
associated with the A-meson emission. 

The situation is more complicated for the reactions 
that produce neutral hyperons, because of the possi- 
bility that the absorption of a magnetic dipole photon 
may convert a A° to a 2° or vice versa. (The contribution 
of such a conversion process is represented by the 
middle Feynman diagram in the lower row of Fig. 1 of 
reference 2.) We define the transition moment ur be- 
tween the A° and >° in terms of the matrix elements 
of the magnetic moment operator, (A | | 2° 

>’ w A°)=ur. The relative phase of the A® and 2° 
states is chosen so that w7 is a non-negative real number. 
The effective moments for the reactions that produce 
neutral hyperons may be expressed in terms of wr and 


1.€., 


the particle moments by the formulas: 
M2a= Mp tes’ (Ga/Gz)ur, 


[op = Mp Maot (Gy Ga)ur, 


Msa= Mat mst (G4/Gs)u7, 


Mish Mn+ pat (Gz Ga)ur. 


The difference in sign of the transition moment con- 
tribution in the cases of absorption by protons and 
neutrons results from the fact that the relative sign 
of the A°K+p and S*K+p terms in Eqs. (3a) and (3b) is 
positive, while that of the A°K°n and S°K%n terms is 
negative. 

In principle the calculation of the cross sections could 
be improved by replacing the static anomalous mo- 
ments by dynamic the dynamic and static 
moments may differ considerably since the recoil 
energies involved are large. In a Lorentz-covariant 
theory the moments must be functions of scalar com- 
binations of the four-momenta of the photon and the 
initial and final baryons involved at the electromagnetic 
vertex. The four-momentum of the photon (&) is the 
difference between the four-momenta of the initial and 
tinal baryon at the vertex (p; and p,); hence, there are 
only three independent scalar combinations of the 
four-momenta. We choose these to be $3’, pr’, and 
(pi— py)?=k* so that the anomalous moments may be 
written wj;=uj(p,",p,*,k’). In the perturbation theory of 
photoproduction the photon and one of the baryons at 


ones ; 


the electromagnetic vertex are real, so that their four- 
momenta squared are given by their respective rest- 
masses squared, and the moments are functions of one 
variable only. Thus, the effective nucleon moments are 
expressed in the form wy =uy[| My?,(py+h)*,0] and the 
hyperon moments in the form wy =uy[ (py—k)*,My?,0]. 
Unfortunately, the dynamic corrections to the static 
moments resulting from the facts that (py+k)°¥ My? 
and (py—k)*#My’are quite different from the dynamic 
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corrections occurring in electron-baryon scattering. 
If the electron-baryon scattering amplitude is calcu- 
lated to lowest order in e?/fc (single photon exchange) 
both baryons at each electromagnetic vertex are real, 
but the photon is virtual. Hence the Stanford electron- 
scattering data have yielded some information con- 
cerning the dependence of the nucleon moments on ?, 
fice. concerning py(My*,My*,k*) |. At present, how- 
ever, there is no direct experimental information con- 
cerning the effect of the variation of p,* or p,*, so that 
the dynamic corrections to the moments involved here 
are all unknown. 

If the A-meson parity is positive, the non-spin-flip P 
wave production resulting from electric dipole absorp- 
tion from the system’s electric moment may contribute 
appreciably to the cross section, even at energies within 
100 Mev of threshold. This effect is represented by the 
C; term in Eq. (2). The value of the coefficient C; is 
given for all processes by the expression 

Mx*—(My+My)* 4N°M, 
. (8) 
2 (X?— My*)?M x? 


C; Z —0;" 


Other terms proportional to g® in the cross sections are 
not appreciable at energies close to threshold. 

The most important terms close to threshold are the S 
wave terms, represented by the -1 ; coefficients of Eq. (4). 
In the pseudoscalar case the term w;(— Y¥+My) /(2My) 

—O.4u; results from the interaction of electric dipole 
photons with the anomalous magnetic moments of the 
particles. In general this recoil correction is of com- 
parable size to the Q; term that results from the inter- 
action of the electric moment with electric dipole 
photons. In the scalar theory the magnitude of the 
anomalous moment contribution to the S wave is 
large, as expected. In this case the V; terms result from 
the interactions of the Dirac particles with magnetic 
dipole photons, and may be considered as arising from 
a combination of the intrinsic magnetic moment effects 
and other effects. 


III. CALCULATED CROSS SECTIONS IN 
GLOBAL SYMMETRY MODEL 


The values of the hyperon anomalous moments are 
not known, but certain characteristic features of the 
calculated cross sections tend to distinguish the scalar 
and pseudoscalar results for most reasonable choices of 
the moments. In order to illustrate these features we 
have calculated values of the 4 ;, B;, and C; coefficients 
on the basis of the assumption that G,?=Gy", and the 
assumption that the anomalous moments are the result 
of globally symmetric pion interactions.6 The choice 
G,*=Gy° is a reasonable guess, since preliminary evi- 
dence indicates that the cross sections for the reactions 


ytp—A°+Kt and y+p—2>°+A* at comparable 


® A clear formulation of the global symmetry assumption is 
given by Murray Gell-Mann, Phys. Rev. 106, 1296 (1957). 
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energies above the corresponding thresholds are of 
comparable magnitudes.’ The global symmetry assump- 
tion is made for definiteness and simplicity. In the 
global symmetry theory the three pairs of baryons 
(pn), (2+, Y°), and (Z°,2-) interact in the same manner 
with the pions, where Y° and Z° are defined as the 
following linear combinations of the A° and >? particles® : 
Y°=2-4(A°—>"), Z°=2-1(A°+>"). Since the anomalous 
proton and neutron moments are equal and opposite 
(the small difference in |u,| and |y,| being neglected), 
we hypothesize that this is true also for the other two 
doublets, and further that the moment magnitude is 
the same for the two doublets (2+,Y°) and (Z°,D>), i-e., 
Mst=pz°= —py°= —yuy-. It then follows from the de- 
fining relations for the Y° and Z° particles that 


bst=—Ms-=yr, wAo=py=0. (9) 


It should be pointed out that the equations pa» 
=py=(0 and wy+= —yy- follow from the more general 
assumption that the anomalous moments result exclu- 
sively from charge independent interactions of the 
a, 2, and A particles. This statement may be proved in 
the following manner. The magnetic moment operator 
is proportional to the charge. Since the 7, ©, and A 
isotopic multiplets are all centered at zero charge, the 
magnetic moment of any system involving these par- 
ticles only is proportional to the s component of a 
vector in isotopic spin space. (If interactions with 
charge-displaced multiplets were considered, the mag- 
netic moment could have an isotopic scalar part.) 
The relationships wa°=ws°=0 and ws+= —yus- are then 
consequences of the well-known rule concerning the 
matrix elements of the z component of a vector 
operator. 

If |Gx = |Gy), wp=—un, and the hyperon moments 
satisfy the relations of Eq. (9), it may be seen from 
Eqs. (7a) and (7b) that the effective moment for each 
process may be represented by taking the appropriate 
combination of signs in the expression, wj=-u,ptyus*. 
In order to calculate the low-energy cross section coeffi- 
cients we further assume w,»=ys*= 1.8. The results are 
listed in Table I. The hyperon mass is taken equal to 
the 2 mass, though the relations between the different 
numbers would not be changed significantly if the A 
mass were chosen. In the theory given here the results 
for the A° processes are identical to those for the 
corresponding 2° processes. 

It may be seen from the table that the predictions 
for the four processes are quite different in the four 
cases characterized by the different signs of the K 
parity and of the ratio Ga/Gy. If the reaction energy is 
close enough to the threshold energy the largest con- 
tributions to the cross sections are the S wave terms 
(the A terms). The significant relations between the S 
wave Cross sections predicted in the four cases may be 
summarized as follows: 


7McDaniel, Silverman, Wilson, and Cortellessa, Phys. Rev. 
Letters 1, 109 (1958). 
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TABLE I. Calculated values of the A, B, and C coefficients 
corresponding to different choices of the A parity and the ratio 
Ga/Gy. The values of yu; result from the assumptions discussed in 
Sec. III. 


Parity GA/G: Process j f Cj 


- DS Kt 
_ >Ke 
>+K? 
>- K+ 


small 
small 
small 
>> small 
-2°K* small 
2°K° small 
>°Kt ; 53 
>°K° 0 
->+K® a 19 
2 Kt - 4. 210 
=°Kt : -2. 53 
n-2°K° ; » 0 


Case I. Odd parity, G,4/Gy=1.—The 2°K+t cross 
section is much smaller than that of all the other sigma 
processes. The charged sigma Cross sections are largest. 

Case II. Odd parity, Gx/Gy= —1. 
for charged sigma production are much the largest; the 
°K cross section is smallest. 

Case IIT, Even parity, Gs/Gy=1.—The 
anomalous moments are small, so that the low-energy 


The cross sections 


effective 


cross sections are proportional to the squares of the 


electric dipole moments. 

Case IV. Even parity, Gs/Gy= —1. 
tions for the neutral hyperon processes are much the 
largest. 

If the A term is small the terms involving P waves 
(B and C terms) may be important at energies within 
100 Mev of threshold. [If the lab photon energy exceeds 
the threshold value by 100 Mev, the expansion coeffi- 
cient g/My of Eq. (2) is equal to 0.17.] For example, 
if the A parity is even, and G4/Gy=1, the contributions 
to the differential cross sections at 90° of the C; sin? 4 
terms are equal to the corresponding contributions of 
the A; terms at a lab photon energy only 65 Mev above 
the threshold value. 

Although some of the numbers of Table I are sensitive 
to the choice of values for the anomalous moments, 
the qualitative features discussed above persist for 
most reasonable choices. Consider, for example, the 
fact that the close-to-threshold S wave cross section 
for the p-=+K® process is larger than the corresponding 
p->"K* cross section in the pseudoscalar theory, while 
the relative sizes are reversed in the scalar theory. 
This difference between the prediction of the scalar and 
pseudoscalar theories results from the following factors. 
It is expected that the interaction of the charged sigma 
and pions is sufficiently strong so that the anomalous 
~*+ moment is positive. If the A parity is odd the con- 
tributions from the anomalous 2+ and proton magnetic 
moments and the electric dipole moment all add con- 
structively to the S wave amplitude for the process 
p-=*K°, so that the cross section is large. If the A 
parity is even, the contribution from yw, has the opposite 
sign from the ws+ and electric moment contributions, 


The cross sec- 





924 RICHARD 
so that the cross section is not large. The situation is 
quite different for the p-2°K* process, primarily be- 
cause the electric dipole moment term Q; is positive 
for this process. Thus the uw, and Q terms add de- 
structively in the pseudoscalar case and constructively 
in the scalar case. Hence, the ratio of the 2°K*+ and 
=+K® cross sections (A2_/A,) tends to be large in the 
scalar case and small in the pseudoscalar case. A similar 
argument may be made concerning the ratio (A 2/A4); 
this ratio also tends to be much larger in the scalar 
than in the pseudoscalar theory. 

Again it should be pointed out that recoil effects 
associated with the finite photon wavelength are im- 
portant, even for the qualitative effects discussed 
above. 

The present experimental data are insufficient for 
any conclusions to be made concerning the K parity 
or the sign of Ga/Gy. Only the p-A°K* and p-2°K* cross 
sections have been measured,’:’ and the data are not of 


’ Brody, Wetherell, and Walker, Phys. Rev. 110, 1213 (1958). 
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sufficient accuracy to show whether or not the cross 
sections are appreciably nonisotropic. Certainly much 
would be learned if the measured results could be com- 
pared to the corresponding cross sections for any of the 
other processes discussed here. It is seen from Table I 
that the S wave cross sections for some of the un- 
measured processes may be much larger than the 2°K+ 
and A°K+ cross sections, so that measurement of the 
processes 2+K°, 2~Kt, 2°K°, and A°K® may not be as 
difficult as one would at first suppose. 

Of course the effects of pion interactions and reso- 
nance states may seriously alter the perturbation theory 
conclusions. Nevertheless, it is believed that the per- 
turbation theory is a valuable guide to experiment, and 
it is not unlikely that many of the qualitative con- 
clusions of the theory will prove to be correct. 
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The theory of gravitation is usually expressed in terms of an arbitrary system of coordinates. This results 
in the appearance of weak equations connecting the Hamiltonian dynamical variables that describe a state 
at a certain time, leading to supplementary conditions on the wave function after quantization. It is then 
difficult to specify the initial state in any practical problem. 

To remove the difficulty one must eliminate the weak equations by fixing the coordinate system. The 
general procedure for this elimination is here described. A particular way of fixing the coordinate system is 
then proposed and its effect on the Poisson bracket relations is worked out. 


INTRODUCTION AND NOTATION 


HE problem of putting Einstein’s equations for 

the gravitational field into the Hamiltonian 

form, as a preliminary to quantization, has recently 

received a good deal of attention, because of the develop- 

ment of mathematical methods sufficiently powerful 
to make it tractable. 

The Hamiltonian form involves the concept of a 
physical state “at a certain time,” which means in a 
relativistic theory a state on a certain three-dimensional 
space-like surface in space-time. At first people! chose 
the space-like surface independent of the coordinates 
a“, which enabled them to preserve the four-dimen- 
sional symmetry of the equations. Later it was realized** 

* The author’s stay at the Institute for Advanced Study was 
supported by the National Science Foundation. 

'F. A. E. Pirani and A. Schild, Phys. Rev. 79, 986 (1950). 

2 Bergmann, Penfield, Schiller, and Zatzkis, Phys. Rev. 80, 
81 (1950). 

3 Pirani, Schild, and Skinner, Phys. Rev. 87, 452 (1952). 

4P. A. M. Dirac, Proc. Roy. Soc. (London) A246, 333 (1958). 


that one could effect a substantial simplification, at the 
expense of giving up four-dimensional symmetry, by 
choosing a system of coordinates such that the three- 
dimensional surfaces x°=constant are all space-like 
and dealing with the physical states on these surfaces. 

The main features of the Hamiltonian formalism 
will be recapitulated here. The notation will be that 
used by the author,‘ with the exception that the sign 
of the g, will be changed throughout, to make goo 
negative. Greek suffixes take on the values 0, 1, 2, 3, 
lower-case Roman suffixes take on the values 1, 2, 3, 
the determinant of the g,, is —J*, the determinant of 
the g,, is K*, and the reciprocal matrix to g,, is e’*. A 
lower suffix added to a field quantity denotes an 
ordinary derivative, while |, added to it denotes the 
covariant derivative. 

We shall deal with the gravitational field in inter- 
action with other fields, or possibly particles. Spinor 
fields are excluded, as they require a special treatment. 
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We have an action density of the form 
L=LetLym, 


where Lg is the action density of the gravitational field 

alone, involving the g,, and their first derivatives, and 

Ly is the action density of the other fields, involving the 

other field quantities, gy say, and their first derivatives 

and involving also the g,,, but not derivatives of the gy. 
The gravitational action density is 


Lo= (16mry) Tg" (P,P ve? — Pus Tyo), (1) 


where ¥ is the gravitational constant, occurring in the 
numerator of Newton’s law of force. To save writing, 
we shall take 

l6ry=1. (2) 


HAMILTONIAN FORM OF GRAVITATIONAL THEORY 


We shall deal with the physical state on the surface 
x°=¢ and shall set up Hamiltonian equations of motion 
to determine how the state varies as / varies. The 
Hamiltonian is, by the usual definition 


0L6G O0Ly ; 
A= f (so -+)) quo 2 ets, (3) 
OLuv0 0q M0 


where the sum is over all the nongravitational dynamical 
coordinates qv. 

It is evident that there must be a good deal of arbi- 
trariness in the equations of motion on account of the 
arbitrariness in the system of coordinates x*. In the 
first place we see that the g,o can vary with ¢ in an 
arbitrary way. To describe the geometry of the surface 
x*=t and also the system of coordinates x’ in it, we need 
the g,, at all points on the surface, but we do not need 
the g,o, which refer only to intervals going outside the 
surface. Different values for the g,o correspond to 
different choices of a neighboring surface x°=/+. and 
to different systems of coordinates x” in the neighboring 
surface, and these are completely arbitrary with a 
given initial surface «°=¢. 

We get the simplest form for the equations of motion 
if we describe the physical state on the surface x°=/ 
entirely in terms of dynamical variables that are 
independent of the gyo. Let us consider the kind of 
quantities that can enter into such a description. 

Suppose there is a vector field A,. The three co- 
variant components A, on the surface remain invariant 
under a change of coordinates which leaves the co- 
ordinates of each point on the surface invariant. So 
these A, will enter into the description. We cannot have 
Ao, but we have instead the normal component of A, 
namely A,/*, where /# is the unit normal. Similarly for a 
tensor B,,, which may be the covariant derivative 
A,|, of A,, we have the quantities B,,, B,J’, B,./*, 
B,,l/*l’. Each of these quantities is unaffected by a 
change of coordinates which leaves the points on the 
surface invariant and is thus independent of the gy,o. 
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It should be noted that, for a vector A,, the ordinary 
and covariant derivatives A,,; and A,), are both 
independent of the g,yo. Their difference, namely 
I',,“A,, is thus independent of the g,o. We may take A, 
here to be the unit normal, namely 


l= gu (—g™)!, 
and we find that the quantity 
Boe (—g™)! (5) 


is independent of the gyo. This quantity may be called 
the “invariant velocity”? of g,;., as it consists of the 
ordinary velocity g,.o multiplied by a certain factor and 
with certain terms added on, so as to produce a quantity 
independent of the choice of coordinate system outside 
the surface x°=/. 

With the physical state described in this way, one 
easily finds’ that for a dynamical variable 7 not in- 
volving the guo, dn/dx° is of the form 


dn a= { ((-¥" 1g, +¢,0e7t,} dx, (6) 


with &, and &, independent of the gyo. We need equa- 
tions of motion to determine £,, & for any 7. The 
coefficients (—g”)~*, g,o in (6) are arbitrary and not 
restricted by the equations of motion. 

One gets equations of motion of the form (6) from 
a Hamiltonian of the form 


H= [(-e Ii +g re" KH, } dx, (7) 


with 3, and 5, independent of the gyo and vanishing 
weakly. It has been shown! that the Hamiltonian (3) 
takes the form (7) provided the dynamical coordinates 
describing the nongravitational fields are chosen to be 
independent of the g,o, in the way discussed above, and 
provided one takes for Lg, instead of (1), an expression 
which differs from (1) by a perfect differential and 
which does not contain the velocities gyoo, namely 
Soe el el — lll a) 

+ (Jg™)o(g” g”) = (Jg),(g” 2” )o. (8) 


With this Lg, the momenta p” conjugate to gyo 
vanish weakly, which results in the degrees of freedom 
described by g,o, p“” dropping out from the Hamiltonian 
formalism. The weak equations p“”~0 give, when one 
passes to the quantum theory, the conditions p“y=0, 
which show that the wave function ¥ does not involve 
the Ryo. 

The surviving gravitational momenta are 

prea K (e"*e**— ete) 6n"/ (— ge”), (9) 


They are built up from the invariant velocities (5). 
The fundamental Poisson bracket (P.b.) relations for 
them are 


[gar,p'* ]=43(ga’go'+80'Ba")d(x—X’). (10) 
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The expressions for 3; and 5, in (7) are found to be 


K"(p"*pre— dpi ps) +B 
+{K(K’e’ 


Hy 
(11) 


(12) 


*) eT OCML, 


K,= p*’gabrs— 2( p* boas) btu, 
where 


B=1K groufavef (e"%e">—ete®)e" 
+ Je’ ieab_ ete? e o (1. 


and 3Cy,, Hy, are the contributions arising from the 

nongravitational fields. It should be noted that the 

terms B+ {K~'(Ke"*),}, are equal to the density of the 

three-dimensional scalar curvature of the surface x°=¢. 
We have the weak equations 


Kr=0, H,=~0. (14) 
They are x equations or secondary constraints. To see 
where they come from, we note that Einstein’s field 


equations are 


R,’— 28u'R,’ = 27 ,”, (15) 


where 7,’ is the stress tensor produced by the non- 
gravitational fields. The left-hand side of (15) contains 
second derivatives of the gag and thus in general 
contains accelerations gagoo. The right-hand side of (15) 
contains no derivatives of the gas. Now the well-known 
identities 

\ R,’ ~ > Bu" Ro’) yv=0 


may be written 


(R,°—3g,°R,")o= — (R,"—39,"R.’) +, (16) 
where the + at the end indicates that some further 
terms, not involving third derivatives of the g,,, must 
be added on. The right-hand side of (16) evidently 
does not contain any third time derivatives gasooo. 
Thus the left-hand involve third time 
derivatives, so R,°—3g,°R,” cannot involve accelerations 
£2300. Thus if we take v=O in (15), we get equations 
involving only dynamical coordinates and velocities. 
By substituting for the velocities here in terms of the 
momenta, we get four equations between dynamical 
coordinates and momenta only, which yield (14). 

The main part of the Hamiltonian is obtained by 
putting g.o= —4,0 in (7) and is thus 


sin ® rues 


side cannot 


(17) 


fix (DP Drs— dir ps +BH+E wr} d'x, 


after removal of a surface integral at infinity. The 
removal of this surface integral does not disturb the 
validity of Hain for giving equations of motion, but 
it results in H,,ain Not vanishing weakly. 
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We can write the total Hamiltonian (7) in the form 


H= Hoan { ((-#% 1-135 ,d*x 


+f gerieat, (18) 


when it appears as H,,,in With arbitrary linear combina- 
tions of 5C;, and of #,, for various values of x’, added on. 
These additional terms in the Hamiltonian produce 
terms in the equations of motion in addition to those 
produced by A main, corresponding to the surface 
a=? undergoing arbitrary deformations and having 
arbitrary changes of its coordinate system x’ as ¢ varies. 


NEED FOR FIXATION OF THE COORDINATES 


To specify a physical state at a particular time in the 
classical theory, we must choose numerical values for 
all the dynamical coordinates and momenta so as to 
satisfy the constraints (14). This involves solving some 
differential equations, so it is not such a straight- 
forward matter as specifying a state in particle 
dynamics. 

In the quantum theory the situation is more compli- 
cated. The constraints (14) go over into the conditions 
on the wave function 


(19) 


(20) 


Krw=0, 
w=. 


To specify a state at a particular time involves obtaining 
a solution of Eqs. (19), (20), which are functional 
equations. 

Equation (20) expresses merely that y must be 
invariant under changes of the coordinate system x” in 
the surface x°=/. To get p to satisfy this equation is 
thus not difficult. Equation (19) expresses the require- 
ment that the state shall be specified in a way that is 
independent of deformations of the surface x°=/. The 
treatment of such deformations is essentially as compli- 
cated as the treatment of the passage from the surface 
x°=! to a neighboring surface x°=/+e, so to get p to 
satisfy (19) is essentially as complicated as solving the 
equations of motion. Thus we have the situation that we 
cannot specify the initial state for a problem without 
solving the equations of motion. The formalism is thus 
not suitable for dealing with practical problems. 

The difficulty does not arise in the weak-field approxi- 
mation, because then many of the terms in (19) get 
neglected and the remaining ones, if expressed in terms 
of Fourier components, are easy to handle. 

To obtain a practical formalism of greater accuracy 
than the weak-field approximation, it is necessary to 
introduce into the theory some new constraint that 
fixes the surface x°=/, so that we no longer have the 
possibility of making arbitrary deformations in it. Then 
the supplementary condition (19) gets eliminated. We 
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may also introduce some further constraints that fix 
the coordinate system x” in the surface. While not 
essential for getting a practical formalism, such further 
constraints serve to simplify the formalism by elimi- 
nating the conditions (20), and so making the task of 
specifying the initial state a trivial one. 

The fixation of coordinates is advantageous also in 
the weak-field approximation, because it leads to some 
degrees of freedom dropping out from the formalism, 
the procedure being similar to the elimination of the 
longitudinal waves in electrodynamics. 

When dealing with gravitational waves, people 
usually restrict the coordinate system by introducing 
the harmonic conditions 


(J g#”),=0. 


These conditions would be quite unsuitable in the 
present formalism because they involve the gyo, which 
the present formalism allows to be completely arbitrary. 
Any restriction imposed on the g,» would not help one 
in dealing with Eqs. (14) or (19) and (20). We need 
some restrictions which affect only the variables 
involved in (14), namely g,, and p"*, and possibly also 
the nongravitational variables. 


GENERAL METHOD 


Let us examine the general principles which come 
into play when we introduce some new restrictions or 
constraints on the dynamical variables in a Hamiltonian 
theory. Suppose we have a number of weak equations 
Xn~0 (n=1, 2,---.), which may be either primary or 
secondary constraints. We are taking .V to be finite 
for definiteness, but the same principles apply with .V 
infinite. Suppose further that these weak equations are 
all first-class, so that 


ExnsXn7 J=0. 


Now introduce some new restrictions, say the M 
independent equations 


1,2,::°, M 


with M<.NV. They are, of course, weak equations. 
Suppose that none of them (and no linear combination 
of them) has zero P.b. with all the x’s, so that they are 
all second-class constraints. They will cause M of the 
x’s to become second-class, while V—M of the y’s (or 
linear combination of them) remain first-class. 

Suppose x1, xX2,°**xa become second-class, while 
Xai¢**, Xv remain first-class. We now have the 2M 
second-class constraints x»,~0, V¥,<0O (m=1, 2,---M). 
Let us write x¥m=V asim, so that the 2M second-class 
constraints become Y,~0 (s=1, 2,---, 2M). 

There is no place for second-class weak equations in 
the quantum theory, so we have to transform them in 
some way. We shall see that we can change them into 
strong (holding as 
operators in the quantum theory) provided we adopt 


equations equations between 
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a new definition of P.b.’s, which corresponds to the 
number of effective degrees of freedom being reduced 
by M. 

In simple cases we can pick out directly the degrees of 
freedom that have to be dropped and those that 
survive. Let us take the special case when M of the 
equation Y',~0 are 


Pm 0, 


The remaining M of them must then contain all the 
variables g,, independently, (otherwise the p,, would 
not all be second-class) and so it must be possible to 
solve them for the g,, and write them as 


m=1,2,:--, M. (21) 


Qm™ fm(Quqi, Yu42"* Pasi, Payets*). (22) 


We now see that the degrees of freedom associated with 
Gms Pm (m=1, 2,--+M) cease to play an effective role in 
the dynamics. We can use Eqs. (21) and (22) to elimi- 
nate the variables p,, and g,, from the theory, which 
implies using these equations as definitions or as strong 
equations. We then work with P.b.’s that refer only to 
the other degrees of freedom. 

In the general case one retains all the dynamical 
variables and merely changes their P.b.’s to correspond 
to the reduction in the number of degrees of freedom. 
To do this one first sets up the matrix of all the P.b.’s 
[Y,,V.]. It can be shown® that this matrix has a 
nonvanishing determinant, provided there is no linear 
combination of the VY’, that is first-class. One must then 
obtain the reciprocal matrix C,,’, satisfying 


Cael Var, Var J=be0r. 


(23) 


Note that C,,’ is a skew matrix, like [Y,,¥. ]. One then 
defines new P.b.’s by the formula 


[ t ig Z 
L$s1_] 


nmj—-Lé,Y, (24) 
It can be checked® that the new P.b.’s satisfy all the 
fundamental relations that P.b.’s ought to satisfy. 

From (23) and (24) we see at once that [&,V, ]*=0 
for any &. Thus the ]’, now have zero P.b. with every- 
thing, so that we can consider the equations V,=0 as 
strong equations and use them before working out 
yy 

In applying this method to the gravitational case 
we desire,.of course, that the change in the P.b.’s 
shall not be too complicated. In particular, we would 
like to have no change at all in the P.b. of two quanti- 
ties, neither of which involves the gravitational variables 
Zrs, p’’. This result is ensured provided the two condi- 
tions hold: (1) The VY, (m=1, 2,---M) involve only 
the gravitational variables; (ii) The P.b.’s [¥n,Vm ] 
all vanish. The proof is as follows. 

We have already (xn,xXm|=0 from the assumption 
that the x’s were originally first-class. With the further 
condition [Vn,V¥m ]~O we have LY,,¥e |- 
when 1<s<M and M4+1<s'<2M or vice versa. 


0 except 


his 


5P, A. M. Dirac, Can. J. Math. 2, 129 (1950 
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leads to C,,..~0 except when 1¢s<M and M+1<s’ 
< 2M or vice versa. The surviving elements of C are thus 
Cm. Mim’=—Cam’, m The elements Cn, 4m form a 
matrix of M rows and columns, which is the reciprocal 
of the matrix [xm’,Vm_]. 

The formula (24) now reduces to 


Cen }*—(énJ=—Cmm, wim {LEV mms] . 
—L&, xm JL¥ mn ]}. (25) 


If ¢ and » do not involve the gravitational variables, 
the condition (i) above leads to [&,Y,,]=0 and 
[ Vn,» ]=0, so the right-hand side of (25) vanishes. 

The introduction of the new constraints into the 
theory, when combined with the appropriate change in 
the P.b.’s, leaves the Hamiltonian first-class. It follows 
that the Hamiltonian equations of motion preserve all 
the constraints. 


FIXATION OF THE SURFACE 


To fix the surface x°=/, the natural conditions to 
take are 


Pr’ = grep" ~0. (26) 


This involves bringing into the theory one Y equation 
for each point of the surface. 
One easily checks that 


[5,8 up“ |= gurp""b,.(x—2x') ~0, 
so the conditions (26) do not disturb the first-class 
character of the equations 3.,~0. This means that the 
conditions (26) do not restrict the coordinate system x’ 
in the surface, a result which is evident from the tensor 
character of (26). The conditions (26) mean geo- 
metrically that the surface shall have a maximum 
three-dimensional ‘‘area.””’ The equations (26) and 
5,~0 are now second-class and we can use them to 
eliminate one degree of freedom at each point of space. 
We have 
[greyP'u" |=grsd(x—2’). 


It follows that the ratios of the g,, at any point have 
zero P.b.’s with p," at all points of the surface. Let us 
put 

K=*’, (27) 


Brs= Bre”, 
Then Z,, involves only such ratios and has zero P.b. 
with p," at all points. There are five independent 
2,s, as their determinant is unity. The @* form the 
reciprocal matrix to the matrix Z,,, and also have the 
determinant unity. 
We have 

[K?,p’u" ]=3K75(x—x’), 
and so 

[Inx,p’u” ]=36(x—2’). 
Put 

pr'= (p— he"*ganp® b) 2 

Pre=Brakerp®”. 
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We find that p” and p,, have zero P.b. with p,." and x 
at all points. 

Let us change our basic dynamical coordinates from 
the six g-, to the five independent Z,, and Inx. The 
momentum conjugate to Inx is now, from (28), just 
2p.", and the momenta conjugate to the Z,, are certain 
functions of the p”* and Z,.. 

The conditions (26) now take the form (21) and we 
have the equations #,~0 playing the role of (22). 
To put them into the form of (22) we must solve them, 
with the help of (26), to get x expressed in terms of 
quantities having zero P.b. with p," and x. Such 
quantities are the 2,., @", Pp”, P,., and the nongravi- 
tational variables. 

From (11), the equation 3, ~0 gives, 


— {KF (82) 5} KP Pre t+ BK a1, 


in which we look upon the g,. in B and H 1 as expressed 
in terms of the Z,, and x. This is a difficult equation to 
solve generally for x. However, for gravitational fields 
that are not too strong, the important terms are those 
that involve second derivatives of x, i.e., those on the 
left-hand side. We can therefore obtain the solution 
by a method of successive approximation, first putting 
x=1 on the right and solving the resulting simplified 
equation, then substituting the first approximation for 
x on the right and solving to get the second approxi- 
mation, and so on. We shall consider this equation 
further in the next section, with reference toa particular 
system of coordinates, and for the present we shall 
assume that the solution has been obtained. 

Following the method of the preceding section for 
dealing with the second-class equations (21) and (22), 
we express Hyain and KH, in terms of the variables 
Bre, 0, PD", Pre, Pu“, and x, and then eliminate p,“ and x 
from them. by means of (26) and the solution of (30), 
which we may now use as strong equations. The 
elimination from %, is trivial, as we get from (12), 
using (26), 


(30) 


He= pp 'Babs—2(p* Bas) b+HK me. (31) 


If the nongravitational field variables are suitably 
chosen, 337, will not contain x. The ‘elimination from 
Hain leads to an expression 


i ore = [cco B+5c M )d3x, ( 32) 


in which x is understood to have the appropriate value. 
The integrand here may be considered as the energy 
density or mass density. The complete Hamiltonian 
is now 


* maint f grove" H dx. (33) 
The term corresponding to the freedom of deformation 
of the surface, i.e., the middle term of (18), has 
disappeared. 
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We now have a Hamiltonian formalism in which 
the degree of freedom described by p.” and Ink has 
dropped out. The Hamiltonians (32) and (33) are 
first-class even with the condition (26), so they lead 
to equations of motion that preserve (26). The pro- 
cedure of substituting for « in the derivation of H* main 
caused the introduction of the right amount of 3, 
into the Hamiltonian to ensure the preservation of (26). 


FIXATION OF COORDINATES IN THE SURFACE 


To get the theory into a more convenient form, one 
must also fix the coordinate system «” in the surface. 
The most natural conditions to take for this purpose, 
from the geometrical point of view, are the harmonic 
conditions in three dimensions: 


(Ker*),~0. (34) 


However, (34) does not have zero P.b. with (26), so if 
we adopt (34) together with (26) we must change the 
P.b. relationships between the nongravitational vari- 
ables. To avoid this inconvenience, it is better to 
replace (34) by 

(35) 


ers. ~ 0, 


which does have zero P.b. with (26). 
With the coordinates fixed by (35), Eq. (30) reduces 
to 


—AV-x= Kp", + B+K ui. (36) 


where V? denotes the Laplacian operator with respect 
to the metric Z,,, namely 


V2 = 6799? /Ox"dx*. (37) 


The right-hand side in (36) equals the integrand in (32) 
and is the mass density. To interpret (36), let us restore 
the gravitational constant into the theory in accordance 
with (2). It then becomes 


— (dary) Vx = LO pp, + (16ry) "B+ yp. (38) 


We now see that x—1 is the Newtonian potential 
generated by the mass density in a space with the 
metric Zs. The fact that « occurs in the right-hand 
side of (38) can be understood as due to the Newtonian 
potential itself having some influence on the mass 
density which generates it. 

Let us examine the term with B in (38). The expres- 
sion (13) for B, written in terms of the new variables, is 


B= 14-1 (xg rs Ts a Qkubre) (Kobo gE b) 
x { (@74e8b— erepad) Gur + 2(@rugeb— Gragbu est \ : 


With the help of the equation 
Breve *=0, 


which follows from the determinant of the 2,, being 
unity, and of the equation 


Prove’ =0, 
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which follows from (35), this reduces to 


VprapbupZav 


B=} uP rauBaby (EOE — 260% GE”) — Du Kk kyo”. (39) 


The last term here, divided by 16ry, can be inter- 
preted as the mass density (or energy density) of the 
Newtonian field with the potential x—1. It is negative 
definite, corresponding to the Newtonian force being 
attractive. The remaining terms of B, together with 
the first term on the right-hand side of (38), give the 
energy density of the gravitational waves. 


THE NEW POISSON BRACKETS 


With the coordinates fixed by (35), the P.b.’s of the 
gravitational variables with one another and with the 
nongravitational variables will be altered. The new 
P.b.’s are given by formula (25) with Y,, replaced by 
é™,, and xm replaced by 3’,. It thus reads 


Lé,n }*-LénJ= =f feet ytCgerILae'on) 


—(é,5¢’, |Le“u,n }}d?xdix’. 


The coefficient C,*(x,x’) is the reciprocal of the matrix 
[4’,,e,] and thus satisfies 


(40) 


fi v(x" x’) [5C' 2°", \d?x’ = g,"5(x—x""). (41) 


Evaluating the P.b. here, we get 


fi 08 (x x’) { g2E*"San(x— x’) 


+ 4276 .a(x—x’)}d5x’ = g,"5(x—2’’), 


which reduces to 


VC," (x" x) + 46°C, "(x X) ca = 2" 6 (4— 2"), (42) 


with V? defined by (37). 

This equation may be considered for fixed x’, when 
it is a differential equation for the unknown functions 
C,"(x’,x) in the variables x. The important domain for x 
is now the neighborhood of x’, since when x is far from 
x’ the functions C,’(x’,x) are small. We can therefore 
get an approximate solution by considering the space 
as flat in this domain, so that the é*° are constants. 
With this approximation we get, on differentiating 
(42) with respect to x’, 

VC,*, = 26, (x—2’). (43) 


The solution of this equation is 


ft» 3 1 
C,.= stat x ( Fj ) ’ 
den AN x—-2'| 7, 


where |x—x’!| denotes the distance from x to x” with 


respect to the metric £;., 


la—a’| = {2,.(47— 4") (x? —x"*)} (44) 
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Equation (42) now becomes 
VC," = g'6(x—2')+ 
whose solution is 


O*)x¥— Hx" | ng. (45) 


x 32r 


One could get the solution of (42) to a higher accuracy 
by substituting for the é*° in the left-hand side of (42), 
(remembering that @*° occurs also in the operator V’,) 
their Taylor expansions in powers of x—x’ and using 
the first approximation for C,” in those terms in which 
it occurs with a factor x’—.x’". By a process of successive 
approximation one could get the solution to any 


desired accuracy. 

With the coefficients C,*(x,x’) in (40) determined, 
the new P.b.’s are determined. It should be noted that 
the new P.b. of any nongravitational variable with 
?,, or &"* vanishes. However, its new P.b. with p™ does 


not vanish. 
QUANTIZATION 


To pass over to the quantum theory, we must make 
all our dynamical variables into operators satisfying 
commutation relations corresponding to the new 
P.b.’s. We must then pick out a complete set of com- 
muting observables. We may take these to consist of 
the @"* at all points x’, together with a complete set of 
commuting nongravitational observables, ¢ say. We 
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can then set up the wave function as a function of these 
variables, 
y(ée"",0). 


The effective domain of y is that for which the 
é’* are restricted to have the determinant unity and 
to satisfy @*,=0. Y may be considered as undefined 
outside this domain. When we operate on ¥ with p*? or 
with any dynamical variable in the theory, we get 
another wave function defined in the same domain, 
on account of p*° commuting with the determinant 
of the @"* and with é",. 

There are no supplementary conditions to be imposed 
on ¥. We can choose it arbitrarily to correspond to the 
initial state in any problem. There is just one equation 
for Y, the Schrédinger equation 


th (dy dx) = IT nsinl, 


which fixes the state at later times. 

For the theory to be self-consistent it is necessary 
that the space-like surface on which the state is defined 
shall always remain space-like. The condition for this 
is that AK®, the determinant of the g,,, shall remain 
always positive. In the present formalism this means 
x°>0, with x determined by (36). If the mass density 
is always positive, (36) shows that x>1 and there is no 
trouble. Difficulties arise only where there is a large 
negative density. This occurs very close to a point 
particle, on account of the last term in (39). The 
gravitational treatment of point particles thus brings 
in one further difficulty, in addition to the usual ones 
in the quantum theory. 
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The angular distribution, energy spectrum, and total rate for the pion modes of hyperon decay with inner 
bremsstrahlung are calculated. The contributions from static anomalous magnetic moments are also included. 
In principle, it is then possible to experimentally determine the one unknown parameter of the problem—the 


static anomalous magnetic moment of the hyperon. 


N recent years, much theoretical and experimental 

interest has been focussed on the Y and A hyperons. 
As a result, their masses, their lifetimes, and the spin of 
the A are already fairly well established. As increasing 
numbers of such particles become available, other of 
their basic properties will enter into the realm of ex- 
perimental detection. Some of these properties are their 
interactions, i.e., the fields with which they interact 
strongly and weakly as well as the form of these 
interactions, their intrinsic parity relative to the 
nucleon, and their magnetic moments. It is the purpose 
of this paper to examine the characteristics of the emis- 
sion of a photon in the decay process, i.e., inner brems- 
strahlung, which may be helpful in determining some of 
the basic properties of the hyperons. 

The procedure will be as follows. In Sec. I, the inner 
bremsstrahlung calculation will be outlined and the 
general results stated. In Sec. II, an analysis of these 
results will be given as they pertain to experiment. 


I. CALCULATION 


It will be assumed that the interaction Lagrangian 
responsible for the process of decay of a hyperon by pion 
emission with the accompanying emission of a photon is! 


ee . 7 
Lint=—W2(iatbys)y"Wi(0,—ieA,) ¢— > ei Av; 
MK i=l 
rz. 


i=1 2m; 
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where the indices 1 and 2 refer, respectively, to the 
hyperon and nucleon, @=y,a,, ¢ is the meson field 
operator (isotopic spin indices have been suppressed) 
whose mass is p, Py ,= 0,A,—0,A gy} €1, €2, and e€3 are the 
charges of the hyperon, nucleon, and meson, respec- 
tively, and a static anomalous magnetic moment term 
(uw; in units of baryon magnetons) has been included for 
the baryons in order to approximate the effect of the 
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1 The notation is the same as that of Schweber, Bethe, and de 
Hoffmann, Meson and Fields (Row, Peterson and Company, 
White Plains, 1955), Vol. 1. 


large nucleon anomalous magnetic moment and the 
unknown hyperon anomalous magnetic moments. The 
parameters a and b (|a\?+|6|?=1) are a measure, for 
example when a and 6 have the same phase, of the 
degree of parity nonconservation in the weak, pionic 
modes of decay. 

The matrix element for the decay of a hyperon into a 
nucleon by the emission of a pion and one photon is 


Hi 
M =a (iatbroa(betq—m) a hye 


2m, 


M2 
+(e t Je(—a—m) ‘(ia+bys5)q 
2m» 
q'e 
+ €;(a+bys)(q+hk) nea ;, (2) 
q:k 


where Pi, Pou, Yu, and k, are the four-momentum of the 
hyperon, nucleon, meson, and photon, respectively. By 
charge conservation, the charges of the particles satisfy 
the relation €;= €2+€;. e, is the polarization vector of the 
electromagnetic field and “; and w2 are spinors for the 
hyperon and nucleon, respectively. 

From the matrix element (2) it is possible to find the 
transition probability in the standard manner. For the 
purpose of simplicity, and to good accuracy, this is 
given up to terms linear in the anomalous magnetic 
moment by 

1 d pod®k 
e= -———[|a|*F,:+|b|?F2], (3) 
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Fic. 1. The parameters A;,2 and 
B,.2 for the mode *+ — n+-x*. 











The subscript before the semicolon in F is to be as- 
sociated with the lower sign in +, while the subscript 
after the semicolon goes with the upper sign. 

In most experiments, the polarization of the photons 
is not observed. Also since the nucleon emitted in the 
decay is relatively slow, terms proportional to | p2| /E2 
may be neglected wherever possible (these terms are of 
the order of 10-15%). The angular differential transi- 
tion probability is then 


=dEzdx{ |a|?Gi+|b|°G2}, (4) 


where 
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where B= | pol, x= cosé, 
w= M2/M}. 
If the angular distribution of the photons is not ob- 


served, then Eq. (4) may be integrated over angles to 


(m,—E2), n=yu (m,\— 


give the absolute differential transition probability for 
inner bremsstrahlung. For convenience, this spectrum 
will be normalized so that it expresses relative proba- 
bilities, i.e., ratios of inner bremsstrahlung transition 
probabilities to the total decay probability. In this way, 
the constant g® is removed from the expressions. If the 
approximation | p2| /E2<1 is again utilized, the relative 
differential transition probability is, for the two possible 
cases of charge assignment : 
Case I (e; or €2 is zero) : 
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Case IT (€:= €2=e): 
dg 
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and where for practical purposes 8™ | po! /(m,— m2) and 
n~p/(m\— m2). 

The functions A;,2 and B;,2, pertinent to the mode 
~+— n+n*, are plotted in Fig. 1. The functions Cj,» 
and D,,2, pertinent to the mode 2+ — p+7”, are plotted 
in Fig. 2. The functions A;,2 and B;,2 pertinent to the 
mode A°— p+ are plotted in Fig. 3. It should be 
noted that the pure charge terms contribute a spectrum 
which is highly peaked at the high nucleon energy end 
(corresponding to a low photon energy). This peaking is, 
in fact, the infrared divergence which, in a complete 
calculation of radiative corrections, is cancelled by the 
contributions from the virtual photons. The cross terms 
between the charge and magnetic moment, however, 
contribute to a spectrum which is zero at both the high- 
and low-energy points of the spectrum (no infrared 
divergence). 

The total relative rate for a decay accompanied by the 
emission of one photon of energy greater than Ky, in may 
be determined by integrating this relative differential 
transition probability, as a function of the nucleon 
energy, 8, from zero to some maximum value fo. In the 


case of €;= e2.=e, the result is, for example, 
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Fic. 3. The parameters Aj,» 
and B,;» for the mode A° — p 
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As can be seen from Figs. 1-3, this total rate is 
insensitive to reasonable values of the magnetic moment 
if a sufficient amount of the spectrum is included. Thus, 
the branching ratios of radiative to nonradiative decay 
are, for nucleons whose energies lie between zero and 
0.95 of the two-body decay energy of the nucleon, 
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On the other hand, in order to detect the effects of the 
magnetic moment terms, it is necessary to examine the 
energy spectrum away from the high nucleon energy 
end. The relative number of decays which occur in these 
regions of the spectrum can be determined by using 
various values of 8». In Table I, the numerical values of 
the parameters @, ®, C, and ®D are listed for various 
values of 8» in the three pertinent decays. 
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II. DISCUSSION 


As can be seen from the results (6), the probability 
of a decay occuring in which the nucleon energy is 
decreased by more than 5% due to inner bremsstrahlung 
is about 3.4% in the 3+ > n+72+ mode, about 0.1% in 
the 2+ — p+n° mode, and about 1.5% in the A°— p 
+2a~ mode. The reason for the rate for inner brems- 
strahlung being larger in the charged pion modes than in 
the neutral pion modes is the presence of the ‘“‘cata- 
strophic” term in the former. These ‘‘catastrophic”’ 
terms, the emission of a photon from the decay vertex, 
which give the main contribution here, are entirely 
analogous to the “catastrophic” terms which give rise to 
the main effect in the pseudovector theory of photo- 
production of charged mesons near threshold. 

Although the effect in the A° decay is only about 1.5%, 
it should be noted that this should be included as a 
correction to the experiments which test the validity of 
charge independence in the strong interactions.” The 
reason is that a A° decay accompanied by a photon may 
erroneously be interpreted as the A° resulting from a 2°. 
This would have a tendency to give rise to too many 2° 
being emitted in the backward direction, the charac- 
teristic direction for the emission of the A°’s. 


? Brown, Glaser, Meyer, Perl, Van der Velde, and Cronin, Phys. 
Rev. 107, 906 (1957). 
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With regard to the magnetic moments of the hyperons, 
Marshak, Okubo, and Sudarshan’ have shown, subject 
to the important assumption of charge independence, 
that a determination of any two of the three magnetic 
moments of the =*+, 2°, and =~ determines the third 
magnetic moment through the relation wy++py-= 2yy. 
As a method for determining the magnetic moments of 
the hyperons, Goldhabert has suggested using the 
characteristic asymmetry of the decay products as an 
analyzer of the polarization of the hyperons after their 
magnetic moments have been precessed through a 
prescribed angle by an external magnetic field. This 
method has been successfully employed in obtaining a 
precise measurement of the g-factor for the muon.°® 
However, Cool, Cork, Cronin, and Wenzel® have found 
experimentally that there is essentially no asymmetry in 
the decay modes, 2+ n+2* and 2~— n+, with 
the particles originating from the reactions +N — K 

> at ~1 Bev. Although the lack of asymmetry in the 
~~ mode may be due to a lack of polarization of the S~, 
the fact that the asymmetry seems to exist in the 
<+ — p+n° mode’ implies that it is a characteristic of 
the effective weak coupling, and not a lack of polariza- 
tion, that no asymmetry exists in the 2+— n+ 
mode. This may also imply, as the A/=} rule predicts, 
that the lack of asymmetry in the 2~ mode is a charac- 
teristic of the effective weak coupling. On this basis, the 
Goldhaber proposal is sufficient for determining the >* 
magnetic moment but not that of the =~ particle. As an 
examination of Table I will show (in the approximation 


3 Marshak, Okubo, and Sudarshan, Phys. Rev. 106, 599 (1957). 

‘'M. Goldhaber, Phys. Rev. 101, 1828 (1956). The method of 
this paper is applicable to the decay of spin } particles via a 
parity-nonconserving interaction. 

5 Coffin, Garwin, Lederman, Penman, and Sachs, Phys. Rev. 
106, 1108 (1957). 

6 Cool, Cork, Cronin, and Wenzel, Proceedings of the Confer- 
ence on Weak Interactions at Gatlinburg, Tennessee, October, 
1958 [Bull. Am. Phys. Soc. Ser. IT, 4, 83 (1959) ] 
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TABLE I. Coefficients in branching ratios By,, Byo, and B,y— for 


various values of maximum nucleon momentum, 8. 


: >n+r" + ‘) 
zr an+r" 
10° Q, 10° Q. 107 (8; 


0.036 0.099 0.005 
—().009 
—(0.014 
—(0),019 
—().022 
—(0).024 


¥ > p+n+y7 
Bom - 
zt ptr! 


10°C, 10°C. 107, 


0.0014 0.0040 
0.0041 0.0083 
0.012 0.018 —().0025 
0.033 0.040 — (0.0033 
0.058 0.064 —(),0037 
0.11 0.12 0.0039 


N° > pte +4 
By = B 
A° — p+ 


Bo 102 Q, 10° Q» 1B, 


— 0.0017 


0.4 0.092 0.075 -0.0018 
0.5 0.38 0.21 —().0029 
0.55 0.85 0.41 0.0034 
0.584 LS 0.78 0.0038 
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10? (Be 


0.022 
0.044 
0.075 
0.11 
0.13 
0.15 


10° D,. 


0.0043 
0.0080 
0.013 
0.018 
0.020 
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0.0080 
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>n+nt mode is equivalent to 
the 2>-—+n+m mode), it is in principle possible to 
determine the 2~ magnetic moment by an analysis of 
the restricted spectrum up to 89=0.4 or 0.5. 
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